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ÂÑÒÓÏ

i.1. Çàãàëüíà õàðàêòåðèñòèêà ðîáîòè

Àêòóàëüíiñòü òåìè. Ç êîæíèì ðîêîì íåâïèííî ðîçøèðþ¹òüñÿ ñôåðà

çàñòîñóâàííÿ êîìï'þòåðíèõ ïðîãðàìíèõ ñèñòåì. Áåç âèêîðèñòàííÿ íîâi-

òíiõ iíôîðìàöiéíèõ òåõíîëîãié ñüîãîäíi íåìîæëèâî óÿâèòè óñïiøíå âèði-

øåííÿ åêîíîìi÷íèõ i âiéñüêîâèõ, áàíêiâñüêèõ i òåõíi÷íèõ çàäà÷. Öå âèñó-

âà¹ æîðñòêi âèìîãè ùîäî áåçïå÷íîñòi òà íàäiéíîñòi ñó÷àñíîãî ïðîãðàì-

íîãî çàáåçïå÷åííÿ, ïðèçíà÷åíîãî äëÿ êðèòè÷íî âiäïîâiäàëüíèõ çàäà÷, öi

ÿêîñòi ìàþòü áóòè ñòðîãî äîâåäåíi, à íå âñòàíîâëåíi åìïiðè÷íî. Òîìó íå-

îáõiäíiñòü â åôåêòèâíèõ òà çðó÷íèõ ñèñòåìàõ àâòîìàòè÷íîãî äîâåäåííÿ

âèõîäèòü çà ìåæè ñóòî íàóêîâèõ çàñòîñóâàíü: ïðè ðîçðîáöi, íàïðèêëàä,

ñèñòåì ðåàëüíîãî ÷àñó, çàéíÿòèõ ó ïðîìèñëîâîñòi òà òðàíñïîðòi, àáî çàõè-

ùåíèõ ïðîòîêîëiâ çâ'ÿçêó, òàêi ñèñòåìè âiäiãðàþòü êëþ÷îâó ðîëü. Íåîá-

õiäíî âiäìiòèòè, ùî ñêëàäíiñòü öi¹¨ ïðîáëåìè ðîáèòü íåìîæëèâîþ ïîâíó

àâòîìàòèçàöiþ ¨¨ âèðiøåííÿ. Òîìó íàäçâè÷àéíî âàæëèâîþ âèÿâëÿ¹òüñÿ

âçà¹ìîäiÿ ëþäèíè ç ìàøèíîþ, íåîáõiäíà äëÿ ðîçâ'ÿçàííÿ çàäà÷, ùî âè-

ìàãàþòü ÿê îá÷èñëþâàëüíî¨ ïîòóæíîñòi äëÿ ãðîìiçäêèõ ðóòèííèõ ïîáó-

äîâ, òàê i iíòåëåêòó ðàçîì ç iíòó¨öi¹þ, äëÿ âèáîðó ïîòðiáíîãî íàïðÿìêó

ðîçâ'ÿçàííÿ.

Íåçàëåæíî âiä ¨õíüîãî ïîõîäæåííÿ, òâåðäæåííÿ, ùî ìàþòü áóòè ïå-

ðåâiðåíi, ¹, ôàêòè÷íî, ìàòåìàòè÷íèìè òâåðäæåííÿìè, ñôîðìóëüîâàíèìè

â äåÿêié ôîðìàëüíié òåîði¨. Òîìó äîöiëüíî ðîçãëÿäàòè çàäà÷ó ïåðåâiðêè

öèõ òâåðäæåíü íå â ñåíñi ïîáóäîâè âèâåäåííÿ â òié ÷è iíøié ôîðìàëüíié

äåäóêòèâíié ñèñòåìi, à ÿê çàäà÷ó ïðîâåäåííÿ ìàòåìàòè÷íîãî ìiðêóâàí-

íÿ. Ñåðåäîþ äëÿ òàêîãî ìiðêóâàííÿ âèñòóïàòèìå ìàòåìàòè÷íèé òåêñò,

ïîäiáíèé äî �ïðèðîäíèõ� òåêñòiâ, ùî ïóáëiêóþòüñÿ â æóðíàëàõ òà ïiä-

ðó÷íèêàõ. Òàêèé ïiäõiä äà¹ ìîæëèâiñòü êîðèñòóâà÷åâi ñïiâïðàöþâàòè ç

ìàøèíîþ â çðó÷íîìó òà çâè÷íîìó äëÿ ñåáå îòî÷åííi: çàïðîâàäæóâàòè

åñêiçè äîâåäåíü, âiäñëiäêîâóâàòè øëÿõ ìiðêóâàííÿ ïðîãðàìè, êîðèãóâàòè

éîãî. Âàæëèâiñòü çàäà÷i âèâ÷åííÿ òà ôîðìàëiçàöi¨ òðàäèöiéíèõ çàñîáiâ

ïîäàííÿ ìàòåìàòè÷íîãî çíàííÿ òà ñõåì ìàòåìàòè÷íîãî ìiðêóâàííÿ äëÿ
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óñïiøíîãî øèðîêîãî çàñòîñóâàííÿ iíôîðìàöiéíèõ òåõíîëîãié i âèçíà÷à¹

àêòóàëüíiñòü äàíî¨ äèñåðòàöiéíî¨ ðîáîòè.

Çâ'ÿçîê ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè. Äèñåðòà-

öiéíå äîñëiäæåííÿ âèêîíóâàëîñÿ â ðàìêàõ íàóêîâî¨ òåìè �Ëîãiêî-ìàòåìà-

òè÷íi òà ïðîãðàìîëîãi÷íi çàñîáè iíôîðìàöiéíèõ òåõíîëîãié� (äåðæàâíèé

ðå¹ñòðàöiéíèé íîìåð 01ÁÔ015-07), ÿêà âèêîíóâàëàñü íà ôàêóëüòåòi êi-

áåðíåòèêè Êè¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Òàðàñà Øåâ÷åí-

êà. Ðîáîòà ïðîäîâæó¹ öèêë äîñëiäæåíü çà ïðîãðàìîþ �Àëãîðèòì Î÷åâè-

äíîñòi� (ÀÎ) [1, 2, 3], çàïî÷àòêîâàíîþ Â.Ì. Ãëóøêîâèì íà ïî÷àòêó 1970-õ

ðîêiâ â Iíñòèòóòi êiáåðíåòèêè ÀÍ ÓÐÑÐ.

Ìåòà i çàâäàííÿ äîñëiäæåííÿ. Ãîëîâíîþ ìåòîþ ðîáîòè ¹ ïîáóäîâà

ñèñòåìè êîìï'þòåðíèõ çàñîáiâ àâòîìàòè÷íî¨ ïåðåâiðêè êîðåêòíîñòi ôîð-

ìàëiçîâàíîãî ìàòåìàòè÷íîãî òåêñòó. Â ðîáîòi ðîçðîáëÿ¹òüñÿ îðèãiíàëüíà

äâîðiâíåâà àðõiòåêòóðà ïðîöåäóðè àâòîìàòè÷íîãî äîâåäåííÿ, äå âåðõíié

ðiâåíü (�ìiðêóâàëüíèê�) âèêîíó¹ âèñîêîðiâíåâi êðîêè äîâåäåííÿ, iìiòó-

þ÷è òðàäèöiéíi ïðèéîìè ìàòåìàòè÷íîãî ìiðêóâàííÿ, à íèæíié ðiâåíü

�çàêðèâà¹� ïîðîäæåíi ïiäöiëi çà äîïîìîãîþ êîìáiíàòîðíî¨ ïðîöåäóðè ïî-

øóêó âèâåäåííÿ â äåÿêié ôîðìàëüíié äåäóêòèâíié ñèñòåìi.

Âiäïîâiäíî äî âêàçàíî¨ ìåòè âèçíà÷åíi îñíîâíi çàâäàííÿ ðîáîòè:

• çàïðîïîíóâàòè ôîðìàëüíó ìîâó äëÿ ïîäàííÿ ìàòåìàòè÷íèõ òåêñòiâ;

• ñôîðìóëþâàòè ñèñòåìó ïîíÿòü, â ðàìêàõ ÿêî¨ ìîæíà âèçíà÷èòè êî-

ðåêòíiñòü òåêñòó, çàïèñàíîãî öi¹þ ìîâîþ;

• ðîçðîáèòè �iíñòðóìåíòàðié� äëÿ ïåðåâiðêè êîðåêòíîñòi: êîìáiíàòîðíi

ïðîöåäóðè ïîøóêó âèâåäåííÿ, à òàêîæ åâðiñòè÷íi ìåòîäè äîâåäåííÿ,

ùî âèêîðèñòîâóâàòèìóòüñÿ íà âåðõíüîìó ðiâíi ñèñòåìè.

Çàïðîïîíîâàíi ðiøåííÿ ìàþòü áóòè òåîðåòè÷íî îá ðóíòîâàíi òà àïðîáî-

âàíi íà ïðàêòèöi ó ñåði¨ åêñïåðèìåíòiâ.



� 6 �

Ìåòîäèêà äîñëiäæåííÿ ïîëÿãà¹ ó ïðîâåäåííi àíàëiçó ïðèðîäíèõ ìà-

òåìàòè÷íèõ òåêñòiâ, âèâ÷åííÿ çàñîáiâ ïîäàííÿ òà ìiðêóâàííÿ, ùî âèêî-

ðèñòîâóþòüñÿ â íèõ, òà ïîáóäîâi ôîðìàëüíèõ àíàëîãiâ öèõ çàñîáiâ. Äëÿ

òåîðåòè÷íîãî îá ðóíòóâàííÿ çàïðîïîíîâàíèõ ðiøåíü âèêîðèñòîâóâàâñÿ

àïàðàò ìàòåìàòè÷íî¨ ëîãiêè òà òåîði¨ ëîãi÷íîãî âèâîäó.

Îïèñàíà â äèñåðòàöiéíié ðîáîòi ìîâà çàïèñó ìàòåìàòè÷íèõ òåêñòiâ

ForTheL ïîáóäîâàíà íà ïðèíöèïàõ, ùî çàêëàäåíi â ìîâi TL, ðîçðîáëåíié

Ê.Ï. Âåðøèíiíèì [4, 5].

Â îñíîâi òàáëè÷íèõ öiëåêåðîâàíèõ ÷èñëåíü, ùî âèâ÷àþòüñÿ â ðîáîòi,

ëåæèòü ïðîöåäóðà ïîðîäæåííÿ âñïîìiæíèõ öiëåé (ÏÂÖ), çàïðîïîíîâà-

íà Ô.Â. Àíóôði¹âèì [6, 7] òà ðîçâèíóòà Î.Â. Ëÿëåöüêèì òà À.I. Äåã-

òÿðüîâèì [8, 9]. Ïîíÿòòÿ äîïóñòèìî¨ ïiäñòàíîâêè [10, 11] áóëî ââåäåíî

Î.Â. Ëÿëåöüêèì ç ìåòîþ îïòèìiçàöi¨ ïåðåáîðó âiäíîñíî ðiçíèõ ïîðÿäêiâ

çàñòîñóâàííÿ êâàíòîðíèõ ïðàâèë â ðàçi âiäìîâëåííÿ âiä ñêîëåìiçàöi¨.

Äëÿ äîâåäåííÿ ïîâíîòè çàïðîïîíîâàíîãî ó òðåòüîìó ðîçäiëi ðîáîòè

öiëåêåðîâàíîãî òàáëè÷íîãî ÷èñëåííÿ äëÿ êëàñè÷íî¨ ëîãiêè ïåðøîãî ïî-

ðÿäêó ç ðiâíiñòþ áóëî âèêîðèñòàíî ìåòîä åëiìiíàöi¨ ðiâíîñòi òà ìåòîä

òðàíñôîðìàöi¨ âèâåäåíü.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Íà áàçi ìîâè TL ðîç-

âèíóòî ôîðìàëüíó ìîâó ïîäàííÿ ìàòåìàòè÷íèõ òåêñòiâ ForTheL, ùî ¹

áëèçüêîþ çà ñèíòàêñèñîì äî ïðèðîäíî¨ àíãëiéñüêî¨ ìîâè i ìîæå áóòè ïå-

ðåêëàäåíà â ìîâó ïåðøîãî ïîðÿäêó. Ñôîðìóëüîâàíî ïîíÿòòÿ êîðåêòíîñòi

òåêñòó â ìîâi ForTheL.

Çàïðîïîíîâàíî îðèãiíàëüíå ïîíÿòòÿ ëîêàëüíî¨ iñòèííîñòi òâåðäæåííÿ

â äåÿêié ïîçèöi¨ âñåðåäèíi ôîðìóëè ïåðøîãî ïîðÿäêó òà äîñëiäæåíî éîãî

âëàñòèâîñòi. Çîêðåìà, äîâåäåíî, ùî êîëè åêâiâàëåíòíiñòü äâîõ ôîðìóë ¹

ëîêàëüíî iñòèííîþ â çàäàíié ïîçèöi¨, öi äâi ôîðìóëè ¹ âçà¹ìîçàìiíþâà-

íèìè â öié ïîçèöi¨. Ïîíÿòòÿ ëîêàëüíî¨ iñòèííîñòi äîçâîëÿ¹ îá ðóíòóâàòè

êîðåêòíiñòü ðiçíîìàíiòíèõ ïåðåòâîðåíü ñêëàäíèõ ôîðìóë, òàêèõ ÿê ðîç-

êðèòòÿ âèçíà÷åíü àáî äîäàííÿ äîïîìiæíèõ òâåðäæåíü âñåðåäèíi ôîðìó-

ëè. Òàêîæ â ðîáîòi çàïðîïîíîâàíà ïðîöåäóðà ïîðîäæåííÿ �âiäîìîñòåé�
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ïðî îêðåìi âõîäæåííÿ òåðìiâ â äîñëiäæóâàíèé ForTheL-òåêñò; öi âiäîìî-

ñòi ¹ ëiòåðàìè, ëîêàëüíî iñòèííèìè â âiäïîâiäíîìó âõîäæåííi, çîêðåìà,

âîíè íåñóòü iíôîðìàöiþ ïðî òèï òåðìó. Íà áàçi öüîãî àïàðàòó â ðîáîòi

ñôîðìóëüîâàíî äåêiëüêà âèñîêîðiâíåâèõ ñõåì äîâåäåííÿ, ÿêi ñòàíîâëÿòü

�iíñòðóìåíòàðié� ìiðêóâàëüíèêà.

Íàáóëè ðîçâèòêó äîñëiäæåííÿ öiëåêåðîâàíèõ ïðîöåäóð ïîøóêó âèâå-

äåííÿ, ùî âèêîðèñòîâóþòüñÿ â ïðîãðàìi �Àëãîðèòì Î÷åâèäíîñòi�. Äàíî

íîâå äîâåäåííÿ êîðåêòíîñòi ïîíÿòòÿ äîïóñòèìî¨ ïiäñòàíîâêè. Âèêëàäåíî

öiëåêåðîâàíå òàáëè÷íå ÷èñëåííÿ, ùî îïåðó¹ íåñêîëåìiçîâàíèìè ôîðìó-

ëàìè. Äîâåäåíî, ùî âèâåäåííÿ â öüîìó ÷èñëåííi ìîæóòü áóòè ïåðåòâîðå-

íi ó âèâåäåííÿ â êëàñè÷íîìó òàáëè÷íîìó äèç'þíêòíîìó ÷èñëåííi Model

Elimination. Òàêîæ äîâåäåíà ìîæëèâiñòü çâîðîòíüîãî ïåðåòâîðåííÿ. Çà-

ïðîïîíîâàíî íîâå òàáëè÷íå öiëåêåðîâàíå ÷èñëåííÿ ç ëiíèâîþ ïàðàìîäó-

ëÿöi¹þ äëÿ êëàñè÷íî¨ ëîãiêè ïåðøîãî ïîðÿäêó ç ðiâíiñòþ, äîâåäåíî éîãî

ïîâíîòó.

Ïðàêòè÷íå çíà÷åííÿ. Ðåçóëüòàòè äèñåðòàöiéíî¨ ðîáîòè äîçâîëèëè

ðåàëiçóâàòè ñèñòåìó àâòîìàòè÷íîãî äîâåäåííÿ ÑÀÄ (Ñèñòåìà Àâòîìà-

òèçàöi¨ Äåäóêöi¨), ïðèçíà÷åíó äëÿ îáðîáêè ôîðìàëüíèõ ìàòåìàòè÷íèõ

òåêñòiâ, çîêðåìà, äëÿ ïåðåâiðêè ¨õ êîðåêòíîñòi. Îïèñàíà ó ðîáîòi ìîâà

ForTheL ìîæå áóòè çàñòîñîâàíà ÿê ìîâà ôîðìàëiçàöi¨ â áàãàòüîõ çàäà-

÷àõ: âåðèôiêàöi¨ ñïåöèôiêàöié ïðîãðàìíîãî òà àïàðàòíîãî çàáåçïå÷åííÿ,

âåðèôiêàöi¨ ïðîòîêîëiâ ïåðåäà÷i äàíèõ, äëÿ ñòâîðåííÿ áàç ìàòåìàòè÷íî-

ãî çíàííÿ, äëÿ êîìóíiêàöi¨ êîìï'þòåðíèõ ìàòåìàòè÷íèõ ñåðâiñiâ. Ââåäåíå

ó ðîáîòi ïîíÿòòÿ ëîêàëüíî iñòèííîãî òâåðäæåííÿ ìîæå áóòè âèêîðèñòàíî

äëÿ ôîðìàëiçàöi¨ ïðèðîäíèõ ïðèéîìiâ ìàòåìàòè÷íîãî ìiðêóâàííÿ. Òåõíi-

êà ãåíåðàöi¨ ëiòåðíèõ âiäîìîñòåé ïðî âõîäæåííÿ òåðìiâ ìîæå çàñòîñîâó-

âàòèñü äëÿ ñêîðî÷åííÿ ïîøóêó äîâåäåííÿ. Çàïðîïîíîâàíå öiëåêåðîâàíå

òàáëè÷íå ÷èñëåííÿ ç ëiíèâîþ ïàðàìîäóëÿöi¹þ ìîæå áóòè çàñòîñîâàíå ÿê

áàçîâå ÷èñëåííÿ ïðè ïîáóäîâi óíiâåðñàëüíîãî ïðóâåðó (ïðîãðàìè àâòî-

ìàòè÷íîãî äîâåäåííÿ) äëÿ ëîãiêè ïåðøîãî ïîðÿäêó ç ðiâíiñòþ.
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Îñîáèñòèé âíåñîê çäîáóâà÷à. Çäîáóâà÷åì îñîáèñòî áóëà ðîçðîáëå-

íà ãðàìàòèêà ìîâè ForTheL, â ÿêié ôîðìàëiçîâàíî ôðàãìåíò àíãëiéñêî¨

ìîâè. Ñèíòàêñèñ ForTheL-ðå÷åíü áóëî ðîçøèðåíî (ïîðiâíÿíî ç TL) áàãà-

òüìà íîâèìè îáîðîòàìè (íàïðèêëàä, íåãàòèâíèé óíiâåðñàëüíèé êâàíòîð

�no� òà äi¹ñëîâî �to have� â òâåðäæåííÿõ òèïó the empty set has no

elements), äîçâîëÿ¹òüñÿ ñèìâîëüíà íîòàöiÿ, ñèíîíiìiÿ. Çàïðîïîíîâàíî

îðèãiíàëüíèé ñèíòàêñèñ i ñåìàíòèêó äîâåäåíü çà ðiçíèìè ñõåìàìè.

Çäîáóâà÷åâi íàëåæàòü îðèãiíàëüíå ôîðìóëþâàííÿ öiëåêåðîâàíîãî òà-

áëè÷íîãî ÷èñëåííÿ â ñòèëi ÏÂÖ òà íîâå äîâåäåííÿ êîðåêòíîñòi i ïîâíîòè

òàêîãî ÷èñëåííÿ øëÿõîì ïîáóäîâè ðåêóðñèâíî¨ ïðîöåäóðè ïåðåòâîðåí-

íÿ âèâåäåíü â öüîìó ÷èñëåííi â âèâåäåííÿ â êëàñè÷íîìó ÷èñëåííi Model

Elimination; òàêèì ÷èíîì, âñòàíîâëåíî çâ'ÿçîê ìiæ äâîìà ïiäõîäàìè äëÿ

êëàñè÷íî¨ ëîãiêè ïåðøîãî ïîðÿäêó. Öiëåêåðîâàíå òàáëè÷íå ÷èñëåííÿ ç

ïðàâèëîì ëiíèâî¨ ïàðàìîäóëÿöi¨ ¹ îðèãiíàëüíîþ ðîçðîáêîþ çäîáóâà÷à.

Â ðîáîòi [12] çäîáóâà÷åì ïðîâåäåíå ïîðiâíÿííÿ äâîõ çàïðîïîíîâàíèõ

öiëåêåðîâàíèõ ÷èñëåíü ç òî÷êè çîðó ïîáóäîâè ìiíiìàëüíèõ âèâîäiâ (ðîç-

äië �Ïîðiâíÿííÿ ÷èñëåíü�). Äëÿ îáîõ ÷èñëåíü çíàéäåíî êëàñè çàäà÷ ïî-

øóêó âèâîäó, äëÿ ÿêèõ ìiíiìàëüíå äåðåâî âèâîäó ó îäíîìó ÷èñëåííi ìà¹

ëiíiéíèé îáñÿã, à ó iíøîìó ÷èñëåííi � åêñïîíåíöiéíèé, ïî âiäíîøåííþ

äî îáñÿãó çàäà÷i.

Â ðîáîòi [13] çäîáóâà÷åì âèêîíàíî ïðîãðàìíó ðåàëiçàöiþ ñèñòåìè ÑÀÄ,

éîìó íàëåæèòü íàâåäåíèé ó ñòàòòi îïèñ ñèñòåìè, à òàêîæ ïðîöåäóðè âå-

ðèôiêàöi¨ ìàòåìàòè÷íîãî òåêñòó (ðîçäiëè �Àðõèòåêòóðà ÑÀÄ�, �Âåðèôè-

êàöèÿ â ÑÀÄ�).

Â òåçàõ äîïîâiäåé [14] òà [15] Ê.Ï. Âåðøèíiíó òà Î.Â. Ëÿëåöüêîìó

íàëåæàòü ïîñòàíîâêà çàäà÷i òà ó÷àñòü â îáãîâîðåííi ðåçóëüòàòiâ.

Â òåçàõ äîïîâiäi [16] çäîáóâà÷åâi íàëåæàòü îïèñ àðõiòåêòóðè ñèñòåìè,

ìîâè ForTheL, äåìîíñòðàöiÿ ïðîöåäóðè âåðèôiêàöi¨ òåêñòó íà ïðèêëàäi

äîâåäåííÿ òåîðåìè Ðàìñåÿ (ðîçäiëè �System for Automated Deduction�,

�Linguistic tools of SAD�, �Text veri�cation in SAD�).
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Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Îñíîâíi ðåçóëüòàòè äîêëàäàëè-

ñÿ íà íàóêîâèõ ñåìiíàðàõ â Iíñòèòóòi êiáåðíåòèêè ÍÀÍ Óêðà¨íè, íà ôà-

êóëüòåòi êiáåðíåòèêè Êè¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Òàðà-

ñà Øåâ÷åíêà, â ëàáîðàòîði¨ LACL óíiâåðñèòåòó Ïàðèæ 12 (Ôðàíöiÿ), â

äîñëiäíèöüêié ãðóïi OMEGA Ñààðëàíäñüêîãî óíiâåðñèòåòó (Íiìå÷÷èíà),

â ëàáîðàòîði¨ LORIA (Ôðàíöiÿ), â ãðóïi òåîðåòè÷íî¨ iíôîðìàòèêè òà ëîãi-

êè Âiäåíñüêîãî òåõíi÷íîãî óíiâåðñèòåòó (Àâñòðiÿ), à òàêîæ íà íàñòóïíèõ

êîíôåðåíöiÿõ òà ñåìiíàðàõ:

• Ìiæíàðîäíèé ñåìiíàð �Rewriting techniques and e�cient theorem provi-

ng� (Êè¨â, 2000) [17];

• Ìiæíàðîäíà êîíôåðåíöiÿ �Information Theories and Applications 2000�

(Âàðíà, Áîëãàðiÿ, 2000) [14];

• Ìiæíàðîäíèé ñåìiíàð �STRATEGIES 2001� (Ñi¹íà, Iòàëiÿ, 2001) [18];

• Ìiæíàðîäíèé ñåìiíàð �Implementation Technology for Computational

Logic Systems� (Ïiçà, Iòàëiÿ, 2003) [15];

• Ìiæíàðîäíà êîíôåðåíöiÿ �Mathematical Knowledge Management 2004�

(Áiëîñòîê, Ïîëüùà, 2004) [16].

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî ó 7 ðîáîòàõ,

ç ÿêèõ 4 � ñòàòòi ó ôàõîâèõ çáiðíèêàõ íàóêîâèõ ïðàöü [19, 12, 20, 13], 3

� òåçè ìiæíàðîäíèõ êîíôåðåíöié [14, 15, 16].

i.2. Îãëÿä ñó÷àñíîãî ñòàíó ãàëóçi

Îãëÿä iñíóþ÷èõ íà öåé äåíü ïiäõîäiâ òà ñèñòåì â ãàëóçi àâòîìàòè÷íîãî

ïîøóêó äîâåäåííÿ çäà¹òüñÿ äîöiëüíèì ïðîâåñòè ç òî÷êè çîðó òðüîõ õàðà-

êòåðèñòèê: ñòèëþ ôîðìàëiçàöi¨ çàäà÷è, ùî ïðîïîíó¹òüñÿ êîðèñòóâà÷åâi,

ñïîñiá ïîäàííÿ äîâåäåííÿ, ÿêèé âèìàãà¹ ñèñòåìà, òà ðiâåíü äåòàëiçàöi¨

äîâåäåíü, ùî ïiäòðèìó¹òüñÿ â íié. Â öüîìó ïiäðîçäiëi ìè íàìàãà¹ìîñü

ïîêàçàòè ìiñöå ïðîãðàìè ÀÎ òà ñèñòåìè ÑÀÄ â öüîìó �òðüîõâèìiðíîìó

ïðîñòîði�.
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Ñòèëü ôîðìàëiçàöi¨. Ïiä öèì ìè ðîçóìi¹ìî âèáið áàçîâèõ ìàòåìàòè-

÷íèõ âiäîìîñòåé, õàðàêòåð âèçíà÷åíü (÷è ¹ âîíè ïåðåâàæíî ðåêóðñèâíè-

ìè), ñïîñiá ïðîâåäåííÿ ìiðêóâàíü (÷è ìàþòü âîíè áóòè êîíñòðóêòèâíè-

ìè, àáî ñòðîãî òèïiçîâàíèìè, àáî çàñíîâàíèìè íà îá÷èñëåííi), i òàê äàëi.

Î÷åâèäíî, ùî ñòèëü ôîðìàëiçàöi¨ âèçíà÷à¹òüñÿ íàñàìïåðåä áàçîâîþ ëî-

ãiêîþ ñèñòåìè i ôóíäàìåíòàëüíèìè òåîðiÿìè, ùî âèêîðèñòîâóþòüñÿ â

ôîðìàëiçàöiÿõ.

Ñüîãîäíi, äâà ãîëîâíèõ òðåíäà  ðóíòóþòüñÿ íà ëîãèöi âèùîãî ïî-

ðÿäêó (òåîði¨ òèïiâ) òà ëîãèöi ïåðøîãî ïîðÿäêó (òåîði¨ ìíîæèíè). Òèïè

âèêîðèñòîâóþòüñÿ â áiëüøîñòi ñó÷àñíèõ ñèñòåì àâòîìàòèçàöi¨ äîâåäåíü,

çîêðåìà, â ñèñòåìàõ Isabelle/HOL [21], Coq [22], Ωmega [23], PVS [24],

HOL [25], Automath [26], λClam [27], òà iíøèõ. Òåîðåòèêî-òèïîâèé ïiä-

õiä ñõèëÿ¹òüñÿ äî ðåêóðñèâíèõ âèçíà÷åíü, iíäóêòèâíî çàäàíèõ äîìåíiâ,

i, çîêðåìà, ¹ öiëêîì ïðèðîäíèì äëÿ ôîðìàëiçàöi¨ çàäà÷ ïðîãðàìóâàííÿ

àáî õàðäâåðíî¨ iíæåíåði¨. Äëÿ òðàäèöiéíî¨ ìàòåìàòèêè öåé ñòèëü âèÿâ-

ëÿ¹òüñÿ íå äóæå çðó÷íèì [28] � íå çàïåðå÷óþ÷è òîãî, ùî â áiëüøîñòi

çãàäàíèõ ñèñòåì íàêîïè÷åíî áàãàòi áiáëiîòåêè ñóòî ìàòåìàòè÷íîãî çíàí-

íÿ.

Ç iíøîãî áîêó îïèíÿ¹òüñÿ âiäîìà ñèñòåìà Mizar [29], ùî çàñíîâà-

íà íà êëàñè÷íié ëîãiöi ïåðøîãî ïîðÿäêó òà òåîði¨ ìíîæèí Òàðñüêîãî-

Ãðîòåíäiêà. Öié ïiäõiä âiäïîâiäà¹ òðàäèöiéíîìó ñòèëþ âèêëàäàííÿ ìà-

òåìàòèêè, à áiáëiîòåêà ñèñòåìè Mizar ¹, íà öåé ÷àñ, íàéáiëüø ðîçâèíóòîþ

êîëåêöi¹þ ôîðìàëiçîâàíèõ ìàòåìàòè÷íèõ òåêñòiâ.

Êëàñè÷íà ëîãiêà ïåðøîãî ïîðÿäêó ëåæèòü i â îñíîâi ñèñòåìè ÑÀÄ.

Ìè íå âèêîðèñòîâó¹ìî òó ÷è iíøó àêñèîìàòè÷íó òåîðiþ ìíîæèí (àáî

iíøó ôóíäàìåíòàëüíó òåîðiþ) ÿê çàãàëüíèé  ðóíò äëÿ ôîðìàëiçàöi¨. Íà-

òîìiñòü, àâòîð ôîðìàëüíîãî òåêñòó ñàìîñòiéíî âèçíà÷à¹ ñóêóïíiñòü âè-

õiäíèõ ôàêòiâ äëÿ ïðîáëåìè, ùî ðîçãëÿäà¹òüñÿ, i îáèðà¹ ïîòðiáíèé éîìó

ðiâåíü �ðîçâèíóòîñòi� áàçîâèõ êîíöåïöié. Iíàêøå êàæó÷è, ñèñòåìà ÑÀÄ

íå âèðîùó¹ îäíå âèñîêå äåðåâî, à ïðàöþ¹ ç áàãàòüìà çåëåíèìè êóùàìè.

Ñïåöiàëüíèé âèä ëîãiêè áóëî ïðèéíÿòî â ïðóâåði Nqthm [30], òà â éîãî

�ñïàäêî¹ìöi�, ñèñòåìi ACL2 [31]. Öi ñèñòåìè áàçóþòüñÿ íà áåçêâàíòîðíié
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ëîãiöi ïåðøîãî ïîðÿäêó òà òåîði¨ iíäóêòèâíî çàäàíèõ ñòðóêòóð äàíèõ.

Òàêà îñíîâà äîñèòü ñõîæà íà òåîðåòèêî-òèïîâèé ïiäõiä: âîíà ¹ çðó÷íîþ

äëÿ ôîðìàëiçàöi¨ ìiðêóâàíü ïî iíäóêöi¨ íàä ñêií÷åíî ïîðîäæåíèìè îáëà-

ñòÿìè (íàòóðàëüíi ÷èñëà, ñïèñêè, äåðåâà) ç âèêîðèñòàííÿì ðåêóðñèâíèõ

ôóíêöié.

Ïðîåêò Theorema [32] ïðàöþ¹ â êëàñè÷íié ëîãiöi ïðåäèêàòiâ âèùîãî

ïîðÿäêó, çáàãà÷åíié ñïåöiàëüíèìè �êîðòåæíèìè� çìiííèìè òà çâ'ÿçóþ÷è-

ìè êîíñòðóêöiÿìè: ëÿìáäà-àáñòðàêöiÿ, ñóìà, ãðàíèöÿ òà iíøèìè.

Ñïîñiá äîâåäåííÿ. Iíøà âàæëèâà õàðàêòåðèñòèêà ñèñòåìè àâòîìà-

òè÷íîãî äîâåäåííÿ, öå ñïîñiá êåðóâàííÿ ïîøóêîì äîâåäåííÿ � ïî ñóòi,

ñïîñiá ïîäàííÿ ìiðêóâàíü. Iíòåðàêòèâíi ñèñòåìè íàé÷àñòiøå ¹ òàêòèêî-

êåðîâàíèìè: êîðèñòóâà÷ äîâîäèòü òâåðäæåííÿ ïîñëiäîâíèìè iíñòðóêöiÿ-

ìè ñèñòåìi. Öi iíñòðóêöi¨, òàêòèêè, ìîæóòü áóòè ïðèìiòèâíèìè, íàïðè-

êëàä, çàñòîñóâàòè modus ponens ÷è iíøå ïðàâèëî âèâåäåííÿ, àáî, íàâïà-

êè, äîñèòü ñêëàäíèìè, íàïðèêëàä, çàñòîñóâàòè àëãîðèòì ñïðîùåííÿ àáî

âèðiøóþ÷ó ïðîöåäóðó. Òàêòèêî-êåðîâàíèìè ñèñòåìàìè ¹ Isabelle, PVS,

Coq, HOL òà iíøi. Çðó÷íiñòü êîðèñòóâàííÿ òàêîþ ñèñòåìîþ çàëåæèòü

âiä òîãî, ÷è çàïðîâàäæó¹ âîíà äîñèòü ñòèñëèé íàáið ïîòóæíèõ òàêòèê,

ÿêèõ äîñòàòíüî äëÿ äîñÿãíåííÿ öiëi â áiëüøîñòi âèïàäêiâ.

Ñèñòåìè iíøîãî òèïó ïðèéìàþòü äîâåäåííÿ, çàïèñàíi â òié ñàìié ìîâi,

ùî é àêñèîìè òà òâåðäæåííÿ çàäà÷è. Çâiñíî, öÿ ìîâà ïîâèííà âêëþ÷àòè

çàñîáè ñòðóêòóðèçàöi¨ äëÿ òîãî, ùîá îðãàíiçîâóâàòè ëîãi÷íi ôîðìóëè â

äîâåäåííÿ. Îòðèìàâøè äîâåäåííÿ (ïåâíîãî ðiâíþ äåòàëiçàöi¨), ñèñòåìà

àâòîíîìíî ïåðåâiðÿ¹ êîæåí êðîê ìiðêóâàííÿ. ÑÀÄ i Mizar ¹ ñèñòåìàìè

öüîãî òèïó; Isabelle, ç ïîÿâîþ êîìïîíåíòè Isar [33] (ìîâà ïîäàííÿ äîâå-

äåíü, ùî iìiòó¹ ñòðóêòóðó ïðèðîäíèõ äîâåäåíü), òàêîæ ìîæå ââàæàòèñÿ

òåêñòî-êåðîâàíîþ ñèñòåìîþ.

Õî÷à â ìîâi Nqthm òà ACL2 íåìà¹ �ðîçäiëiâ äîâåäåííÿ�, öi ñèñòåìè

òàêîæ ñëiä âiäíåñòè äî äðóãîãî òèïó: äîâåäåííÿ ãîëîâíîãî òâåðäæåííÿ â

íèõ ïiäòðèìó¹òüñÿ i êåðó¹òüñÿ ñóêóïíiñòþ äîïîìiæíèõ ëåì, ùî äîâîäÿ-

òüñÿ ïåðåä íèì.
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Ñèñòåìè ïåðåâiðêè äîâåäåíü, òàêi ÿê Automath, ¹ òåêñòî-êåðîâàíèìè

ñèñòåìàìè çà âèçíà÷åííÿì, õî÷à, â Automath äîâåäåííÿ, ùî ïåðåâiðÿ¹-

òüñÿ, ¹ îäíèì âåëèêèì òèïiçîâàíèì ëÿìáäà-òåðìîì, ÷èé òèï âiäïîâiäà¹

öiëüîâîìó òâåðäæåííþ çà içîìîðôiçìîì Êàðði-Ãîâàðäà.

Áåçóìîâíî, ðîçðiçíåííÿ òàêòèêî-êåðîâàíèõ i òåêñòî-êåðîâàíèõ ñèñòåì

¹ äîñèòü óìîâíèì. ßêùî â òàêòèêî-êåðîâàíié ñèñòåìi äîâîäèòè òåîðåìè,

çàñòîñîâóþ÷è ëèøå êðîêè ââåäåííÿ ïðîìiæíî¨ öiëi òà êðîêè àâòîìàòè-

÷íîãî çàêðèòòÿ ïiäöiëåé, òàêà ñèñòåìà ïîñòà¹ òåêñòî-êåðîâàíîþ: ïðîìi-

æíi òâåðäæåííÿ i ¹ äîâåäåííÿì. Ç iíøîãî áîêó, ÿêùî êðîêè â äîâåäåííi,

ÿêå ìè ïåðåäà¹ìî òåêñòî-êåðîâàíié ñèñòåìi, ïîâèííi ñóïðîâîäæóâàòèñü

äåòàëüíèìè ïiäêàçêàìè âåðèôiêàòîðó, òàêà ñèñòåìà ¹, ïî ñóòi, òàêòèêî-

êåðîâàíîþ (çîêðåìà, öå âèïàäîê Isar).

Îêðåìî ñòîÿòü ñèñòåìè, ùî âèêîðèñòîâóþòü ïëàíóâàííÿ äîâåäåííÿ,

òàêi ÿê λClam, Ωmega, òà IsaPlanner [34]. Â ïëàíóâàëüíèêó äîâåäåí-

íÿ êîðèñòóâà÷ íå ñóïðîâîäæó¹ çàäà÷ó âëàñíèì äîâåäåííÿì, çàïèñàíèì â

òåêñòi àáî çàêîäîâàíèì â ïîñëiäîâíîñòi çàñòîñóâàíü òàêòèê. Íàòîìiñòü,

ñèñòåìà íàìàãà¹òüñÿ çíàéòè äîâåäåííÿ ñàìîñòiéíî, ðîçðîáëÿþ÷è ïëàí

äîâåäåííÿ íà áàçi êîëåêöi¨ çàãàëüíèõ ìåòîäiâ äîâåäåííÿ, êåðóþ÷èñü ïå-

ðåäóìîâàìè çàñòîñóâàííÿ ìåòîäiâ òà ðiçíîìàíiòíèìè ñòðàòåãiÿìè. Çâi-

ñíî, öi ìåòîäè äîâåäåííÿ, ïðàâèëà òà ñòðàòåãi¨ ìàþòü áóòè çàñòîñîâíi

äëÿ äîñòàòíüî øèðîêèõ êëàñiâ ïðîáëåì.

Ðiâåíü äåòàëiçàöi¨. Äåäóêòèâíà ïîòóæíiñòü ñèñòåìè àâòîìàòè÷íîãî

äîâåäåííÿ ìîæå áóòè âèñîêîþ ÷è íèçüêîþ, â çàëåæíîñòi âiä ÷îãî êîðè-

ñòóâà÷ ìà¹ âèêîíàòè ìåíøó ÷è áiëüøó ÷àñòèíó äîâåäåííÿ ñàìîñòiéíî:

âèìiðÿþ÷è â äîâæèíi çàïðîâàäæåíèõ äîâåäåíü äëÿ òåêñòî-êåðîâàíèõ ñè-

ñòåì àáî â êiëüêîñòi iíñòðóêöié äëÿ òàêòèêî-êåðîâàíèõ. Óìîâíî êàæó÷è,

ñåðåä ñèñòåì àâòîìàòè÷íîãî äîâåäåííÿ ìîæíà âèäiëèòè ñèñòåìè, ÿêi áó-

äóþòü äîâåäåííÿ, i ñèñòåìè, ÿêi ëèøå ïåðåâiðÿþòü çàïðîâàäæåíå äîâåäå-

ííÿ. Îñòàííi ïðèéìàþòü ëèøå òàêi äîâåäåííÿ, äå êîæíèé êðîê ïîëÿãà¹

ó çàñòîñóâàííi äåÿêîãî ïðàâèëà âèâåäåííÿ, òîáòî âè÷åðïíî äåòàëiçîâà-

íi. Ñèñòåìîþ òàêîãî òèïó ¹ Mizar, õî÷à íàáið ïðàâèë âèâåäåííÿ â Mizar
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äîñèòü âåëèêèé. Automath òàêîæ ¹ ñóòî �êîíòðîëåðîì� äîâåäåíü.

Ñèñòåìè ïåðøîãî òèïó çàñòîñîâóþòü àâòîìàòè÷íèé ïîøóê âèâåäåííÿ

àáî ìåòîäè ïëàíóâàííÿ äîâåäåíü i íàìàãàþòüñÿ çàêðèòè ëàêóíè ñàìî-

ñòiéíî. Òåêñòî-êåðîâàíèìè ñèñòåìàìè öüîãî òèïó ¹ ÑÀÄ, Nqthm (ACL2)

òà Theorema. λClam òà Ωmega, ïëàíóâàëüíèêè äîâåäåíü, òàêîæ âiäíî-

ñÿòüñÿ äî �øóêà÷iâ� äîâåäåíü.

Â iíòåðàêòèâíèõ òàêòèêî-êåðîâàíèõ ñèñòåìàõ, àðñåíàë òàêòèê, ÿê ïðà-

âèëî, ìîæå áóòè ðîçøèðåíèé, îòæå �äåäóêòèâíà ïîòóæíiñòü� òóò íå ïðè-

òàìàííà ñèñòåìi ÿê òàêié, i ìàéæå áóäü-ÿêà òàêòèêî-êåðîâàíà ñèñòåìà

ìîæå ðîãëÿäàòèñÿ ÿê ñèñòåìà ïîøóêó äîâåäåííÿ. Âòiì, ïðîâåäåíi åêñïå-

ðèìåíòè ç Coq òà Isabelle ïîêàçóþòü, ùî êîðèñòóâà÷ ìà¹ ñóâîðî äîäåðæó-

âàòèñü ñòèëþ ôîðìàëiçàöi¨, ïðèéíÿòîãî â ñèñòåìi. Íàïðèêëàä, ïðè ñïðîái

äîâåñòè ñêëàäíó ìàòåìàòè÷íó òåîðåìó, íå ôîðìóëþþ÷è äëÿ íå¨ ÷àñòêî-

âèõ ëåì, áåç âèêîðèñòàííÿ ñïåöiàëüíèõ òàêòèê òà iñíóþ÷èõ áiáëiîòåê,

äiàëîã êîíñòðóþâàííÿ äîâåäåííÿ øâèäêî ñòà¹ øèðîêî ðîçãàëóæåíèì i

äîñèòü çàïëóòàíèì.

i.3. Àðõiòåêòóðà ñèñòåìè ÑÀÄ

Ñèñòåìà Àâòîìàòèçàöi¨ Äåäóêöi¨ [15, 35, 36], çàïðîâàäæó¹ òðè îñíîâ-

íèõ ñåðâiñà:

• ïîøóê âèâåäåííÿ â êëàñè÷íié ëîãiöi ïåðøîãî ïîðÿäêó ç ðiâíiñòþ;

• äîâåäåííÿ òåîðåì â êîíòåêñòi çàìêíåíîãî ìàòåìàòè÷íîãî òåêñòó;

• âåðèôiêàöiÿ çàìêíåíîãî ìàòåìàòè÷íîãî òåêñòó.

Ìè ìîæåìî ãîâîðèòè ïðî òðè ðåæèìà ôóíêöiîíóâàííÿ ÑÀÄ: ðåæèì ïî-

øóêó âèâåäåííÿ, ðåæèì äîâåäåííÿ òåîðåì òà ðåæèì âåðèôiêàöi¨ òåêñòiâ.

Êîæíèé ðåæèì ñïèðà¹òüñÿ íà ïîïåðåäíié: äîâåäåííÿ òåîðåì â ÑÀÄ âèêî-

ðèñòîâó¹ ïðè íåîáõiäíîñòi àâòîìàòè÷íèé ïîøóê âèâåäåííÿ, à âåðèôiêà-

öiÿ òåêñòó ñêëàäà¹òüñÿ ç äîâåäåííÿ ïåâíî¨ êiëüêîñòi îêðåìèõ òâåðäæåíü

ùîäî òåêñòà, ÿêèé ïåðåâiðÿ¹òüñÿ ñèñòåìîþ.
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Ðèñ. 1: Àðõiòåêòóðà ÑÀÄ

Äëÿ òîãî, ùîá ïîÿñíèòè àðõiòåêòóðó ñèñòåìè ÑÀÄ, ðîçãëÿíåìî ¨¨ çà-

ñòîñóâàííÿ â ðåæèìi âåðèôiêàöi¨. Åòàïè öüîãî ïðîöåñó ìè áóäåìî ïîâ'ÿ-

çóâàòè ç âíóòðiøíiìè ìîäóëÿìè ÑÀÄ íà ñõåìi (ìàëþíîê 1).

Êîðèñòóâà÷, ÿêîãî ìè áóäåìî íàçèâàòè àâòîðîì, ãîòó¹ ForTheL-òåêñò,

ùî ìiñòèòü ôîðìóëþâàííÿ âëàñíå çàäà÷i (íàïðèêëàä, îêðåìî¨ òåîðåìè ÷è

äåêiëüêîõ òåîðåì), ðåëåâàíòíó iíôîðìàöiþ (íåîáõiäíi ëåìè, âèçíà÷åííÿ,

àêñiîìè), òà çàãàëüíi áàçîâi âiäîìîñòi, ùî âèêîðèñòîâóâàòèìóòüñÿ âïðî-

äîâæ âñüîãî òåêñòó (íàïðèêëàä, îñíîâíi âëàñòèâîñòi ìíîæèí àáî ÷èñåë).

Òâåðäæåííÿ, ñôîðìóëüîâàíi â òåêñòi, ìîæóòü ñóïðîâîäæóâàòèñü äîâå-

äåííÿì. Ñòâîðåííÿ ForTheL-òåêñòó ¹ öiëêîì ðó÷íîþ ðîáîòîþ. Ïåðøèé

ðîçäië äèñåðòàöi¨ ïðèñâÿ÷åíî ñèíòàêñèñó òà ñåìàíòèöi ìîâè ForTheL. Â

äîäàíêó íàâåäåíî ïðèêëàä íåòðèâiàëüíî¨ òåîðåìè, çàïèñàíî¨ i äîâåäåíî¨

â ForTheL-òåêñòi.

Ïiäãîòîâëåíèé òåêñò ïåðåäà¹òüñÿ íà âõiä ñèñòåìi ÑÀÄ. Ìîäóëü ñèíòà-

êñè÷íîãî àíàëiçó òà òðàíñëÿöi¨ [ForTheL] ïåðåâîäèòü òåêñò âî âíóòðiøí¹

ïîäàííÿ. Â öüîìó ïîäàííi ðå÷åííÿ ForTheL ïåðåòâîðþþòüñÿ â àíîòîâàíi

ëîãi÷íi ôîðìóëè, à ñàìà ñòðóêòóðà òåêñòó, çîêðåìà, ðîçäiëiâ äîâåäåíü,

ñïðîùó¹òüñÿ i óòî÷íþ¹òüñÿ: íàïðèêëàä, â äîâåäåííi ðîçáîðîì âèïàäêiâ
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òâåðäæåííÿ âè÷åðïíîñòi ðîçáîðó (äèç'þíêöiÿ ãiïîòåç âèïàäêiâ) ÿâíî äî-

äà¹òüñÿ â äîâåäåííÿ. Õî÷à áåçïîñåðåäíiì ðåçóëüòàòîì òðàíñëÿöi¨ ¹ ñó-

êóïíiñòü âíóòðiøíiõ ñòðóêòóð äàíèõ ñèñòåìè, ìè ðîçãëÿäàòèìåìî öåé

ðåçóëüòàò òàêîæ ÿê ForTheL-òåêñò (íîðìàëiçîâàíèé).

Äëÿ ïåðåâiðêè ïîäàíîãî ForTheL-òåêñòó ñèñòåìà âèäiëÿ¹ ç éîãî íîð-

ìàëiçîâàíî¨ âåðñi¨ öiëüîâi òâåðäæåííÿ, ùî ìàþòü áóòè âèâåäåíi ç ¨õíiõ

ëîãi÷íèõ ïîïåðåäíèêiâ â òåêñòi. Òàêèì ÷èíîì, âåðèôiêàöiÿ òåêñòó çâîäè-

òüñÿ äî äîâåäåííÿ òåîðåì.

Öiëüîâi òâåðäæåííÿ îáðîáëÿþòüñÿ ïî ÷åðçi ìîäóëåì [Reason], ìið-

êóâàëüíèêîì ñèñòåìè ÑÀÄ. Îòðèìàâøè çàâäàííÿ äîâåäåííÿ � öiëüî-

âå òâåðäæåííÿ ðàçîì ç ñóêóïíiñòþ éîãî ïîïåðåäíèêiâ â òåêñòi � ìiðêó-

âàëüíèê íàìàãà¹òüñÿ ñïðîñòèòè éîãî ðiçíèìè ñïîñîáàìè: ðîçäiëèòè íà

äåêiëüêà ìåíøèõ çàâäàíü (íàïðèêëàä, ðîçùiïèòè êîí'þíêöiþ â öiëi àáî

ïðîâåñòè ðîçáîð âèïàäêiâ), ñêîðîòèòè ìíîæèíó ïîñèëîê, ðîçêðèòè âè-

çíà÷åííÿ, i òàê äàëi.

Ìiðêóâàëüíèê ìîæíà ðîçãëÿäàòè ÿê àâòîìàòè÷íèé åâðèñòè÷íèé ïðó-

âåð, ÿêèé îïåðó¹ ïåâíîþ ñóêóïíiñòþ ïðàâèë ïåðåòâîðåííÿ çàâäàíü äî-

âåäåííÿ. Öÿ ñóêóïíiñòü íå ïîâèííà óòâîðþâàòè ïîâíå ëîãi÷íå ÷èñëåííÿ.

Çàäà÷à ìiðêóâàëüíèêà ïîëÿãà¹ íå â òîìó, ùîá ñàìîñòiéíî çíàéòè äîâå-

äåííÿ, à â òîìó, ùîá ïiäãîòóâàòè çàâäàííÿ âèâåäåííÿ äëÿ ïðóâåðà ÑÀÄ.

Îñòàííié ¹ àâòîìàòè÷íîþ ïðîãðàìîþ êîìáiíàòîðíîãî ïîøóêó âèâåäåííÿ

â êëàñè÷íié ëîãèöi ïåðøîãî ïîðÿäêó, éîãî çàäà÷à � çàâåðøóâàòè äîâåäå-

ííÿ ðîçïî÷àòi ìiðêóâàëüíèêîì. ßêùî ïðóâåð íå â çìîçi çíàéòè âèâåäå-

ííÿ, ìiðêóâàëüíèê ìîæå ïðîäîâæèòè ïåðåòâîðåííÿ ïîòî÷íîãî çàâäàííÿ,

ñïðîáóâàòè àëüòåðíàòèâíèé øëÿõ àáî âiäêèíóòè òåêñò.

×èì ïîòóæíiøèì ¹ àðñåíàë ìiðêóâàëüíèêà, òèì áiëüø ñêëàäíi çàâäà-

ííÿ äîâåäåííÿ âií çäàòåí âèêîíàòè, i òèì ñòèñëiøi ìàòåìàòè÷íi òåêñòè

ìîæóòü áóòè ïåðåâiðåíi ñèñòåìîþ. Òåîðåòè÷íi îñíîâè ïîáóäîâè ìiðêó-

âàëüíèêà âèêëàäåíi â äðóãîìó ðîçäiëi äèñåðòàöi¨.

Âëàñíèé ïðóâåð ñèñòåìè ÑÀÄ, íàçâàíèé [Moses],  ðóíòó¹òüñÿ íà ñïå-

öiàëüíîìó öiëåêåðîâàíîìó òàáëè÷íîìó ÷èñëåííi, ÿêå äîñëiäæó¹òüñÿ â

òðåòüîìó ðîçäiëi äàíî¨ ðîáîòè. Ïðóâåð âèêîíó¹ ïîøóê â ãëèáèíó ç îáìå-
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æåííÿì ãëèáèíè, ïîñòóïîâèì çàãëèáëåííÿì òà áåêòðåêiíãîì. Òåõíiêà äîïó-

ñòèìî¨ ïiäñòàíîâêè, ùî âèêîðèñòîâó¹òüñÿ â ÷èñëåííi ïðóâåðà, äîçâîëÿ¹

âiäìîâèòèñü âiä ñêîëåìiçàöi¨, à îòæå çáåðiãòè ïî÷àòêîâó ñèãíàòóðó çàâ-

äàííÿ. Òàêèì ÷èíîì, ïîðîäæåíi âïðîäîâæ ïîøóêó âèâåäåííÿ çàâäàííÿ

óíiôiêàöi¨ (ñèñòåìè ðiâíîñòåé òà íåðiâíîñòåé) ìîæóòü áóòè íàïðàâëåíi

ñïåöiàëüíié ðîçâ'ÿçóþ÷ié ïðîöåäóði, íàïðèêëàä, çîâíiøíié ñèñòåìi êîì-

ï'þòåðíî¨ àëãåáðè (computer algebra system, CAS).

Ìè íàçèâà¹ìî [Moses] âëàñíèì ïðóâåðîì ÑÀÄ, îñêiëüêè, çà äèçàéíîì

ñèñòåìè, ïðóâåð ¹ âiäîêðåìëåíîþ ïðîãðàìîþ ïîøóêó âèâåäåííÿ, i ÑÀÄ

äîçâîëÿ¹ âèêîðèñòîâóâàòè â öié ÿêîñòi çîâíiøíi ñèñòåìè àâòîìàòè÷íîãî

äîâåäåííÿ (theorem proving system, TPS), òàêi ÿê Otter [37], SPASS [38],

àáî Vampire [39].

Â ðåæèìi ïîøóêó âèâåäåííÿ ÑÀÄ ïðèéìà¹ âõiäíi òåêñòè, çàïèñàíi

áåçïîñåðåäíüî â ìîâi ïåðøîãî ïîðÿäêó. Ìîäóëi [FOL] òà [TPTP] îáðîáëÿ-

þòü, âiäïîâiäíî, çàâäàííÿ âèâåäåííÿ ó âëàñíîìó ñèíòàêñèñi ÑÀÄ òà â

ôîðìàòi áiáëiîòåêè TPTP [40].

Øòðèõîâi ëiíi¨ íà ðèñóíêó 1 âiäîáðàæàþòü çâ'ÿçêè, ùî ìàþòü áó-

òè ðåàëiçîâàíi â ñèñòåìi ÑÀÄ â ìàéáóòíüîìó: êîîïåðàöiÿ ç çîâíiøíiìè

ñèñòåìàìè êîìï'þòåðíî¨ àëãåáðè òà àâòîìàòè÷íà òðàíñëÿöiÿ äîâåäåíü,

çíàéäåíèõ ñèñòåìîþ â ìîâó ForTheL.

Ñèñòåìà ÑÀÄ ðåàëiçîâàíà â ìîâàõ Haskell [41] òà C.
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ÐÎÇÄIË 1

ÌÎÂÀ ÌÀÒÅÌÀÒÈ×ÍÈÕ ÒÅÊÑÒIÂ FORTHEL

Ìîâà ForTheL (Formal Theory Language) � öå ôîðìàëüíà ìîâà äëÿ

çàïèñó ìàòåìàòè÷íèõ òåêñòiâ, ùî iìiòó¹ ïðèðîäíó àíãëiéñüêó ìîâó ìà-

òåìàòè÷íèõ ïóáëiêàöié. Iñíó¹ ðÿä ïðè÷èí, çà ÿêèõ ìè âiääà¹ìî ïåðåâàãó

òàêîìó �ëþäñüêîìó� ñïîñîáó ïîäàííÿ, ðàäøå íiæ ñòèñëié íîòàöi¨ äåÿêî¨

òðàäèöiéíî¨ ìîâè ìàòåìàòè÷íî¨ ëîãiêè. Ðîçãëÿíåìî äâi ç íèõ.

Ïî-ïåðøå, òåêñò, ùî ñêëàäà¹òüñÿ ç ðå÷åíü ëþäñüêî¨ ìîâè, áóäå ëåã-

øèì äëÿ ÷èòà÷à (îñîáëèâî äëÿ ÷èòà÷à, íåîáiçíàíîãî ó ìàòåìàòè÷íié ëî-

ãiöi), íiæ ñóêóïíiñòü ôîðìóë, ïîáóäîâàíèõ ç êâàíòîðiâ, ñêîáîê, ëîãi÷íèõ

çâ'ÿçîê òà iíøîãî. Îòæå ïåðøîþ ïðè÷èíîþ ¹ � íàäàòè êîðèñòóâà÷åâi

ñèñòåìè çðó÷íå òà êîìôîðòíå ðîáî÷å ñåðåäîâèùå.

Ïî-äðóãå, ìàòåìàòè÷íèé òåêñò, çàïèñàíèé ïðèðîäíîþ ìîâîþ, ìiñòèòü

áàãàòî iíôîðìàöi¨, ÿêà ëåæèòü çà ìåæàìè ìîâè ëîãiêè i, çàçâè÷àé, çíè-

êà¹ ïðè ïåðåêëàäi. Â ëþäñüêîìó ìîâëåííi ìè çóñòði÷à¹ìî iìåííèêi, ùî

ïîçíà÷àþòü iíäèâiäíi ñóòíîñòi àáî êëàñè iíäèâiäiâ; ïðèêìåòíèêè, äi¹ïðè-

êìåòíèêè òà äi¹ñëîâà, ùî âèñòóïàþòü â ðîëi àòðèáóòiâ i îáìåæóþòü êëà-

ñè; ïðèêìåòíèêè òà äi¹ñëîâà, ùî äiþòü ÿê ïðèñóäêè i ìîæóòü âêàçóâàòè

íà âiäíîøåííÿ ìiæ ðiçíèìè ñóòíîñòÿìè. Â òðàäèöiéíîìó ìàòåìàòè÷íîìó

òåêñòi, ìè çóñòði÷à¹ìî âèçíà÷åííÿ òà àêñiîìè, âàæëèâi òåîðåìè òà äîïî-

ìiæíi ëåìè, ðiçíîìàíiòíi ñõåìè ìiðêóâàííÿ. Òàì, äå ëþäñüêà ìîâà ðîçði-

çíÿ¹, ìîâà ìàòåìàòè÷íî¨ ëîãiêè óíiôiêó¹: iìåííèêi-êëàñè, ïðèêìåòíèêè,

äi¹ñëîâà ïåðåòâîðþþòüñÿ íà ïðåäèêàòíi ñèìâîëè; àêñiîìè, âèçíà÷åííÿ,

ëåìè ïîñòàþòü ðiâíîïðàâíèìè ôîðìóëàìè-àíòåöåäåíòàìè; äîâåäåííÿ âiä

ñóïðîòèâíîãî, äîâåäåííÿ çà ðîçãëÿäîì âèïàäêiâ, êðîêè ðîçêðèòòÿ âèçíà-

÷åíü àáî çàñòîñóâàííÿ ëåì � òðàíñôîðìóþòüñÿ ó êðîêè çàñòîñóâàííÿ

modus ponens, àáî ðåçîëþöi¨, àáî òàáëè÷íèõ ïðàâèë.

Íà íàø ïîãëÿä, âèáið ïðîìiæíèõ òâåðäæåíü íà ðîëü ëåì, âèáið íî-

âèõ ïîíÿòü, ÿêi ââîäÿòüñÿ ó âèçíà÷åííÿõ, âèáið ñõåì äîâåäåííÿ, òà iíøi

çàñîáè îðãàíèçàöi¨ ìàòåìàòè÷íîãî òåêñòó íåñóòü âàæëèâó iíôîðìàöiþ

ïðî öåé òåêñò i ìàþòü áóòè âðàõîâàíi ðàçîì ç ñóòî ëîãi÷íèì çìiñòîì.
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Ìàòåìàòèê-ëþäèíà çàñòîñîâó¹ âèçíà÷åííÿ iíàêøå íiæ àêñiîìè òà ëåìè,

îïåðó¹ êëàñàìè iíàêøå íiæ âiäíîøåííÿìè, òîáòî âèêîðèñòîâó¹ âñi öi äè-

ñòèíêöi¨ â ïðîöåñi ïîøóêó äîâåäåííÿ. Îòæå, ðiçíîìàíiòíiñòü ëþäñüêî¨

ìîâè íå ¹ íàäëèøêîâîþ, âîíà ìà¹ çáåðiãòèñü â ôîðìàëüíîìó ïîäàííi

ïðîáëåìè, i, çà óìîâè, ùî âäàñòüñÿ çíàéòè àäåêâàòíèé øëÿõ ôîðìàëi-

çàöi¨, öå äàñòü ìîæëèâiñòü ðîçøèðèòè äåäóêòèâíi ïîòóæíîñòi ìàøèíè:

çàïðîâàäèòè åâðèñòè÷íi ïðîöåäóðè ìiðêóâàííÿ àáî ìåòîäè ñêîðî÷åííÿ

ïîøóêîâîãî ïðîñòiðó, ùî ñïèðàòèìóòüñÿ íà �ïîçà-ëîãi÷íó� iíôîðìàöiþ,

óçÿòó ç ôîðìàëüíîãî, àëå äåÿêîþ ìiðîþ ïðèðîäíîãî âõiäíîãî òåêñòó.

Ìîâà ForTheL ìà¹ ñïiëüíi ðèñè ç òàêèìè ôîðìàëüíèìè ìîâàìè, ÿê

Attempto Controlled English (ACE) [42] òà Common Logic Controlled Engli-

sh (CLCE) [43]. Âiäìiòíiñòþ ForTheL ¹ ðîçâèíóòèé ñèíòàêñèñ äëÿ ïîäàííÿ

ñòðóêòóðîâàíèõ òåêñòiâ, çîêðåìà, ìàòåìàòè÷íèõ äîâåäåíü.

Ïåðøèé ðîçäië äèñåðòàöiéíî¨ ðîáîòè ïðèñâÿ÷åíî ìîâi ForTheL, ¨¨ ñèí-

òàêñèñó òà ñåìàíòèöi. Îïèñ éäå â íàñòóïíîìó ïîðÿäêó:

1. Ëåêñè÷íà ñòðóêòóðà, ùî âèçíà÷à¹, ÿêèì ÷èíîì ïîñëiäîâíiñòü ASCII-

ñèìâîëiâ ïåðåòâîðþ¹òüñÿ íà ëàíöþã ëåêñåì ForTheL.

2. Íàñòóïíèé ðiâåíü ñèíòàêñèñó ForTheL: ÷àñòèíè ðå÷åííÿ àáî þíiòè:

òåðìè, ïîíÿòòÿ, ïðåäèêàòè, ïðîïîçèöi¨. Þíiòè áóäóþòüñÿ ç ñèíòà-

êñè÷íèõ ïðèìiòèâiâ çà ïðàâèëàìè ãðàìàòèêè ForTheL. Ñåìàíòèêà

ïðîïîçèöié ìîæå áóòè âèðàæåíà ôîðìóëîþ ïåðøîãî ïîðÿäêó.

3. Äàëi ìè ðîçãëÿäà¹ìî ðîçäiëè ForTheL. Íàéìåíøèì ðîçäiëîì ¹ ðå÷å-

ííÿ. Ñóêóïíîñòi ðå÷åíü ôîðìóþòü ñêëàäíi ðîçäiëè: íèæíüîãî ðiâíÿ,

òàêi ÿê äîâåäåííÿ àáî âèïàäêè, òà âåðõíüîãî ðiâíÿ, òàêi ÿê àêñiîìè,

âèçíà÷åííÿ, òà òåîðåìè. ForTheL-ðîçäiëè íå ìàþòü ôiêñîâàíî¨ ñåìàí-

òèêè, âîíè íàäiëÿþòüñÿ ñóêóïíiñòþ õàðàêòåðèñòèê, ùî âèçíà÷àþòüñÿ

¨õíiì çìiñòîì òà êîíòåêñòîì.

4. Íàðåøòi, ForTheL-òåêñò ¹ ïîñëiäîâíiñòþ ðîçäiëiâ âåðõíüîãî ðiâíÿ òà

ñïåöiàëüíèõ êîíñòðóêöié, iíòðîäóêòîðiâ, ÿêi ââîäÿòü íîâi ñèíòàêñè-

÷íi ïðèìiòèâè â ñèãíàòóðó òåêñòà.
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1.1. Ëåêñè÷íà ñòðóêòóðà

Ìè âèêîðèñòîâó¹ìî ðîçøèðåíi ôîðìè Áåêóñà-Íàóðà äëÿ çàïèñó ïðî-

äóêöié ãðàìàòèêè ForTheL. Íåòåðìiíàëüíi ñèìâîëè çàïèñóþòüñÿ êóðñè-

âîì (íàïð. attribute), òåðìiíàëüíi � øðèôòîì typewriter (íàïð. every).

Ïðîäóêöi¨ ìàþòü ôîðìó:

nonterm → alt1 | alt2 | . . . | altn

i ìè çàñòîñîâó¹ìî íàñòóïíó íîòàöiþ:

pat1 | pat2 âèáið

( pattern ) ãðóïóâàííÿ

[ pattern ] íå áiëüøå îäíîãî âõîäæåííÿ

{ pattern } íóëü àáî áiëüøå ïîñëiäîâíèõ âõîäæåíü

Ëåêñè÷íà ñòðóêòóðà ForTheL âèçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì:

lexeme → word | symbol

word → alphanum { alphanum }

alphanum → alpha | numeric | _

alpha → small | capital

small → a | . . . | z

capital → A | . . . | Z

numeric → 0 | . . . | 9

symbol → ( | ) | [ | ] | { | } | < | > | ` | ' | " | / | \ | | | %

| ! | ? | @ | $ | & | % | � | + | - | * | = | : | ; | , | .

whitespace → whitetoken { whitetoken }

whitetoken → space | newline | comment

comment → # {áóäü-ÿêèé ñèìâîë êðiì êiíöÿ ðÿäêà} newline

space → ïðîïóñê | òàáóëÿöiÿ

newline → êiíåöü ðÿäêà

Â ïðîöåñi ëåêñè÷íîãî àíàëiçó, çà îäíó ëåêñåìó ïðèéìà¹òüñÿ íàéäîâøà

ïîñëiäîâíiñòü ñèìâîëiâ, ùî âiäïîâiäà¹ ïðàâèëàì, íàâåäåíèì âèùå. Òàê,
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çîêðåìà, äâi ëåêñåìè word íå ìîæóòü ñòîÿòè ïîðó÷ � ¨õ îáîâ'ÿçêîâî ìà¹

ðîçäiëÿòè ëåêñåìà symbol àáî whitespace. Ëåêñåìè whitespace (ïðîïóñêè)

ñëóæàòü äëÿ ðîçìåæóâàííÿ ëåêñåì i íå çãàäóþòüñÿ â ïîäàëüøèõ ïðàâè-

ëàõ ãðàìàòèêè ForTheL.

Çìiííi â ForTheL ïîçíà÷àþòüñÿ ëàòèíñüêèìè ëiòåðàìè.

variable → alpha

Ðåãiñòð ëiòåðè âðàõîâó¹òüñÿ, òîáòî x òà X ¹ ðiçíèìè çìiííèìè.

1.2. Þíiòè ForTheL

Äëÿ òîãî, ùîá äàòè óÿâó ïðî öåé ðiâåíü ìîâè ForTheL, íàâåäåìî äå-

êiëüêà ïðèêëàäiâ ForTheL-ïðîïîçèöié. Äëÿ êîæíî¨ ïðîïîçèöi¨ âêàçàíî ¨¨

ïåðåêëàä â ìîâó ïåðøîãî ïîðÿäêó.

ForTheL: every bird is a feathery animal

Ïåðåêëàä: ∀x (aBird(x) ⊃ (aAnimal(x) ∧ isFeathery(x)))

ForTheL: every subset of some set S is equal to S

Ïåðåêëàä: ∃S (aSet(S) ∧ ∀x (aSubsetOf(x, S) ⊃ x = S))

ForTheL: every natural number m greater than 0 divides m!

Ïåðåêëàä: ∀m ((aNumber(m) ∧ isNatural(m) ∧
∧ isGreaterThan(m,Zero)) ⊃ Divides(m,Factorial(m)))

ForTheL: if X and Y are close to Z then X and Y are close

Ïåðåêëàä: (isCloseTo(X,Z) ∧ isCloseTo(Y, Z)) ⊃ isCloseTo(X, Y )

ForTheL: no equation in G has a positive solution

Ïåðåêëàä: ∀x ((aEquation(x) ∧ isIn(x,G)) ⊃
⊃ ¬∃ y (aSolutionOf(y, x) ∧ isPositive(y)))

Ïîäiáíî äî òîãî, ÿê ForTheL-òåêñò ¹ êîìïîçèöi¹þ ðå÷åíü òà ñêëàäíèõ

ðîçäiëiâ, ForTheL-ðå÷åííÿ ¹ êîìïîçèöi¹þ þíiòiâ. Þíiòè ðîçäiëÿþòüñÿ íà

äåêiëüêà òèïiâ:
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• ïîíÿòòÿ ïîçíà÷à¹ êëàñ iíäèâiäíèõ îá'¹êòiâ, ìîæëèâî ïàðàìåòðèçî-

âàíèé: real number, element of S, series that converges to N.

• òåðì ïîçíà÷à¹ iíäèâiäíèé îá'¹êò, àáî âêàçóþ÷è äåÿêå êîíêðåòíå çíà-

÷åííÿ: N, the complement of S, X * Y; àáî çà äîïîìîãîþ êâàíòî-

ðà ïî îá'¹ìó êëàñó, âèçíà÷åíîãî äåÿêèì ïîíÿòòÿì: every set, some

divisor of M.

• ïðåäèêàò ïîçíà÷à¹ âëàñòèâiñòü iíäèâiäíîãî îá'¹êòó: empty, divides

N, is a subset of S. Çàñòîñîâóþ÷è ïðåäèêàò äî òåðìà, îòðèìà¹ìî

ïðîïîçèöiþ; çàñòîñîâó÷è ïðåäèêàò äî ïîíÿòòÿ ÿê àòðèáóò, îòðèìà¹ìî

íîâå ïîíÿòòÿ, ç îáìåæåíèì êëàñîì.

• ïðîïîçèöiÿ ïîçíà÷à¹ âèñëiâ, ÿêèé ìîæå áóòè iñòèííèì àáî õèáíèì:

X > Y, every divisor of N is a natural number, there exists a

countable set.

Òðåòÿ ïðîïîçèöiÿ ç ïîïåðåäíüîãî ïðèêëàäó ðîçêëàäà¹òüñÿ íà þíiòè

íàñòóïíèì ÷èíîì:

òåðì

{
every

ïðåäèêàò︷ ︸︸ ︷
natural

ïîíÿòòÿ︷ ︸︸ ︷
number m

ïðåäèêàò︷ ︸︸ ︷
greater than 0︸ ︷︷ ︸

ïîíÿòòÿ

divides

òåðì︷︸︸︷
m!︸ ︷︷ ︸

ïðåäèêàò

}
ïðîïîçèöiÿ

ßê i áóäü-ÿêà ïðèðîäíà ìîâà, ìîâà ForTheL íå ¹ âiëüíîþ âiä íåî-

äíîçíà÷íîñòi. Ñèíòàêñèñ ForTheL äîçâîëÿ¹ çàïèñóâàòè þíiòè, ùî ìàþòü

áiëüø, íiæ îäèí ñåíñ. Íàïðèêëàä, â ïðîïîçèöi¨:

some point of any straight line that crosses L lies on L

ïðåäèêàò crosses L ìîæå áóòè âiäíåñåíèé ÿê äî ïîíÿòòÿ point, òàê i äî

ïîíÿòòÿ line. Íå ìàþ÷è ìîæëèâîñòi çâåðòàòèñÿ äî äåäóêòèâíîãî àïàðà-

òó ñèñòåìè, ïàðñåð íå â çìîçi âèçíà÷èòè ïðàâèëüíèé âàðiàíò, òîìó ïîäi-

áíi êîíñòðóêöi¨ âiäêèäàþòüñÿ. ßê ïðàâèëî, íåñêëàäíî çíàéòè îäíîçíà÷íå

ïåðåôîðìóëþâàííÿ:

every straight line that crosses L has a point that lies on L

àáî çàñòîñóâàòè äóæêè:

some point of (any straight line that crosses L) lies on L
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1.2.1. Ñèíòàêñè÷íi ïðèìiòèâè

Ñèíòàêñè÷íi ïðèìiòèâè ¹ öåãëèíêàìè, ç ÿêèõ áóäóþòüñÿ þíiòè. Â

êîæåí ìîìåíò ñèíòàêñè÷íîãî àíàëiçó òåêñòó, ìè ìà¹ìî ñïðàâó ç ïåâíèì

íàáîðîì ïðèìiòèâiâ, ùî âiäïîâiäà¹ ñèãíàòóði òi¹¨ ÷àñòèíè òåêñòó, ùî âæå

ïðî÷èòàíà ïàðñåðîì. Ìè íàçèâà¹ìî öåé íàáið ïîòî÷íèì ñëîâíèêîì, ïiä-

êðåñëþþ÷è, ïî-ïåðøå, ùî öåé íàáið ïðèòàìàííèé òåêñòó, ùî ðîçãëÿäà-

¹òüñÿ, à, ïî-äðóãå, ùî âií ¹ äèíàìi÷íèì. Â ForTheL ¹ øiñòü ãðóï òàê

çâàíèõ áàçîâèõ ïðèìiòèâiâ:

• çàãàëüíi iìåííèêè, ùî óòâîðþþòü àòîìàðíi ïîíÿòòÿ:

natural number, element of arg1, function from arg1 to arg2

• âèçíà÷åíi iìåííèêè, ùî óòâîðþþòü ôóíêöiîíàëüíi òåðìè:

zero, power set of arg1, sum of arg1 and arg2

• ïðèêìåòíèêè òà äi¹ñëîâà, ùî óòâîðþþòü ïðåäèêàòè:

prime, converges, equal to arg1

• ôóíêöiîíàëüíi ñèìâîëè, ùî óòâîðþþòü ñèìâîëüíi òåðìè:

arg1 + arg2, min arg1, exp(arg1)

• ïðåäèêàòíi ñèìâîëè, ùî óòâîðþþòü ñèìâîëüíi ïðîïîçèöi¨:

arg1 <= arg2, arg1 : arg2 -> arg3

Áàçîâi ïðèìiòèâè ââîäÿòüñÿ áåçïîñåðåäíüî â ForTheL-òåêñòi çà äîïî-

ìîãîþ ñëóæáîâèõ êîíñòðóêöié, ùî íàçèâàþòüñÿ iíòðîäóêòîðàìè. Äî-

äàòêîâi ãðóïè ïðèìiòèâiâ àâòîìàòè÷íî ïîðîäæóþòüñÿ çà íîâîââåäåíè-

ìè áàçîâèìè ïðèìiòèâàìè. Òàê, íàïðèêëàä, ïðèìiòèâè-iìåííèêè ç àð-

ãóìåíòíèì ìiñöåì ïiñëÿ ïðèéìåííèêà of, òàêi ÿê subset of arg1 àáî

complement of arg1 to arg2 ïîðîäæóþòü äîäàòêîâi ïðèìiòèâè, ùî âæè-

âàòèìóòüñÿ â ïðåäèêàòàõ âèäó: of an infinite cardinality, has an

element. Ïîðîäæóâàíi ãðóïè ïðèìiòèâiâ ðîçãëÿäàþòüñÿ â íàñòóïíèõ ïiä-

ðîçäiëàõ.
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Ñèíòàêñèñ iíòðîäóêòîðiâ âèçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì (îäèí ðÿäîê

äëÿ êîæíî¨ áàçîâî¨ ãðóïè):

introductor → [ ( a | an ) pattern [ @ [ a | an ] nounNotion ] ]

| [ the pattern [ @ plainTerm ] ]

| [ variable is pattern [ @ proposition ] ]

| [ variable pattern [ @ proposition ] ]

| [ symbPattern @ plainTerm ]

| [ symbPattern @ proposition ]

Êîæíèé iíòðîäóêòîð ïî÷èíà¹òüñÿ çi çðàçêà, ÿêèé âèçíà÷à¹ ñèíòàêñèñ

íîâîââåäåíîãî ïðèìiòèâó. Ïðèìiòèâ ìîæå áóòè (à ñèìâîëüíèé ïðèìiòèâ

� ìà¹ áóòè) ââåäåíèé ÿê ñèíîíiì äëÿ äåÿêîãî þíiòó âiäïîâiäíîãî òèïó; â

öüîìó âèïàäêó, ïiñëÿ çðàçêà ñòàâèòüñÿ ñèìâîë @, çà ÿêèì éäå îçíà÷óâà-

íèé þíiò. Íåòåðìiíàëüíi ñèìâîëè nounNotion, plainTerm òà proposition

áóäóòü âèçíà÷åíi íèæ÷å. Âñi ïðèìiòèâè, ùî çóñòði÷àþòüñÿ â îçíà÷óâàíèõ

þíiòàõ, ìàþòü áóòè ïðèñóòíi â ïîòî÷íîìó ñëîâíèêó; òàêèì ÷èíîì, ñàìî-

ïîñèëàííÿ àáî âçà¹ìíà ñèíîíiìiÿ íå äîçâîëÿþòüñÿ.

Çðàçîê ¹ íåïóñòèì ëàíöþãîì òîêåíiâ (òåðìiíàëüíèõ ñèìâîëiâ íîâîãî

ïðèìiòèâó) òà çìiííèõ (ùî âêàçóþòü àðãóìåíòíi ìiñöÿ):

pattern → { tokens } tokens [ variable { tokens variable } ]

tokens → token [ / token ]

token → small { small }

symbPattern → [ variable ] symbToken

{ variable symbToken } [ variable ]

| word ( variable { , variable } )

| word [ variable ]

symbToken → symbol { symbol }
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Â çðàçêàõ äëÿ íåñèìâîëüíèõ ïðèìiòèâiâ äîçâîëÿ¹òüñÿ ïåðåëi÷óâàòè äå-

êiëüêà âàðiàíòiâ îäíîãî òîêåíó. Òàêèì ÷èíîì, iìåííèêi òà äi¹ñëîâà ìî-

æóòü âæèâàòèñÿ ÿê â îäíèíi, òàê i â ìíîæèíi. Òîêåíè íå ïîâèííi ìiñòèòè

ïðîïóñêiâ. Àðòèêëi òà ôîðìè äi¹ñëîâà �to be� íå ìîæóòü áóòè òîêåíàìè.

Â iíòðîäóêòîðàõ äi¹ñëiâ ãîëîâíà çìiííà íå ïîâèííà íàçèâàòèñÿ a àáî

A, ùîá óíèêíóòè êîëëiçi¨ ç iíòðîäóêöi¹þ çàãàëüíèõ iìåííèêiâ. Âñi çìiííi

â çðàçêó ìàþòü áóòè ðiçíi. ßêùî iíòðîäóêòîð ââîäèòü ñèíîíiì, âñi âiëüíi

çìiííi (1.2.6) â îçíà÷óâàíîìó þíiòi ïîâèííi âõîäèòè â çðàçîê.

Ïàðñåð ìîæå çàâæäè âèçíà÷èòè, ÿêèé òèï ïðèìiòèâà ââîäèòüñÿ â ií-

òðîäóêòîði � àáî çà ôîðìîþ çðàçêà, àáî, ÿêùî ââîäèòüñÿ ñèìâîëüíèé

ïðèìiòèâ, ðîçïiçíàâøè îçíà÷óâàíèé þíiò ÿê òåðì àáî ïðîïîçèöiþ.

Ñëiäîì çà îáðîáêîþ iíòðîäóêòîðà, äî ãðàìàòèêè äîäàþòüñÿ íîâi ïðî-

äóêöi¨ äëÿ âiäïîâiäíèõ ãðóï ïðèìiòèâiâ:
Iíòðîäóêòîð Ïðèìiòèâ

[a subset/subsets of S] ( subset | subsets ) [ names ]

( of ) term

[the root/roots of S] ( root | roots ) ( of ) term

[U is infinite @ U is not finite] ( infinite )

[m divides/divide n] ( divides | divide ) term

[Pow x @ the power set of x] ( Pow ) symbTerm

[x >= y @ x is not less than y] symbTerms ( >= ) symbTerm
Òîêåíè çðàçêó ïåðåòâîðþþòüñÿ íà ãðóïè âèáîðó òåðìiíàëüíèõ ñèì-

âîëiâ, à çìiííi çàìiíþþòüñÿ íà íåòåðìiíàëüíi ñèìâîëè term (symbTerm,

äëÿ ñèìâîëüíèõ ïðèìiòèâiâ), ùî �ñ÷èòóâàòèìóòü� àðãóìåíòè ïðèìiòèâó.

ßêùî çðàçîê ïðåäèêàòíîãî ñèìâîëà ïî÷èíà¹òüñÿ çi çìiííî¨, âîíà çàìi-

íþ¹òüñÿ íà íåòåðìiíàëüíèé ñèìâîë symbTerms. Ïðèñóòíiñòü àáî âiäñó-

òíiñòü îçíà÷óâàíîãî þíiòó íå âïëèâà¹ íà ñèíòàêñèñ íîâîãî ïðèìiòèâà. Â

çàãàëüíèõ iìåííèêàõ, îïöiîíàëüíèé íåòåðìiíàë names (äèâèñü 1.2.2) äî-

äà¹òüñÿ çà îäèí òîêåí äî ïåðøîãî àðãóìåíòíîãî ìiñöÿ, àáî â êiíöi çðàçêó,

ÿêùî àðãóìåíòiâ íåìà¹.

Ðåãiñòð âðàõîâó¹òüñÿ äëÿ òîêåíiâ ñèìâîëüíèõ ïðèìiòèâiâ òà äëÿ çìií-

íèõ. Òàêèì ÷èíîì, subset of S, Subset of S, òà sUbSeT oF S îçíà÷à-
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þòü îäíå é òå ñàìå ïîíÿòòÿ, àëå sin x, Sin x, sin X îçíà÷àþòü òðè

ðiçíèõ òåðìà.

Ïðàâèëà ãðàìàòèêè, ùî âiäïîâiäàþòü çà ðîçïiçíàâàííÿ ïðèìiòèâiâ, ¹

¹äèíèìè ïðàâèëàìè, ùî çìiíþþòüñÿ â ïðîöåñi àíàëiçó òåêñòó. Â íàñòó-

ïíèõ ïiäðîçäiëàõ öi ïðàâèëà áóäóòü ïîêàçóâàòèñü ÿê ãiïîòåòè÷íi �ñòîï-

êàäðè� â äåÿêi äîâiëüíi ìîìåíòè îáðîáêè òåêñòó.

1.2.2. Ïîíÿòòÿ

Áóäü-ÿêèé þíiò ïîíÿòòÿ áóäó¹òüñÿ ç àòîìàðíîãî ïîíÿòòÿ, äî ÿêîãî

äîäàþòüñÿ àòðèáóòè. Äâà òèïà ñèíòàêñè÷íèõ ïðèìiòèâiâ âèêîðèñòîâó-

þòüñÿ äëÿ óòâîðåííÿ àòîìàðíèõ ïîíÿòòü:

primaryNotion → primClassNoun | notionSymbol

primClassNoun → ( set | sets ) [ names ]

| ( element | elements ) [ names ] ( of ) term

| . . .

notionSymbol → primNotionSymbol | ( primNotionSymbol )

primNotionSymbol → names ( << ) symbTerm

| names ( : ) symbTerm ( -> ) symbTerm

| . . .

names → variable { , variable }

Ñèìâîëè ïîíÿòü ¹ ïîðîäæóâàíèìè ïðèìiòèâàìè. Âîíè ïîðîäæóþòüñÿ

àâòîìàòè÷íî ç äåñêðèïòèâíèõ ïðåäèêàòíèõ ñèìâîëiâ (äèâèñü 1.2.7). Íà

ïåðøå àðãóìåíòíå ìiñöå â ñèìâîëi ïîíÿòòÿ ñòàâèòüñÿ íåòåðìiíàëüíèé

ñèìâîë names, ðåøòà çàëèøà¹òüñÿ òàêîþ, ÿê â ïðåäèêàòíîìó ñèìâîëi.

Ñèìâîëüíi ïîíÿòòÿ, ùî íàâåäåíi âèùå, ìîãëè áóòè ïîðîäæåíi çà òàêèìè

iíòðîäóêòîðàìè:

[x << y @ x is an element of y]

[f : D -> R @ f is a function from D to R]
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Êîæíèé þíiò ïîíÿòòÿ õàðàêòåðèçó¹òüñÿ ñïèñêîì iìåí. Öi iäåíòèôi-

êàòîðè çâåðòàþòüñÿ äî îêðåìèõ îá'¹êòiâ ç êëàñó òà âiäiãðàþòü òó æ ñàìó

ðîëü, ùî iìåíà çìiííèõ ïîðó÷ ç êâàíòîðîì. Ìè âæå áà÷èëè iìåíà â ïðî-

ïîçèöi¨:

every natural number m greater than 0 divides m!

ForTheL òàêîæ äîçâîëÿ¹ ïîíÿòòÿ ç äåêiëüêîìà iìåíàìè:

for all real numbers X,Y (X*Y) is a real number

Âæèâàííÿ iìåí íå ¹ îáîâ'ÿçêîâèì:

every even natural number greater than 2 is compound

L,M are parallel straight lines

Àòðèáóòè âèêîðèñòîâóþòüñÿ äëÿ íàêëàäåííÿ îáìåæåíü íà êëàñ, îçíà-

÷åíèé ïîíÿòòÿì. Ç òî÷êè çîðó ñèíòàêñèñó, àòðèáóòè áàçóþòüñÿ íà ïðå-

äèêàòàõ òà ïðîïîçèöiÿõ ForTheL:

leftAttribute → primSimpleAdjective | primSimpleAdjectiveM

rightAttribute → isPredicate { and isPredicate }

| that doesPredicate { and doesPredicate }

| such that proposition

Ïðîñòi ïðèêìåòíèêè, ùî óòâîðþþòü ëiâi àòðiáóòè, òàêîæ ¹ ïîðîäæó-

âàíèìè ïðèìiòèâàìè. Âîíè ôîðìóþòüñÿ ç òèõ ïðèêìåòíèêiâ òà ìóëüòè-

ïðèêìåòíèêiâ (äèâ. 1.2.4), ÿêi íå ìàþòü àðãóìåíòíèõ ìiñöü:

primSimpleAdjective → ( prime ) | ( empty ) | ( natural ) | . . .

primSimpleAdjectiveM → ( equal ) | ( parallel ) | ( disjoint ) | . . .

Âèçíà÷èìî òåïåð ñèíòàêñèñ ïîíÿòòÿ:

notion → { leftAttribute } primaryNotion [ rightAttribute ]

Íàñòóïíi êîíñòðóêöi¨ ¹ ïðèêëàäàìè ïðàâèëüíî ïîáóäîâàíèõ ïîíÿòü:
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cyclic group G

injective f : Nat -> Nat that maps 0 to 0

real number greater than 0 and less than 1

natural numbers q,r such that n = (q * m) + r and r < m

Âiäìiòèìî, ùî îñòàííié þíiò íàñïðàâäi îïèñó¹ äâà ðiçíèõ êëàñà: îäèí

äëÿ q i îäèí äëÿ r.

1.2.3. Òåðìè

Â ìîâi ForTheL iñíó¹ äâà òèïà òåðìiâ: âèçíà÷åíi òåðìè òà êâàíòèôi-

êîâàíi ïîíÿòòÿ:

term → quantifiedNotion | definiteTerm

Êâàíòèôiêîâàíi ïîíÿòòÿ äîçâîëÿþòü ôîðìóëþâàòè óíiâåðñàëüíi àáî

åêçèñòåíöiéíi òâåðäæåííÿ ïðî iíäèâiäíi îá'¹êòè ç êëàñó:

quantifiedNotion → realQuantifiedNotion

| ( realQuantifiedNotion )

realQuantifiedNotion → ( every | each | all | any ) notion

| some notion

| no notion

Çàóâàæåííÿ. Êâàíòèôiêîâàíi ïîíÿòòÿ, ùî ñòîÿòü â àðãóìåíòíèõ ìiñöÿõ

ñèíòàêñè÷íèõ ïðèìiòèâiâ íå ìîæóòü ìàòè áiëüøå îäíîãî iìåíi. Òàê, þíiòè

N divides some numbers X,Y,Z, a subset of finite sets A,B, the

orders of groups G,H íå ¹ ïðàâèëüíî ïîáóäîâàíèìè.

Âèçíà÷åíèé òåðì àáî ¹ çìiííîþ àáî óòâîðþ¹òüñÿ çàñòîñóâàííÿì ôóí-

êöi¨ äî òåðìiâ-àðãóìåíòiâ. ForTheL äîçâîëÿ¹ çàïèñóâàòè òàêi çàñòîñóâà-

ííÿ çà äîïîìîãîþ àíãëiéñêèõ ñëiâ àáî ôóíêöiîíàëüíèõ ñèìâîëiâ. Â ãðà-

ìàòèöi ïðèéíÿòî íàñòóïíi ïðàâèëà ùîäî ïðèîðèòåòó òà íàïðÿìêó àñîöi-

þâàííÿ ôóíêöiîíàëüíèõ ñèìâîëiâ.:
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• ïîñòôiêñíi ñèìâîëè, ÷è¨ ïðèìiòèâè çàâåðøóþòüñÿ òîêåíîì, ìàþòü

íàéâèùèé ïðèîðèòåò;

• ïðåôiêñíi ñèìâîëè, ÷è¨ ïðèìiòèâè ïî÷èíàþòüñÿ ç òîêåíà, à çàâåðøóþ-

òüñÿ àðãóìåíòíèì ìiñöåì, ìàþòü ìåíøèé ïðèîðèòåò, íiæ ïîñòôiêñíi

ñèìâîëè;

• iíôiêñíi ñèìâîëè, ÷è¨ ïðèìiòèâè ïî÷èíàþòüñÿ i çàâåðøóþòüñÿ àðãó-

ìåíòíèìè ìiñöÿìè, ìàþòü íàéíèæ÷èé ïðèîðèòåò ñåðåä ôóíêöiîíàëü-

íèõ ñèìâîëiâ i àññîöiþþòüñÿ çëiâà íàïðàâî.

Äëÿ ïåðåâïîðÿäêóâàííÿ ñèìâîëüíîãî âèðàçó ìîæíà âæèâàòè äóæêè.

definiteTerm → realDefiniteTerm | ( realDefiniteTerm )

realDefiniteTerm → [ the ] primDefiniteNoun | symbTerm

symbTerm → primInfixFunctionSymbol | prefixSymbTerm

prefixSymbTerm → primPrefixFunctionSymbol | postfixSymbTerm

postfixSymbTerm → primPostfixFunctionSymbol | ( symbTerm )

| variable

Íàâåäåìî òèïîâi ïðèìiòèâè äëÿ âèçíà÷åíèõ iìåííèêiâ òà ôóíêöiî-

íàëüíèõ ñèìâîëiâ:

primDefiniteNoun → ( zero | zeroes )

| ( order | orders ) ( of ) term

| . . .

primInfixFunctionSymbol → prefixSymbTerm ( * ) symbTerm

| . . .

primPrefixFunctionSymbol → ( min ) prefixSymbTerm

| . . .
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primPostfixFunctionSymbol → ( 0 )

| ( exp ) ( ( ) symbTerm ( ) )

| postfixSymbTerm ( ( ) symbTerm ( ) )

| . . .

Çâåðíåìî óâàãó íà îñòàííié ïðèìiòèâ â ãðóïi ïîñòôiêñíèõ ôóíêöiîíàëü-

íèõ ñèìâîëiâ. Âií ââîäèòü îïåðàöiþ çàñòîñóâàííÿ ôóíêöi¨ äî àðãóìåíòà

ÿê àáñòðàêòíó áiíàðíó îïåðàöiþ, âèêîðèñòîâóþ÷è òàêèé ñàìèé ñèíòà-

êñèñ, ùî é ñèãíàòóðíi ôóíêöi¨, íàïðèêëàä, exp.

Ïðîñòèé òåðì � öå òåðì, ùî íå ìiñòèòü êâàíòèôiêîâàíèõ ïîíÿòü.

Iíàêøå êàæó÷è, ïðîñòèé òåðì � öå âèçíà÷åíèé òåðì, ÷è¨ àðãóìåíòè,

ÿêùî âîíè â íüîãî ¹, ¹ ïðîñòèìè òåðìàìè:

plainTerm → realP lainTerm | ( realP lainTerm )

realP lainTerm → [ the ] primPlainNoun | symbTerm

primPlainNoun → ( zero | zeroes )

| ( order | orders ) ( of ) plainTerm

| . . .

Êîæåí âèçíà÷åíèé iìåííèê àâòîìàòè÷íî ïîðîäæó¹ ïðèìiòèâ-áëèçíþê

ç ãðóïè primPlainNoun, äå â àðãóìåíòíèõ ìiñöÿõ ñòî¨òü íåòåðìiíàë

plainTerm çàìiñòü term.

1.2.4. Ïðåäèêàòè

Ôóíêöi¨ òà ïîíÿòòÿ îïèñóþòü îá'¹êòè; ïðåäèêàòè âèðàæàþòü âëàñòè-

âîñòi îá'¹êòiâ òà âiäíîøåííÿ ìiæ íèìè. Â ForTheL iñíó¹ òðè òèïà àòîìàð-

íèõ ïðåäèêàòiâ: ïðåäèêàòè, ùî áóäóþòüñÿ ç ïðèìiòèâiâ ïðèêìåòíèêiâ òà

äi¹ñëiâ; ïðåäèêàòè, ùî ñòâåðäæóþòü ïðèíàëåæíiñòü äî êëàñó, îçíà÷åíîãî

ïîíÿòòÿì (�is a�-ïðåäèêàòè); ïðåäèêàòè, ùî âèðàæàþòü iñíóâàííÿ ïåâíî-

ãî îá'¹êòó, ïîâ'ÿçàíîãî ç ñóá'¹êòîì ïðåäèêàòà (�has�-predicates). Ïåðâèííi
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ïðåäèêàòè ìîæóòü çàïåðå÷óâàòèñü òà îá'¹äíóâàòèñü â êîí'þíêöi¨:

doesPredicate → [ does | do ] [ not ] primV erb

| [ does | do ] [ not ] [ pairwise ] primV erbM

| ( has | have ) hasPredicate

| ( is | are | be ) isPredicate { and isPredicate }

| ( is | are | be ) is_aPredicate { and is_aPredicate }

isPredicate → [ not ] primAdjective

| [ not ] [ pairwise ] primAdjectiveM

| ( with | of | having ) hasPredicate

is_aPredicate → [ not ] [ a | an ] nounNotion

| [ not ] definiteTerm

hasPredicate → [ a | an | the ] possessed { and [ a | an | the ] possessed }

| no possessed

Ïðèìiòèâè ïðèêìåòíèêiâ òà äi¹ñëiâ âèãëÿäàþòü íàñòóïíèì ÷èíîì:

primV erb → ( converges | converge )

| ( divides | divide ) term

| ( belongs | belong ) ( to ) term

| ( joins | join ) term ( with ) term

| . . .

primAdjective → ( prime )

| ( dividing ) term

| ( equal ) ( to ) term

| ( less ) ( than ) term

| . . .

Ïðèìiòèâ equal to íå òðåáà ââîäèòè çà äîïîìîãîþ iíòðîäóêòîðà, îñêiëü-

êè âií ¹ ïåðåäâèçíà÷åíèì â ãðàìàòèöi ìîâè. Çàóâàæèìî, ùî ìè ìîæåìî
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ââîäèòè äi¹ïðèêìåòíèêè ÿê çâè÷àéíi ïðèêìåòíèêè. Öå ìà¹ ðîáèòèñÿ ÿâ-

íî, çà äîïîìîãîþ îêðåìîãî iíòðîäóêòîðà.

Ïðèìiòèâè äi¹ñëiâ òà ïðèêìåòíèêiâ ìîæóòü àâòîìàòè÷íî ïîðîäæó-

âàòè ìóëüòèïðèìiòèâè çà íàñòóïíèì ïðàâèëîì. Âiçüìåìî ïðèìiòèâ ç

ãðóï primV erb àáî primAdjective, ÿêèé ìà¹ ïðèíàéìíi îäèí àðãóìåíò.

ßêùî ïåðøèé àðãóìåíò â öüîìó ïðèìiòèâi éäå ïiñëÿ ïðèéìåííèêà, i çà

íèì íåìà¹ ñïîëó÷íèêà (and), òî ïîðîäæó¹òüñÿ íîâèé ïðèìiòèâ â ãðóïi

primV erbM àáî, âiäïîâiäíî, primAdjectiveM , øëÿõîì âèäàëåííÿ ïåð-

øîãî àðãóìåíòíîãî ìiñöÿ òà ïåðåäóþ÷îãî éîìó òîêåíà-ïðèéìåííèêà.

Òàê, ïðèìiòèâ ïðèêìåòíèêà ((parallel ) (to ) term) ïîðîäæó¹ ìóëü-

òèïðèêìåòíèê ((parallel)) , ùî äîäà¹òüñÿ ðàçîì äî primAdjectiveM òà

äî primSimpleAdjectiveM ; à ïðèìiòèâ äi¹ñëîâà (( commutes | commute )

(with) term (wrt) term) ïîðîäæó¹ ìóëüòèäi¹ñëîâî ((commutes|commute)

( wrt ) term) .

Ïðåäèêàòè, ùî âèêîðèñòîâóþòü ìóëüòèïðèìiòèâè (ìóëüòèïðåäèêà-

òè) ìàþòü çàñòîñîâóâàòèñü äî äåêiëüêîõ îá'¹êòiâ: X,Y,Z commute wrt

N, parallel lines l,m. Õî÷à ïîäiáíi âèðàçè ìàþòü ñåíñ ëèøå äëÿ ñè-

ìåòðè÷íèõ âiäíîøåíü, ñèñòåìà íå â çìîçi âiäñëiäêîâóâàòè íà ñèíòàêñè-

÷íîìó ðiâíi, ÷è âîëîäi¹ òèé ÷è iíøèé ïðèìiòèâ öi¹þ âëàñòèâiñòþ, îòæå

íîâi ìóëüòèïðèìiòèâè ïîðîäæóþòüñÿ äëÿ âñiõ ïðèìiòèâiâ ïðèêìåòíèêiâ

òà äi¹ñëiâ.

Çà çàìîâ÷åííÿì ââàæà¹òüñÿ, ùî ìóëüòèïðèìiòèâè îïèñóþòü ñèìåòðè-

÷íi òà òðàíçèòèâíi âiäíîøåííÿ. Òàê, ïðîïîçèöiÿ A,B,C are equal áóäå

ïåðåâåäåíà â ôîðìóëó A is equal to B and B is equal to C. Ó âè-

ïàäêó íåòðàíçèòèâíèõ âiäíîøåíü íåîáõiäíî âæèâàòè îïöiîíàëüíèé ïðè-

ñëiâíèê pairwise. Òîäi ïðîïîçèöiÿ A,B,C are pairwise disjoint áó-

äå êîðåêòíî ïåðåêëàäåíà â A is disjoint with B and A is disjoint

with C and B is disjoint with C.

primV erbM → ( collides | collide )

| ( commutes | commute ) ( wrt ) term

| . . .
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primAdjectiveM → ( equal )

| ( adjacent ) ( in ) term

| . . .

Çà äîïîìîãîþ �is a�-ïðåäèêàòiâ ìè âèðàæà¹ìî, ùî îá'¹êò àáî íàëå-

æèòü äî êëàñó äåÿêîãî ïîíÿòòÿ àáî äîðiâíþ¹ äåÿêîìó âèçíà÷åíîìó òåð-

ìó: X is a natural number, X is the order of G. Â öèõ ïðåäèêàòàõ

íå ìîæíà âæèâàòè ñèìâîëüíi ïîíÿòòÿ, òîìó ìè ââîäèìî ñïåöiàëüíèé íå-

òåðìiíàë nounNotion äëÿ ïîíÿòü, ùî ôîðìóþòüñÿ ç çàãàëüíèõ iìåííèêiâ.

nounNotion → { leftAttribute } primClassNoun [ rightAttribute ]

Çàóâàæåííÿ. Çàãàëüíi iìåííèêè â nounNotion ïîâèííi ìàòè ùîíàéáiëüøå

îäíå iì'ÿ. ßêùî òàêèé iìåííèê ìà¹ iì'ÿ àáî âèêîðèñòîâó¹òüñÿ â îçíà÷óâà-

íîìó ïîíÿòòi â iíòðîäóêòîði, âií íå ïîâèíåí ìàòè â àòðèáóòàõ ìóëüòèïðå-

äèêàòiâ. Òàê, þíiòè an equal number X, a line N that is parallel,

a set S such that S is disjoint ¹ íåïðàâèëüíî ïîáóäîâàíèìè.

Â �has�-ïðåäèêàòàõ òàêîæ âèêîðèñòîâóþòüñÿ ïîðîäæóâàíi ïðèìiòèâè,

ùî óòâîðþþòüñÿ ç çàãàëüíèõ òà âèçíà÷åíèõ iìåííèêiâ:

possessed → { leftAttribute } primPossessedNoun

[ rightAttribute ]

primPossessedNoun → ( element | elements ) [ names ]

| ( solution | solutions ) [ names ]

| ( order | orders ) [ names ]

| . . .

Öi ïðèìiòèâè ïîðîäæóþòüñÿ çà íàñòóïíèì ïðàâèëîì. Âiçüìåìî ïðè-

ìiòèâ, ùî ìà¹ ïðèíàéìíi îäèí àðãóìåíò, ç ãðóï primClassNoun àáî

primDefiniteNoun. ßêùî ïåðøå àðãóìåíòíå ìiñöå â öüîìó ïðèìiòè-

âi ñëiäó¹ çà ïðèéìåííèêîì (of), à çà íèì íåìà¹ ñïîëó÷íèêà (and), òî

ïîðîäæó¹òüñÿ íîâèé ïðèìiòèâ ïðèòÿæíîãî iìåííèêà øëÿõîì âèëó÷åí-

íÿ ïåðøîãî àðãóìåíòíîãî ìiñöÿ òà ïåðåäóþ÷îãî éîìó òîêåíà (of). ßêùî
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ïî÷àòêîâèé ïðèìiòèâ áóâ âèçíà÷åíèì iìåííèêîì, òî â ïðîäóêöiþ òàêîæ

äîäà¹òüñÿ îïöiîíàëüíà ãðóïà [ names ] .

Òàê, ïðèìiòèâ çàãàëüíîãî iìåííèêà

( ambassador | ambassadors ) [ names ] ( of ) term ( in ) term

ïîðîäæó¹ íîâèé ïðèìiòèâ

( ambassador | ambassadors ) [ names ] ( in ) term

àëå ïðèìiòèâ union of _ and _ íå ïîðîäæó¹ íîâîãî ïðèìiòèâà.

Íàâåäåìî äåêiëüêà ïðèêëàäiâ ïðîïîçèöié ç �has�-ïðåäèêàòàìè:

X has no elements

every set of a finite cardinality is finite

F has the domain D and the range R such that D [= R

Â äðóãié ïðîïîçèöi¨ �has�-ïðåäèêàò ¹ ïðàâèì àòðèáóòîì ïîíÿòòÿ.

1.2.5. Ïðîïîçèöi¨

Ïðîïîçèöi¨ â ForTheL âiäïîâiäàþòü ôîðìóëàì ìîâè ìàòåìàòè÷íî¨ ëî-

ãiêè. Ïî-ïåðøå, ðîçãëÿíåìî ÷îòèðè ãðóïè àòîìàðíèõ ïðîïîçèöié:

atomicProposition → simpleProposition

| thereIsProposition

| [ we have ] symbProposition

| [ we have ] specialProposition

Ïðîñòi ïðîïîçèöi¨ óòâîðþþòüñÿ çàñòîñóâàííÿì ïðåäèêàòiâ äî òåðìiâ:

simpleProposition → terms doesPredicate { and doesPredicate }

terms → term { ( , | and ) term }
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Òàê çâàíi �there is�-ïðîïîçèöi¨ ñòâåðäæóþòü àáî çàïåðå÷óþòü íåïóñòî-

òó êëàñó äåÿêîãî ïîíÿòòÿ:

thereIsProposition → there ( exists | exist ) notions

| there ( exists | exist ) no notion

notions → [ a | an ] notion { ( , | and ) [ a | an ] notion }

Ñèìâîëüíi ïðîïîçèöi¨ çàïèñóþòüñÿ â òðàäèöiéíîìó ñèíòàêñèñi ïåðøî-

ãî ïîðÿäêó, âîíè óòâîðþþòüñÿ ç ñèìâîëüíèõ ïðåäèêàòiâ òà òåðìiâ. Çâè-

÷àéíi ïðîïîçèöi¨, âçÿòi â äóæêè, òàêîæ äîçâîëÿþòüñÿ âñåðåäèíi ñèìâîëü-

íèõ ïðîïîçèöié. Â ñèíòàêñèñi ForTheL, <=> îçíà÷à¹ åêâiâàëåíòíiñòü, =>

� iìïëiêàöiþ, \/ �äèç'þíêöiþ, à /\ � êîí'þíêöiþ. Â íàñòóïíîìó ïðà-

âèëi äëÿ symbProposition, ïðîäóêöi¨ âïîðÿäêîâàíi çà çðîñòàííÿì ïðè-

îðèòåòó.

symbProposition → forall notionSymbol symbProposition

| exists notionSymbol symbProposition

| symbProposition <=> symbProposition

| symbProposition => symbProposition

| symbProposition \/ symbProposition

| symbProposition /\ symbProposition

| not symbProposition

| ( proposition )

| primPredicateSymbol

primPredicateSymbol → symbTerms ( = ) symbTerm

| symbTerms ( != ) symbTerm

| symbTerms ( -<- ) symbTerm

| symbTerms ( : ) symbTerm ( -> ) symbTerm

| . . .

symbTerms → symbTerm { , symbTerm }
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Áiíàðíi ïðåäèêàòíi ñèìâîëè =, != òà -<- ¹ ïåðåäâèçíà÷åíèìè â ìîâi

ForTheL. Ïåðøi äâà ¹ ñèíîíiìàìè äëÿ âiäíîøåííÿ (íå)ðiâíîñòi, à òðåò¹

ïîçíà÷à¹ àáñòðàêòíå ôóíäîâàíå âiäíîøåííÿ, ùî âèêîðèñòîâó¹òüñÿ äëÿ

äîâåäåíü çà iíäóêöi¹þ (äèâ. 1.3.2).

Ñïåöiàëüíi ïðîïîçèöi¨ thesis òà contrary ïîçíà÷àþòü ïîòî÷íó öi-

ëüîâó ïðîïîçèöiþ òà ¨¨ çàïåðå÷åííÿ (äèâ. 1.3.4), à contradiction ïîçíà-

÷à¹ õèáíiñòü.

specialProposition → [ the ] thesis | [ the ] contrary

| [ a | an ] contradiction

Àòîìàðíi ïðîïîçèöi¨ êîìáiíóþòüñÿ çà äîïîìîãîþ ñïîëó÷íèêiâ:

proposition → headProposition | chainProposition

headProposition → for quantifiedNotion

{ and quantifiedNotion } proposition

| if proposition then proposition

| it is wrong that proposition

chainProposition → andChain [ and headProposition ]

| orChain [ or headProposition ]

| ( andChain | orChain ) iff proposition

andChain → atomicProposition { and atomicProposition }

orChain → atomicProposition { or atomicProposition }

1.2.6. Ôîðìóëüíèé îáðàç ïðîïîçèöié

Â ïðîöåñi àíàëiçó ïîñëiäîâíîñòi ëåêñåì, ñèñòåìà ðîçïiçíà¹ ÷àñòèíè öi-

¹¨ ïîñëiäîâíîñòi ÿê ïðèêëàäè ïåâíèõ íåòåðìiíàëiâ âiäïîâiäíî äî ïðàâèë

ãðàìàòèêà. Áóäåìî íàçèâàòè öi ïiäïîñëiäîâíîñòi âõîäæåííÿìè âiäïîâiä-

íèõ íåòåðìiíàëiâ â òåêñò. Çàóâàæèìî, ùî êîíòåêñò ìà¹ áðàòèñÿ ïðè öüîìó

äî óâàãè. Ðîçãëÿíåìî äâi ïðîïîçèöi¨:
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some natural number N divides 1

for some natural number N (N divides 1)

Ñòðîêà some natural number N ¹ âõîäæåííÿì íåòåðìiíàëó term â ïåð-

øié ïðîïîçèöi¨, àëå íå â äðóãié. Òàêîæ ñòðîêà natural number íå ¹ âõî-

äæåííÿì notion â îáîõ òâåðäæåííÿõ (õî÷à ñàìà ïî ñîái âîíà ¹ ïðàâèëüíî

ïîáóäîâàíèì ïîíÿòòÿì), îñêiëüêè â öi âõîäæåííÿ ìà¹ ïîòðàïèòè iì'ÿ N.

Âèêîðèñòîâóþ÷è âiäïîâiäíiñòü ìiæ ñòðîêàìè ëåêñåì òà íåòåðìiíàëà-

ìè, ìè ïåðåòâîðþ¹ìî ïðîïîçèöiþ S â äåÿêó ôîðìóëó ïåðøîãî ïîðÿäêó

|S|, ÿêó íàçèâà¹ìî ôîðìóëüíèì îáðàçîì S. Äëÿ öüîãî ìè ïîñëiäîâíî

çàñòîñîâó¹ìî ïåðåïèñóþ÷i ïðàâèëà, ùî ïåðåëi÷óþòüñÿ äàëi. Êîæíå ïðà-

âèëî ìà¹ áóòè çàñòîñîâàíî ñòiëüêè ðàç, ñêiëüêè ìîæëèâî, ïåðåä òèì ÿê

íàñòóïíå ïðàâèëî áóäå çàñòîñîâàíî â ïåðøèé ðàç.

1. Âèäàëåííÿ �ñèíòàêñè÷íîãî ñàõàðó�. Â ïåðøó ÷åðãó íåîáõiäíî äåùî íîð-

ìàëiçîâàòè ñèíòàêñèñ äëÿ ñïðîùåííÿ ïîäàëüøèõ ïåðåïèñóþ÷èõ ïðà-

âèë:

(a) Â óñiõ âõîäæåííÿõ primClassNoun àáî primPossessedNoun, äå

ïiä'þíiò [ names ] ¹ ïóñòèì (òîáòî íå âêàçàíî æîäíîãî iìåíi),

ñòàâèìî îäíó íîâó çìiííó íà âiäïîâiäíå ìiñöå.

(b) Ðîçáèâà¹ìî ëàíöþãi ïîíÿòü â êâàíòîðàõ íàä ïðîïîçèöiÿìè ó âõî-

äæåííÿõ headProposition:

for (quantifiedNotion)O and (quantifiedNotion

{ and quantifiedNotion })T (proposition)S

⇒ for O for T S

(c) Âèäàëÿ¹ìî àðòèêëi a, an, the òà ïðåôiêñè we have. Çàïåðå÷åííÿ

it is wrong that çàìiíþ¹òüñÿ íà not. Äi¹ñëîâà be, are, do,

have, exist ïåðåïèñóþòüñÿ ó ôîðìó is. Êâàíòîðíi ñëîâà all,

each, any çàìiíþþòüñÿ íà every. Ó âõîäæåííÿõ íåòåðìiíàëiâ

terms òà notions, ñïîëó÷íèêè and çàìiíþþòüñÿ êîìàìè.

2. Ïåðåòâîðåííÿ êâàíòiôiêîâàíèõ ïîíÿòü I. Â ïîäàëüøîìó, ìè ïîçíà÷à¹ìî

÷åðåç N ãðóïó íåòåðìiíàëiâ primClassNoun, primPossessedNoun



� 37 �

àáî primNotionSymbol1. Äëÿ êîæíîãî âõîäæåííÿ O íåòåðìiíàëó ç

N, ïîçíà÷à¹ìî ÷åðåç n(O) ñïèñîê çìiííèõ, ùî ïåðåëi÷åíi â ïiä'þíiòi

[names] âiäïîâiäíîãî ïðèìiòèâó. Öÿ íîòàöiÿ òðèâiàëüíî ïîøèðþ¹òüñÿ

íà íåòåðìiíàëè notion, nounNotion, notionSymbol, quantifiedNotion

òà possessed. Ïiñëÿ çàñòîñóâàííÿ ïðàâèëà (1a), ñïèñîê iìåí ¹ íåïó-

ñòèì â óñiõ âõîäæåííÿõ íåòåðìiíàëiâ ç N.

Íàñòóïíi ïðàâèëà âèäàëÿþòü êâàíòèôiêîâàíi ïîíÿòòÿ ç âõîäæåíü íå-

òåðìiíàëó term â ïiäìåòàõ ïðîñòèõ ïðîïîçèöié òà ïiä êâàíòîðàìè.

Ãðóáî êàæó÷i, êîæíå êâàíòèôiêîâàíå ïîíÿòòÿ O çàìiùó¹òüñÿ íà ñïè-

ñîê iìåí n(O) i âiäïîâiäíèé êâàíòîð ñòàâèòüñÿ íàä ïðîïîçèöi¹þ.

Ðîçãëÿíåìî äâà âõîäæåííÿ S òà O. Íàçâåìî O âëàñíèì âõîäæåííÿì

â S, ÿêùî O ìiñòèòüñÿ ñòðîãî âñåðåäèíi S. Íàçâåìî O íàòèâíèì

âõîäæåííÿì â S, ÿêùî O ¹ âëàñíèì â S, àëå íå ¹ âëàñíèì â æîäíîìó

âõîäæåííi íåòåðìiíàëó rightAttribute â S.

Íàïðèêëàä, âõîäæåííÿ X, Y òà U íåòåðìiíàëó quantifiedNotion ¹

íàòèâíèìè â íàñòóïíié ïðîñòié ïðîïîçèöi¨, òîäi ÿê âõîäæåííÿ V íå ¹

íàòèâíèì:

(every member M of (some committee C)Y )X declares

(some view O such that (every member N of C)V supports O)U

Íàñòóïíi ïåðåïèñóþ÷i ïðàâèëà çàñòîñîâóþòüñÿ äëÿ âõîäæåíü íåòåð-

ìiíàëiâ simpleProposition òà headProposition. Â àíòåöåäåíòi ïðàâè-

ëà O ¹ ïåðøèì çëiâà íàòèâíèì âõîäæåííÿ quantifiedNotion â S. Â

êîíñåêâåíòi, O çàìiíþ¹òüñÿ â S íà n(O):

(a) (termsd(quantifiedNotion)Oc)S
(doesPredicate { and doesPredicate })T

⇒ for O SdO → n(O)c T

(b) for (quantifiedNotiond(quantifiedNotion)Oc)S (proposition)T

⇒ for O for SdO → n(O)c T

1òàêèì ÷èíîì, N ¹ ïåâíèì ìåòà-íåòåðìiíàëîì
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Ïðîäîâæóþ÷è ïîïåðåäíié ïðèêëàä, öi ïðàâèëà ïðèçâîäÿòü äî íàñòó-

ïíèõ ïåðåòâîðåíü (äëÿ ïîëåãøåííÿ ÷èòàííÿ ìè äîäà¹ìî äóæêè):

every member M of some committee C declares some view O

such that every member N of C supports O

⇓ (2a)

for (every member M of some committee C) M declares

some view O such that every member N of C supports O

⇓ (2a)

for (every member M of some committee C) M declares some

view O such that for (every member N of C) N supports O

⇓ (2b)

for (some committee C) for (every member M of C) M declares

some view O such that for(every member N of C) N supports O

Ïiñëÿ çàñòîñóâàííÿ ïðàâèë (1a-1c, 2a-2b) äî ïðîïîçèöi¨ S, ìè îòðè-

ìó¹ìî ïðîïîçèöiþ â ïëàñêié íîðìàëüíié ôîðìi, ïîçíà÷åíó S†. Ìè âè-

êîðèñòîâó¹ìî ïëàñêi íîðìàëüíi ôîðìè, ùîá âèçíà÷èòè ïåðåòâîðåííÿ

öiëüîâî¨ ïðîïîçèöi¨ â ðîçäiëi (1.3.4).

3. Íîðìàëiçàöiÿ àòðèáóòiâ. Òåïåð ïåðåïèøåìî àòðèáóòè ïîíÿòü â ¹äèíó

óíiôiêîâàíó ôîðìó. Íàñòóïíi ïðàâèëà çàñòîñîâóþòüñÿ äî âõîäæåíü

íåòåðìiíàëiâ notion, nounNotion òà possessed.

(a) ({ leftAttribute })L (N)O (isPredicate { and isPredicate })A
⇒ L O such that n(O) is A

(b) ({ leftAttribute })L (N)O

that (doesPredicate {and doesPredicate })V
⇒ L O such that n(O) V

(c) ({ leftAttribute })L (leftAttribute)A (N)O

[ such that (proposition)S ]

⇒ L O such that n(O) is A [ and S ]
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Çà äîïîìîãîþ öèõ ïðàâèë, âñi ïðåäèêàòè ïåðåâîäÿòüñÿ ïiä ïðîñòi ïðî-

ïîçèöi¨. Ðîçãëÿíåìî, íàïðèêëàä, íàñòóïíi ïåðåòâîðåííÿ:

prime natural number X that divides N

⇓ (3b)

prime natural number X such that X divides N

⇓ (3c)

prime number X such that X is natural and X divides N

⇓ (3c)

number X such that X is prime and X is natural and X

divides N

4. Ðîçùåïëåííÿ ñêëàäíèõ ïðåäèêàòiâ. Òåïåð ïîçáóäåìîñü êîí'þíêöié â

ïðîñòèõ òâåðäæåííÿõ. Íàñòóïíi ïðàâèëà çàñòîñîâóþòüñÿ äî âõîäæåíü

simpleProposition:

(a) (terms)O (doesPredicate)P

and (doesPredicate { and doesPredicate })T
⇒ O P and O T

(b) (terms)O is (isPredicate)P

and (isPredicate { and isPredicate })T
⇒ O is P and O is T

(c) (terms)O is (is_aPredicate)P
and (is_aPredicate { and is_aPredicate })T

⇒ O is P and O is T

Âiäìiòèìî, ùî â öèõ ïðàâèëàõ, âñi òåðìè â (terms)O ¹ ïðîñòèìè.

5. Åëiìiíàöiÿ ïðîïîçèöié �there exists�. Â ïîäàëüøîìó, Ō ïîçíà÷à¹ âõî-

äæåííÿ notion, primClassNoun àáî primPossessedNoun ç âèäàëå-

íèì ñïèñêîì iìåí n(O). Â öié ãðóïi ïðàâèë, ìè ïåðåâîäèìî �there is�-

ïðîïîçèöi¨ â êâàíòèôiêîâàíi ïðîïîçèöi¨ ç íåîáìåæåíèìè êâàíòîðàìè.

Íàñòóïíi ïðàâèëà çàñòîñîâóþòüñÿ äî âõîäæåíü thereIsProposition:
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(a) there exists (notionSymbol)O

[ such that (proposition)S ] [ , (notions)T ]

⇒ for some n(O) (O [ and S ] [ and there exists T ] )

(b) there exists no (notionSymbol)O [ such that (proposition)S ]

⇒ for every n(O) (not (O [ and S ] ))

(c) there exists (notion)O [ , (notions)T ]

⇒ for some n(O) (n(O) is Ō [ and there exists T ] )

(d) there exists no (notion)O

⇒ for every n(O) (n(O) is not Ō)

Ïðîiëþñòðó¹ìî öi ïðàâèëà íàñòóïíèìè ïåðåòâîðåííÿìè:

there exists number E and prime divisors G,H of E

⇓ (1c,3c)

there exists number E, divisors G,H of E

such that G,H is prime

⇓ (5c)

for some E (E is a number and there exists

divisors G,H of E such that G,H is prime)

⇓ (5c)

for some E (E is a number and for some G,H

(G,H is divisors of E such that G,H is prime))

6. Ïåðåòâîðåííÿ êâàíòiôiêîâàíèõ ïîíÿòü II. Íàñòóïíà ãðóïà ïðàâèë âè-

äàëÿ¹ êâàíòèôiêîâàíi ïîíÿòòÿ ç ðåøòè âõîäæåíü íåòåðìiíàëó term.

Ïîäiáíî äî ïðàâèë (2a-2b), öi ïðàâèëà çàñòîñîâóþòüñÿ äî âõîäæåíü

simpleProposition and headProposition. Â àíòåöåäåíòi ïðàâèëà O ¹

ïåðøèì çëiâà íàòèâíèì âõîäæåííÿì quantifiedNotion â S. Â êîíñå-

êâåíòi, O çàìiíþ¹òüñÿ â S íà n(O):

(a) (terms)T (doesPredicated(quantifiedNotion)Oc)S
⇒ for O T SdO → n(O)c
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(b) for (quantifiedNotiond(quantifiedNotion)Oc)S (proposition)T

⇒ for O for SdO → n(O)c T

Ïîïåðåäíié ïðèêëàä ïðîäîâæó¹òüñÿ íàñòóïíèì ÷èíîì:

for (some committee C) for (every member M of C) M declares

some view O such that for(every member N of C) N supports O

⇓ (6a)

for (some committee C) for (every member M of C)

for (some view O such that for (every member N of C)

N supports O) M declares O

7. Îáðîáêà êâàíòîðiâ. Ïîïåðåäíÿ ãðóïà ïðàâèë ïåðåòâîðèëà âñi þíiòè-

òåðìè íà ïðîñòi òåðìè. Òåïåð ìè ïåðåòâîðèìî îáìåæåíi êâàíòîðè

ForTheL íà íåîáìåæåíi êâàíòîðè íàä iìïëiêàöiÿìè òà êîí'þíêöiÿìè.

Íàñòóïíi ïðàâèëà çàñòîñîâóþòüñÿ äî âõîäæåíü headProposition (7a-

7f) òà symbProposition (7g-7h):

(a) for [(] every (notionSymbol)O

[ such that (proposition)T ] [)] (proposition)S

⇒ for every n(O) (if O [ and T ] then S)

(b) for [(] some (notionSymbol)O

[ such that (proposition)T ] [)] (proposition)S

⇒ for some n(O) (O [ and T ] and S)

(c) for [(] no (notionSymbol)O

[ such that (proposition)T ] [)] (proposition)S

⇒ for every n(O) (if O [ and T ] then (not S))

(d) for [(] every (notion)O [)] (proposition)S

⇒ for every n(O) (if n(O) is Ō then S)

(e) for [(] some (notion)O [)] (proposition)S

⇒ for some n(O) (n(O) is Ō and S)

(f) for [(] no (notion)O [)] (proposition)S

⇒ for every n(O) (if n(O) is Ō then (not S))
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(g) forall (notionSymbol)O (symbProposition)S

⇒ forall n(O) (O => S)

(h) exists (notionSymbol)O (symbProposition)S

⇒ exists n(O) (O /\ S)

8. Åëiìiíàöiÿ �has�-ïðåäèêàòiâ. Ðîçãëÿíåìî âõîäæåííÿ O íåòåðìiíàëó

primPossessedNoun òà âõîäæåííÿ N íåòåðìiíàëó term. Ïîçíà÷è-

ìî ÷åðåç OdNc ïî÷àòêîâèé çàãàëüíèé àáî âèçíà÷åíèé iìåííèê, äå N
ïîñòàâëåíî íà âiäíîâëåíå ïåðøå àðãóìåíòíå ìiñöå. Íàïðèêëàä, ÿêùî

O ¹ element òà N ¹ S, òîäi OdNc ¹ element of S.

Íàñòóïíi ïðàâèëà çàñòîñîâóþòüñÿ äî âõîäæåíü simpleProposition:

(a) (terms)N is ( with | of | having ) (hasPredicate)S

⇒ N has S

(b) (term)N , (term { , term })T has (hasPredicate)S

⇒ N has S and T has S

(c) (term)N has (primPossessedNoun)O[such that (proposition)S]

[ and (possessed { and possessed })T ]

⇒ for some n(O) (n(O) is ŌdNc [and S ] [and N has T ])

(d) (term)N has no (primPossessedNoun)O

[ such that (proposition)S ]

⇒ for every n(O) (not (n(O) is ŌdNc [ and S ] ))

Ïðîäåìîíñòðó¹ìî öi ïðàâèëà íà íàñòóïíîìó ïðèêëàäi:

A has a wife W and a salary not enough for W

⇓ (1a,1c,3a)

A has wife W and salary S such that S is not enough for W

⇓ (8c)

for some W (W is wife of A and

A has salary S such that S is not enough for W)

⇓ (8c)

for some W (W is wife of A and
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for some S (S is salary of A and S is not enough for W))

Òóò, wife of _ ¹ ïðèìiòèâîì çàãàëüíîãî iìåííèêà, ùî óòâîðþ¹ ïî-

íÿòòÿ, à salary of _ ¹ ïðèìiòèâîì âèçíà÷åíîãî iìåííèêà, ùî óòâî-

ðþ¹ ôóíêöiþ. Òàêèì ÷èíîì, â îñòàííié ïðîïîçèöi¨ ìà¹ìî âõîäæåííÿ

íåòåðìiíàëó is_aPredicate îáîõ âèäiâ.

9. Îáðîáêà �is a�-ïðåäèêàòiâ. Ðîçãëÿíåìî âõîäæåííÿ nounNotion âèãëÿ-

äó ((primClassNoun)O such that (proposition)S) . Çãiäíî ç ãðàìà-

òèêîþ, n(O) ìiñòèòü ùîíàéáiëüøå îäíå iì'ÿ, i öÿ âëàñòèâiñòü çáåðiãà-

¹òüñÿ âïðîäîâæ ïîïåðåäíiõ ïåðåòâîðåíü. Íåõàé N áóäå âõîäæåííÿì

íåòåðìiíàëó terms. ßêùî n(O) ïóñòå, òî âèðàç Sdn(O)→ Nc äîðiâ-
íþ¹ S. ßêùî n(O) ìiñòèòü iì'ÿ v, òî Sdn(O) → Nc ¹ ðåçóëüòàòîì
ïiäñòàíîâêè N çàìiñòü êîæíîãî âõîäæåííÿ v â S.

Íàñòóïíi ïðàâèëà çàñòîñîâóþòüñÿ äî âõîäæåíü simpleProposition:

(a) (term)N , (term { , term })T is ([ not ])C (nounNotion)O

⇒ N is C O and T is C O

(ÿêùî O íå ìà¹ â àòðiáóòi ìóëüòèïðåäèêàòà, çàñòîñîâàíîãî äî n(O))

(b) (terms)N is ([ not ])C (primClassNoun)O

[ such that (proposition)S ]

⇒ (C (N is Ō [ and Sdn(O)→ Nc ] ))

(c) (term)N , (term { , term })T is (primClassNoun)O

⇒ N is O and T is O

(d) (terms)N is ([ not ])C (definiteTerm)O

⇒ N is C equal to O

Ùîá ïîÿñíèòè óìîâó â ïåðøîìó ïðàâèëi, ðîçãëÿíåìî äâà ëàíöþãà ïå-

ðåïèñóâàòü. Â ïåðøîìó ïðèêëàäi, �is a�-ïðåäèêàò íå ìiñòèòü ìóëüòè-

ïðèìiòèâiâ â àòðiáóòi. Òîìó âií çàñòîñîâó¹òüñÿ íåçàëåæíî äî êîæíîãî

ïiäìåòà:

A,B are not natural numbers

⇓ (1a,1c,3c)
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A,B is not number X such that X is natural

⇓ (9a)

A is not number X such that X is natural

and B is not number X such that X is natural

⇓ (9b)

(not (A is number and A is natural))

and (not (B is number and B is natural))

Â äðóãîìó ïðèêëàäi, �is a�-ïðåäèêàò âèêîðèñòîâó¹ ìóëüòèïðèìiòèâè:

A,B are not equal numbers

⇓ (1a,1c,3c)

A,B is not number X such that X is equal

⇓ (9b)

not (A,B is number and A,B is equal)

⇓ (9c)

not (A is number and B is number and A,B is equal)

Âiäìiòèìî òàêîæ, ùî âõîäæåííÿ N â ïðàâèëi (9b) ìiñòèòü áiëüøå

îäíîãî òåðìà ëèøå òîäi, êîëè S ìiñòèòü ìóëüòèïðåäèêàòè, çàñòîñîâàíi

äî n(O). Â öüîìó âèïàäêó, ïî÷àòêîâå ïîíÿòòÿ âçàãàëi íå ìà¹ iìåí,

òîáòî iì'ÿ â n(O) áóëî ââåäåíî ïðàâèëîì (1a). Òîìó, n(O) âõîäèòü â

S ëèøå ÿê ïiäìåò ïðîñòî¨ ïðîïîçèöi¨ (çàâäÿêè ïðàâèëàì (3a-3c)), à

îòæå âèðàç Sdn(O)→ Nc ¹ ïðàâèëüíî ïîáóäîâàíèì.

10. Åëiìiíàöiÿ ìóëüòèïðåäèêàòiâ. Ðîçãëÿíåìî âõîäæåííÿ S äåÿêîãî ìóëü-

òèïðèìiòèâó òà âõîäæåííÿ N íåòåðìiíàëó term. Ïîçíà÷èìî ÷åðåç

SdNc ïî÷àòêîâå äi¹ñëîâî àáî ïðèêìåòíèê, äå N ïîñòàâëåíî íà âiä-

íîâëåíå ïåðøå àðãóìåíòíå ìiñöå. Íàïðèêëàä, ÿêùî S ¹ parallel òà

N ¹ X, òî SdNc ¹ parallel to X.

Íàñòóïíi ïðàâèëà çàñòîñîâóþòüñÿ äî âõîäæåíü simpleProposition:

(a) (term)N [ does ] [ not ] [ pairwise ] primV erbM

⇒ syntax error
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(b) (term)N is [ not ] [ pairwise ] primAdjectiveM

⇒ syntax error

(c) (terms)N [ does ] not ([ pairwise ])P (primV erbM)S

⇒ not (N P S)

(d) (terms)N is not ([ pairwise ])P (primAdjectiveM)S

⇒ not (N is P S)

(e) (term)N1
, . . . , (term)Nn [ does ] pairwise (primV erbM)S

⇒ (N1 SdN2c) and . . . (Ni SdNi+jc) . . . and (Nn−1 SdNnc)

(f) (term)N1
, . . . , (term)Nn [ does ] (primV erbM)S

⇒ (N1 SdN2c) and . . . (Ni SdNi+1c) . . . and (Nn−1 SdNnc)

(g) (term)N1
, . . . , (term)Nn is pairwise (primAdjectiveM)S

⇒ (N1 is SdN2c) and . . . (Ni is SdNi+jc) . . .
and (Nn−1 is SdNnc)

(h) (term)N1
, . . . , (term)Nn is (primAdjectiveM)S

⇒ (N1 is SdN2c) and . . . (Ni is SdNi+1c) . . .
and (Nn−1 is SdNnc)

11. Îáðîáêà çâè÷àéíèõ òà ñèìâîëüíèõ ïðåäèêàòiâ. Òåïåð ïåðåòâîðèìî àòî-

ìàðíi ïðîïîçèöi¨ ç âõîäæåííÿìè terms òà symbTerms íà êîí'þíêöi¨.

Íàñòóïíi ïðàâèëà çàñòîñîâóþòüñÿ äî âõîäæåíü simpleProposition (11a�

11b) òà primPredicateSymbol (11c):

(a) (term)N [ , (terms)T ] [ does ] ([ not ])C (primV erb)S

⇒ (C (N S)) [ and T C S ]

(b) (term)N [ , (terms)T ] is ([ not ])C (primAdjective)S

⇒ (C (N is S)) [ and T is C S ]

(c) (primPredicateSymbold(symbTerm)N , (symbTerms)Tc)S
⇒ SdNc /\ SdT c

12. Îáðîáêà ñèíîíiìiâ. Þíiò, ùî ìè îòðèìàëè ïiñëÿ çàñòîñóâàííÿ ïîïå-

ðåäíiõ ïðàâèë, ¹ ôàêòè÷íî ôîðìóëîþ ïåðøîãî ïîðÿäêó, ç àòîìàìè
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ï'ÿòè ìîæëèâèõ ôîðì (ìè ðîçãëÿäà¹ìî n-àðíèé çàãàëüíèé iìåííèê,

ïðèêìåòíèê òà äi¹ñëîâî ÿê ïðåäèêàòíèé ñèìâîë àðíîñòi (n+ 1)):

term [ does ] primV erb term is primAdjective

term is primClassNoun primPredicateSymbol

specialProposition

Âñi òåðìè â öié ôîðìóëi ñêëàäàþòüñÿ ç âèçíà÷åíèõ iìåííèêiâ, ôóí-

êöiîíàëüíèõ ñèìâîëiâ òà çìiííèõ, i îòæå ¹ ïðîñòèìè. Íàñòóïíå ïðàâè-

ëî çàñòîñîâó¹òüñÿ äî òèõ ïðèìiòèâiâ, ÿêi áóëè ââåäåíi ÿê ñèìâîëè. Ìè

ïiäñòàâëÿ¹ìî çàìiñòü êîæíîãî òàêîãî ïðèìiòèâà âiäïîâiäíå iíñòàíöi-

þâàííÿ ïîçíà÷óâàíîãî þíiòà i çàíîâî çàñòîñîâó¹ìî âñþ ïðîöåäóðó ïå-

ðåïèñóâàííÿ äî îòðèìàíî¨ ïðîïîçèöi¨. Öÿ ðåêóðñiÿ íå ìîæå ïîòðàïèòè

äî íåñêií÷åíîãî öèêëó, îñêiëüêè iíòðîäóêòîðè ëiíiéíî âïîðÿäêîâàíi

â ForTheL-òåêñòi.

Íàïðèêëàä, iíòðîäóêòîðè

[a relation on D @ a relation with the domain equal to D]

[U ** V @ the intersection of U with V]

ïðèçâîäÿòü äî íàñòóïíèõ ïåðåòâîðåíü:

X is relation on A ** B ** C

⇓ (12)

X is a relation with the domain equal to

the intersection of A with the intersection of B with C

⇓ (1�12)

X is relation and domain of X is equal to

intersection of A with intersection of B with C

Òåïåð ïåðåòâîðåííÿ çàâåðøåíî, i ìè ìà¹ìî ïðàâèëüíî ïîáóäîâàíó ôîð-

ìóëó ïåðøîãî ïîðÿäêó, ùî ¹ ôîðìóëüíèì îáðàçîì ïî÷àòêîâî¨ ïðîïîçèöi¨.

Ïðèêëàä ïîâíîãî ëàíöþãà ïåðåòâîðåíü íàâåäåíî íà ðèñóíêó 2.
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for all nonequal points A,B there exists a straight line L such that A and B lie

on L and any straight line that contains A and contains B is L

⇓ (1a,1c)

for every nonequal points A,B there exists straight line L such that A,B lies on

L and every straight line M that contains A and contains B is L

⇓ (2a)

for every nonequal points A,B there exists straight line L such that A,B lies on

L and for every straight line M that contains A and contains B M is L

⇓ (3b)

for every nonequal points A,B there exists straight line L such that A,B lies on

L and for every straight line M such that M contains A and contains B M is L

⇓ (3c)

for every points A,B such that A,B is nonequal there exists line L such that L

is straight and A,B lies on L and for every line M such that M is straight and M

contains A and contains B M is L

⇓ (4a)

for every points A,B such that A,B is nonequal there exists line L such that L

is straight and A,B lies on L and for every line M such that M is straight and M

contains A and M contains B M is L

⇓ (5c)

for every points A,B such that A,B is nonequal for some L (L is line such that L

is straight and A,B lies on L and for every line M such that M is straight and M

contains A and M contains B M is L)

⇓ (7d,7e)

for every A,B (if A,B is points such that A,B is nonequal then for some L (L is

line such that L is straight and A,B lies on L and for every M (if M is line

such that M is straight and M contains A and M contains B then M is L)))

⇓ (9b,9c,9d)

for every A,B (if A is points and B is points and A,B is nonequal then for some

L (L is line and L is straight and A,B lies on L and for every M (if M is line

and M is straight and M contains A and M contains B then M is equal to L)))

⇓ (10h)

for every A,B (if A is points and B is points and A is nonequal to B then for

some L (L is line and L is straight and A,B lies on L and for every M (if M is

line and M is straight and M contains A and M contains B then M is equal to L)))

⇓ (11a)

for every A,B (if A is points and B is points and A is nonequal to B then for

some L (L is line and L is straight and A lies on L and B lies on L and for

every M (if M is line and M is straight and M contains A and M contains B then M

is equal to L)))

⇓ (12, ìàþ÷è [x contains/contain y @ y lies on x])

for every A,B (if A is points and B is points and A is nonequal to B then for

some L (L is line and L is straight and A lies on L and B lies on L and for

every M (if M is line and M is straight and A lies on M and B lies on M then M

is equal to L)))

Ðèñ. 2: Îòðèìàííÿ ôîðìóëüíîãî îáðàçà ïðîïîçèöi¨
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1.2.7. Äåêëàðàöiÿ çìiííèõ

Âiëüíi çìiííi â ïðîïîçèöi¨ S � öå çìiííi, ùî ¹ âiëüíèìè â ¨¨ ôîðìóëü-

íîìó îáðàçi: FV(S) = FV(|S|). Òàê ñàìî, çâ'ÿçàíi çìiííi â ïðîïîçèöi¨

S � öå çìiííi, ùî çâ'ÿçàíi â |S|: BV(S) = BV(|S|). Ïðàâèëà ForTheL

çàáîðîíÿþòü ïðîïîçèöi¨, ÷è¨ ôîðìóëüíi îáðàçè ìiñòÿòü âêëàäåíi êâàíòî-

ðè ïî îäíié çìiííié. Íàïðèêëàä, ïðîïîçèöiÿ every number n divides

some number n íå ¹ ïðàâèëüíî ïîáóäîâàíîþ.

Íåôîðìàëüíî êàæó÷è, ïðîïîçèöiÿ S îïèñó¹ çìiííó v ∈ FV(S), ÿêùî

ç S âèïëèâà¹ íàëåæíiñòü v äî êëàñó, âèçíà÷åíîãî äåÿêèì ïîíÿòòÿì. Íà-

ñòóïíi âèçíà÷åííÿ äàþòü ôîðìàëüíó åêñïëiêàöiþ öüîìó òåðìiíó:

Òåðì t íàçèâà¹òüñÿ ïîçèòèâíèì, ÿêùî t íå ¹ êâàíòèôiêîâàíèì ïîíÿ-

òòÿì âèãëÿäó no notion i àðãóìåíòè t ¹ ïîçèòèâíèìè òåðìàìè.

Ñèíòàêñè÷íèé ïðèìiòèâ I íàçèâà¹òüñÿ äåñêðèïòèâíèì, ÿêùî ìà¹ ìi-

ñöå îäíà ç íàñòóïíèõ óìîâ:

• I ¹ ïðèêìåòíèêîì equal to arg1;

• I ¹ ïðèêìåòíèêîì, äi¹ñëîâîì àáî ïðåäèêàòíèì ñèìâîëîì; I ââåäåíî

ÿê ñèíîíiì; çðàçîê â iíòðîäóêòîði ïî÷èíà¹òüñÿ ç äåÿêî¨ çìiííî¨ v, à

ïîçíà÷óâàíà ïðîïîçèöiÿ îïèñó¹ v.

Ïðåäèêàò P íàçèâà¹òüñÿ äåñêðèïòèâíèì, ÿêùî P íå ¹ çàïåðå÷åííÿì i

ìà¹ ìiñöå îäíà ç íàñòóïíèõ óìîâ:

• P ¹ �is a�-ïðåäèêàòîì, óòâîðåíèì ç ïîíÿòòÿ ç ïîçèòèâíèìè àðãóìåí-

òàìè;

• P ¹ �is a�-ïðåäèêàòîì, óòâîðåíèì ç ïîçèòèâíîãî âèçíà÷åíîãî òåðìó;

• P ïîáóäîâàíî íà äåñêðèïòèâíîìó ïðèìiòèâi ïðèêìåòíèêà àáî äi¹ñëî-

âà ç ïîçèòèâíèìè àðãóìåíòàìè;

• P ñêîìïîíîâàíî ç äåêiëüêîõ àòîìàðíèõ ïðåäèêàòiâ, îäèí ç ÿêèõ ¹

äåñêðèïòèâíèì.
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Íàðåøòi, ïðîïîçèöiÿ S îïèñó¹ çìiííó v, ÿêùî âèêîíó¹òüñÿ îäíà ç íàñòó-

ïíèõ óìîâ:

• S ïîáóäîâàíà ç äåñêðèïòèâíîãî ïðåäèêàòíîãî ñèìâîëà, äå â ïåðøîìó

àðãóìåíòi ñòî¨òü ïîñëiäîâíiñòü çìiííèõ, ùî ìiñòèòü v;

• S ¹ ïðîñòîþ ïðîïîçèöi¹þ ç äåñêðèïòèâíèì ïðåäèêàòîì, äå â ïiäìåòi

ñòî¨òü ïîñëiäîâíiñòü çìiííèõ, ùî ìiñòèòü v;

• S ¹ êîí'þíêöi¹þ äåêiëüêîõ ïðîïîçèöié, îäíà ç ÿêèõ îïèñó¹ v.

Íàïðèêëàä, ìàþ÷è íàñòóïíi iíòðîäóêòîðè

[x belongs/belong to y @ x is an element of y]

[x ¾ y @ x belongs to y]

ïðîïîçèöiÿ u,v belong to some finite (s << W) and Q is a subset

of no set îïèñó¹ çìiííi u, v, àëå íå çìiííó Q. Çàóâàæèìî, ùî ïðåäè-

êàòíèé ñèìâîë << ïîðîäæó¹ ñèìâîë ïîíÿòòÿ, îñêiëüêè ïîçíà÷óâàíà ïðî-

ïîçèöiÿ x belongs to y îïèñó¹ çìiííó x.

1.2.8. Ïðîïîçèöi¨ âèçíà÷åííÿ òà ñèãíàòóðè

Ïðîïîçèöi¨ ForTheL, ùî âèêîðèñòîâóþòüñÿ â ðîçäiëàõ âèçíà÷åííÿ òà

â ñèãíàòóðíèõ ðîçäiëàõ, ìàþòü ñïåöiàëüíó ôîðìó. Ñèíòàêñèñ ïðîïîçèöié

âèçíà÷åííÿ îïèñó¹òüñÿ íàñòóïíèìè ïðîäóêöiÿìè:

defProposition → notionDef | functionDef | predicateDef

functionDef → functionSym is equal to plainTerm

functionSym → [ the ] primDefiniteNoun

| primInfixFunctionSymbol

| primPrefixFunctionSymbol

| primPostfixFunctionSymbol

predicateDef → predicateSym iff proposition
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predicateSym → variable is primAdjective

| variable , variable are primAdjectiveM

| variable primV erb

| variable , variable primV erbM

| primPredicateSymbol

notionDef → [ a | an ] primClassNoun is [ a | an ] notion

| primNotionSymbol iff variable is [ a | an ] notion

Êîæíà ïðîïîçèöiÿ âèçíà÷åííÿ S ìà¹ òàê çâàíó ãîëîâíó çâ'ÿçêó, ÿêà

ìîæå áóòè ðiâíiñòþ (ÿê â functionDef), åêâiâàëåíòíiñòþ (ÿê â äðóãîìó

òèïi notionDef òà â predicateDef) àáî ñëîâîì is (ÿê â ïåðøîìó òèïi

notionDef). Þíiò çëiâà âiä ãîëîâíî¨ çâ'ÿçêè íàçèâà¹òüñÿ ãîëîâîþ âèçíà-

÷åííÿ, þíiò ñïðàâà âiä íå¨ � òiëîì âèçíà÷åííÿ.

Ïðîïîçèöiÿ âèçíà÷åííÿ S ¹ ïðàâèëüíî ïîáóäîâàíîþ, ÿêùî âèêîíóþ-

òüñÿ íàñòóïíi óìîâè:

• â ãîëîâi âèçíà÷åííÿ âñi òåðìè â àðãóìåíòíèõ ìiñöÿõ ¹ ïîïàðíî ðiçíè-

ìè çìiííèìè;

• êîæíà çìiííà, ùî âõîäèòü âiëüíî â òiëî âèçíà÷åííÿ, âõîäèòü òàêîæ â

ãîëîâó;

• ÿêùî ïðèìiòèâ â ãîëîâi âèçíà÷åííÿ ââåäåíî ÿê ñèíîíiì, òî âiäïî-

âiäíèé ïîçíà÷óâàíèé þíiò ¹ ïðèìiòèâîì ç òèìè ñàìèìè çìiííèìè â

àðãóìåíòíèõ ìiñöÿõ;

• ïðèìiòèâ â ãîëîâi âèçíà÷åííÿ íå ïîâèíåí âõîäèòè â òiëî âèçíà÷åí-

íÿ (ðåêóðñèâíi âèçíà÷åííÿ íå ïiäòðèìóþòüñÿ â ñüîãîäíÿøíié âåðñi¨

ForTheL); öå ñòîñó¹òüñÿ òàêîæ ïîçíà÷óâàíîãî ïðèìiòèâà, ÿêùî ãîëî-

âà âèçíà÷åííÿ ¹ ñèíîíiìîì;

• ÿêùî S âèçíà÷à¹ ïîíÿòòÿ, âîíî ïîâèííî ìàòè ùîíàéáiëüøå îäíå iì'ÿ;

• ÿêùî S âèçíà÷à¹ ñèìâîëüíå ïîíÿòòÿ, iì'ÿ, ùî âêàçàíî â ãîëîâi, ìà¹

áóòè ïiäìåòîì â òiëi âèçíà÷åííÿ.
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Ôîðìóëüíèé îáðàç ïðîïîçèöi¨ âèçíà÷åííÿ ôîðìó¹òüñÿ òàê:

| (primClassNoun)H is (notion)B | = ∀v | v is H̄ iff v is B |

| (primNotionSymbol)H iff ((variable)v is notion)B | = ∀v |H iff B |

| (functionDef)S | = | (predicateDef)S | = |S|

Â ïåðøié ðiâíîñòi, çìiííà v ¹ àáî n(H), àáî íîâîþ çìiííîþ, ÿêùî n(H)

ïóñòå. Â äðóãié ðiâíîñòi, v ¹ n(H) çà óìîâîþ ïðàâèëüíî ïîáóäîâàííî-

ñòi. Ðiâíîñòi â îñòàííüîìó ðÿäêó îçíà÷àþòü, ùî âèçíà÷åííÿ ôóíêöié òà

ïðåäèêàòîâ îáðîáëÿþòüñÿ ÿê çâè÷àéíi ïðîïîçèöi¨ ForTheL.

Ñèíòàêñèñ ïðîïîçèöi¨ ñèãíàòóðè âèçíà÷à¹òüñÿ òàê:

sigProposition → notionSig | functionSig | predicateSig

notionSig → notion [ a | an ] primClassNoun

functionSig → function functionSym

predicateSig → predicate predicateSym

ßê i â ïðîïîçèöiÿõ âèçíà÷åíü, â ïðîïîçèöi¨ ñèãíàòóðè þíiò, ùî ñëiäó¹

çà �âèäîâèì� ñëîâîì, íàçèâà¹òüñÿ ãîëîâîþ. Ïðîïîçèöiÿ ñèãíàòóðè ¹ ïðà-

âèëüíî ïîáóäîâàíîþ, ÿêùî, ïî-ïåðøå, âñi òåðìè â àðãóìåíòíèõ ìiñöÿõ

ãîëîâíîãî þíiòó ¹ ïîïàðíî ðiçíèìè çìiííèìè, i, ïî-äðóãå, â ðàçi, êîëè

ïðèìiòèâ â ãîëîâi ââåäåíî ÿê ñèíîíiì, òî âiäïîâiäíèé ïîçíà÷óâàíèé þíiò

¹ ïðèìiòèâîì ç òèìè ñàìèìè çìiííèìè â àðãóìåíòíèõ ìiñöÿõ.

Ôîðìóëüíèì îáðàçîì ïðîïîçèöi¨ ñèãíàòóðè ¹ ëîãi÷íà iñòèíà:

| sigProposition | = truth

1.3. Ðîçäiëè ForTheL

Ïî÷íåìî ç ïðèêëàäó ïðàâèëüíî ïîáóäîâàííîãî ForTheL-òåêñòó (íî-

ìåðè ðÿäêîâ íàâåäåíi äëÿ çðó÷íîñòi i íå íàëåæàòü äî òåêñòó).

1: [a set/sets] [an element/elements of x]
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2: [x is in y @ x is an element of y]

3: [x belongs/belong to y @ x is in y]

4: [a subset/subsets of x] [x is empty]

5: Definition DefSubset. Let S be a set.

6: A subset of S is a set X such that

7: every element of X belongs to S.

8: Definition DefEmpty. Let S be a set.

9: S is empty iff S has no elements.

10: Axiom ExEmpty. There exists an empty set.

11: Theorem. Let S be a set.

12: S is a subset of every set iff S is empty.

13: Proof.

14: First let S be a subset of every set.

15: We can show that S is empty.

16: Let z belong to S.

17: Take an empty set E.

18: z is an element of E.

19: We have a contradiction.

20: end.

21: end.

22: Now assume that S is empty. Let T be a set.

23: Every element of S is in T (by DefEmpty).

24: Hence S is a subset of T (by DefSubset).

25: end.

26: qed.

1.3.1. Ðîçäiëè âåðõíüîãî ðiâíÿ òà ðå÷åííÿ

ForTheL-òåêñò ¹ ïîñëiäîâíiñòþ iíòðîäóêòîðiâ òà ðîçäiëiâ âåðõíüîãî

ðiâíÿ. Ðîçäiëàìè âåðõíüîãî ðiâíÿ ¹ àêñiîìè, âèçíà÷åííÿ, òåîðåìè òà ñïå-

öiàëüíi ñèãíàòóðíi ðîçäiëè. Íàâåäåíèé âèùå òåêñò ìiñòèòü ÷îòèðè ðîçäi-

ëà âåðõíüîãî ðiâíÿ: âèçíà÷åííÿ ïîíÿòòÿ ïiäìíîæèíè (ðÿäêè 5�7), âèçíà-
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÷åííÿ ïóñòî¨ ìíîæèíè (ðÿäêè 8�9), àêñiîìó iñíóâàííÿ ïóñòî¨ ìíîæèíè

(ðÿäîê 10), òà òåîðåìó ç äîâåäåííÿì (ðÿäêè 11�26).

Êîæíèé ðîçäië âåðõíüîãî ðiâíÿ ìà¹ çàãîëîâîê, ùî âèçíà÷à¹ òèï ðîç-

äiëó i ìîæå ìàòè ìiòêó äëÿ âèêîðèñòàííÿ â ïîñèëàííÿõ (ðÿäêè 23, 24).

text → { axiom | definition | theorem

| signature | introductor }

axiom → axmHeader { assume } axmAffirm

axmHeader → Axiom [ label ] .

definition → defHeader { assume } defAffirm

defHeader → Definition [ label ] .

theorem → thmHeader { assume } thmAffirm

thmHeader → ( Theorem | Lemma | Corollary ) [ label ] .

signature → sigHeader { assume } sigAffirm

sigHeader → Signature [ label ] .

label → word

Âñåðåäèíi ðîçäiëiâ âåðõíüîãî ðiâíÿ ìè çóñòði÷à¹ìî ðå÷åííÿ: ïðèïóùå-

ííÿ (ðÿäêè 5,8,11,14,16,22), ñåëåêöi¨ (line 17), ðåøòà ¹ òâåðäæåííÿìè.

Êîæíèé ðîçäië âåðõíüîãî ðiâíÿ ñêëàäà¹òüñÿ ç íóëÿ àáî áiëüøå ïðèïó-

ùåíü, çà ÿêèìè ñëiäó¹ òâåðäæåííÿ âiäïîâiäíîãî âèãëÿäó.

Ïðèïóùåííÿ òà òâåðäæåííÿ óòâîðþþòüñÿ íà îñíîâi ïðîïîçèöié. Â

ïîäàëüøîìó, áóäåìî êàçàòè, ùî òâåðäæåííÿ (ïðèïóùåííÿ) ñòâåðäæó¹

(âiäïîâiäíî, ïðèïóñêà¹) âiäïîâiäíó ïðîïîçèöiþ. Ñåëåêöi¨ áóäóþòüñÿ ç ïî-

íÿòü (îáèðàþòü ¨õ) òà ñòâåðäæóþòü íåïóñòîòó îçíà÷åíèõ íèìè êëàñiâ.

assume → asmPrefix proposition .
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asmPrefix → let | [ let us | we can ] ( assume | suppose ) [ that ]

select → selPrefix notions [ ref ] .

selPrefix → [ then | hence ] [ let us | we can ] ( take | choose )

axmAffirm → proposition .

defAffirm → defProposition .

sigAffirm → [ let us | we can ] sigProposition .

thmAffirm → affPrefix proposition [ ref ] . [ prfHeader proof ]

| prfPrefix proposition [ ref ] . proof

affPrefix → [ then | hence ]

prfHeader → proof [ by method ] . | indeed

prfPrefix → [ let us | we can ] ( prove | show ) [ by method ] [ that ]

method → contradiction | case analysis

| induction [ on plainTerm ]

ref → ( by label { , label } )

1.3.2. Ðîçäiëè äîâåäåííÿ

Â êîðåêòíîìó òåêñòi, êîæíå òâåðäæåííÿ (îêðiì òèõ, ùî âõîäÿòü â

àêñiîìè òà âèçíà÷åííÿ) ìà¹ áóòè îá ðóíòîâàíå: âîíî ìà¹ ëîãi÷íî âèïëè-

âàòè çi ñâî¨õ ëîãi÷íèõ ïîïåðåäíèêiâ â òåêñòi. Àâòîð òåêñòó ìîæå çðîáèòè

öå âèïëèâàííÿ áiëüø î÷åâèäíèì, àáî çà äîïîìîãîþ ïîñèëàíü íà ðåëåâàí-

òíi ðîçäiëè âåðõíüîãî ðiâíÿ, àáî ñóïðîâîäæóþ÷è öå òâåðäæåííÿ ðîçäiëîì

äîâåäåííÿ, ÿêèé ñòàíå íåÿâíèì ëîãi÷íèì ïîïåðåäíèêîì äëÿ òâåðäæåí-

íÿ. Ïðèêëàä, íàâåäåíèé âèùå, ìiñòèòü äâà ðîçäiëè äîâåäåííÿ: îäèí äëÿ

òâåðäæåííÿ â ðÿäêó 12 (ðÿäêè 13�26), i îäèí äëÿ òâåðäæåííÿ â ðÿäêó 15
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(ðÿäêè 16�20).

Ðîçäiëè äîâåäåííÿ â ForTheL ñêëàäàþòüñÿ ç ïðèïóùåíü, ñåëåêöié,

òâåðäæåíü (ùî ìîæóòü ñóïðîâîäæóâàòèñü âëàñíèìè äîâåäåííÿìè) òà

ðîçäiëiâ íèæíüîãî ðiâíÿ, òàêèõ ÿê âèïàäêè àáî ïðîñòi áëîêè. Äîâåäå-

ííÿ òåîðåìè â ïðèêëàäi ñêëàäà¹òüñÿ ç äâîõ ïðîñòèõ áëîêiâ (ðÿäêè 14�21

òà 22�25).

Ïðîñòi áëîêè âèêîðèñòîâóþòüñÿ äëÿ ñòðóêòóðiçàöi¨ äîâåäåííÿ: âîíè

âèçíà÷àþòü îáëàñòü äi¨ ïðèïóùåíü òà äåêëàðàöi¨ çìiííèõ. Ïðîñòi áëîêè

ìîæóòü çóñòði÷àòèñÿ áóäü-äå â äîâåäåííi. Ðîçáið âèïàäêiâ ìà¹ çàâåðøó-

âàòè ðîçäië äîâåäåííÿ. Ðîçäiëè-âèïàäêè ñëiäóþòü îäèí çà îäíèì; êîæíèé

ðîçäië-âèïàäîê ïî÷èíà¹òüñÿ ç ïðîïîçèöi¨, ÿêà ¹ ãiïîòåçîþ âèïàäêó.

proof → [ { prfBody } prfLast ] qed

qed → end. | qed. | obvious. | trivial.

prfBody → assume | select | thmAffirm | block

prfLast → thmAffirm | block | case { case }

block → blkHeader proof

blkHeader → Block [ label ] . | now | first | second | . . .

case → Case proposition [ ref ] . proof

Àâòîð òåêñòó ìîæå ÿâíî âêàçàòè ìåòîä äîâåäåííÿ, ÿêèé âií çàñòîñî-

âó¹: íàðàçi, â ñèñòåìi ïiäòðèìóþòüñÿ äîâåäåííÿ âiä ñóïðîòèâíîãî, ðîçáî-

ðîì âèïàäêiâ òà äîâåäåííÿ ïî iíäóêöi¨. Ïðèìiòêè �by contradiction� àáî

�by case analysis� ìîæíà îïóñêàòè, îñêiëüêè ñèñòåìà ìîæå âñòàíîâèòè, ùî

çàñòîñîâàíî îäèí ç öèõ ìåòîäiâ, çà ôîðìîþ ðîçäiëà äîâåäåííÿ. Íàïðîòè,

ïðèìiòêà �by induction� ¹ íåîáõiäíîþ, îñêiëüêè âîíà âêàçó¹ âåðèôiêàòî-

ðó, ùî íåîáõiäíî ñôîðìóëþâàòè ãèïîòåçó iíäóêöi¨ i äîäàòè ¨¨ â ðîçäië

äîâåäåííÿ â íåîáõiäíîìó ìiñöi.

Ôîðìàëiçàöiÿ äîâåäåíü ïî iíäóêöi¨ â ForTheL çàñíîâàíà íà çàãàëüíî-
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ìó ïðèíöèïi iíäóêöi¨:

∀~x(IH(~x) ⊃ F [~x]) ⊃ ∀~xF [~x]

äå IH(~x) = ∀~y((t[~y] ≺ t[~x]) ⊃ F [~y]), t ¹ äåÿêèì òåðìîì ïåðøîãî ïîðÿäêó,

à ≺ ¹ ôóíäîâàíèì âïîðÿäêóâàííÿì. Öåé ïðèíöèï ìîæå áóòè âèñëîâëå-

íî íàñòóïíèì ÷èíîì: ïðè äîâåäåííi òîãî, ùî òâåðäæåííÿ P ìà¹ ìiñöå

äëÿ äåÿêèõ äîâiëüíèõ àëå ôiêñîâàíèõ çíà÷åíü ~x, ìè ìîæåìî áåçïå÷íî

ïðèïóñòèòè, ùî öå òâåðäæåííÿ ìà¹ ìiñöå äëÿ âñiõ çíà÷åíü ~y, ùî ìåíøi

çà ~x âiäíîñíî äåÿêîãî ôóíäîâàíîãî âïîðÿäêóâàííÿ. Iíäóêöiéíèé òåðì t

âèêîðèñòîâó¹òüñÿ äëÿ òîãî, ùîá �çiáðàòè� íàáið çíà÷åíü â îäíå çíà÷åííÿ.

Îòæå, äîâåäåííÿ ïî iíäóêöi¨ iíòåðïðåòóþòüñÿ â ïðèïóùåííi âiäïî-

âiäíî¨ ãiïîòåçè iíäóêöi¨. Öÿ ãiïîòåçà ôîðìóëþ¹òüñÿ àâòîìàòè÷íî i ñòà¹

äîäàòêîâèì ëîãi÷íèì ïîïåðåäíèêîì â äîâåäåííi.

Äîâåäåííÿ ïî iíäóêöi¨ ïîâèííî ìàòè öiëüîâó ïðîïîçèöiþ (äèâ. 1.3.4)

âèãëÿäó for every (notion)O1
. . . for every (notion)On proposition.

ßêùî iíäóêöiéíèé òåðì íå âêàçàíî ÿâíî, çà íüîãî ïðèéìà¹òüñÿ ïåðøà

çìiííà â n(O1). Âñi çìiííi, ùî âõîäÿòü â iíäóêöiéíèé òåðì ìàþòü íàëå-

æàòè äî n(O1) ∪ · · · ∪ n(On) àáî áóòè äåêëàðîâàíèìè ùå äî ïî÷àòêó äî-

âåäåííÿ. Ãiïîòåçà iíäóêöi¨ óòâîðþ¹òüñÿ ç öiëüîâî¨ ïðîïîçèöi¨ íàñòóïíèì

÷èíîì:

for every (notion)O1
. . . for every (notion)On (proposition)S

⇒ for every O1σ . . . for every Onσ if tσ -<- t then Sσ

äå t ¹ iíäóêöiéíèì òåðìîì, à σ ¹ ïiäñòàíîâêîþ, ùî ïåðåéìåíîâó¹ çìiííi

â t, ïiäñòàâëÿþ÷è çàìiñòü íèõ äåÿêi íîâi çìiííi. Ãiïîòåçà iíäóêöi¨ íåÿâíî

âñòàâëÿ¹òüñÿ â äîâåäåííÿ ïiä ÷àñ íîðìàëiçàöi¨ (äèâ. 1.3.4).

Â ëîãiöi ïåðøîãî ïîðÿäêó ìè íå ìîæåìî äàòè ñêií÷åíó àêñiîìàòèçà-

öiþ ôóíäîâàíîñòi âïîðÿäêóâàííÿ. Òîìó â ForTheL ââåäåíî ñïåöiàëüíèé

áiíàðíèé ïðåäèêàòíèé ñèìâîë -<-, ÿêèé ïîçíà÷à¹ àáñòðàêòíå ôóíäîâà-

íå âiäíîøåííÿ â äîâåäåííÿõ ïî iíäóêöi¨. Àâòîð òåêñòó ìà¹ ñàìîñòiéíî

ñôîðìóëþâàòè àêñiîìè, ùî âèçíà÷àòü êîíêðåòíi âëàñòèâîñòi öüîãî âiä-

íîøåííÿ. Íàïðèêëàä, äëÿ òîãî, ùîá ïðîâîäèòè äîâåäåííÿ ïî iíäóêöi¨ ïî
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íàòóðàëüíèì ÷èñëàì, äîñòàòíüî íàñòóïíèõ àêñiîì (çà óìîâè, ùî òðàäè-

öiéíi àêñiîìè Ïåàíî òàêîæ íàäàíi â òåêñòi):

Axiom ZeroOrSucc. For every natural number N N = 0

or there exists a natural number M such that N = succ M.

Axiom IndOrder. For every natural number N N -<- succ N.

Ñïðàâäi, ðîçãëÿíåìî ïðîñòó ëåìó, ÿêó äîâåäåìî ïî iíäóêöi¨ ïî n:

Lemma. For all natural numbers m,n

(succ m) + n = succ (m + n).

Ãiïîòåçîþ iíäóêöi¨ (IH) äëÿ öi¹¨ ëåìè ¹ òàêà ïðîïîçèöiÿ:

for all natural numbers x,y if y -<- n

then (succ x) + y = succ (x + y)

Òåïåð çàïèøåìî ðîçäië äîâåäåííÿ:

Proof by induction on n.

Let m,n be natural numbers.

## ïî÷èíà¹òüñÿ îáëàñòü äi¨ IH

Case n = 0. Obvious. ## àêñiîìè Ïåàíî

Case n != 0.

Take a natural number x

such that succ x = n. ## ZeroOrSucc

(succ m) + n = succ ((succ m) + x). ## àêñiîìè Ïåàíî

(succ m) + x = succ (m + x). ## IH òà IndOrder

succ (m + x) = m + n. ## àêñiîìè Ïåàíî

Hence (succ m) + n = succ (m + n). ## ç ïîïåðåäíüîãî

end.

qed.

Àêñiîìà ZeroOrSucc ïîòðiáíà, ùîá ðîçáèòè äîâåäåííÿ íà áàçó i êðîê

iíäóêöi¨. Àêñiîìà IndOrder ïîòðiáíà, ùî äîâåñòè, ùî x -<- n, à îòæå,

ãiïîòåçà iíäóêöi¨ ìîæå áóòè çàñòîñîâàíà. Âiäìiòèìî, ùî âëàñòèâîñòi âïî-

ðÿäêóâàííÿ äëÿ âiäíîøåííÿ -<- íå âèêîðèñòîâóþòüñÿ â äîâåäåííi.
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1.3.3. Ðîçäiëè-ïîïåðåäíèêè òà äåêëàðàöiÿ çìiííèõ

Ìè âèçíà÷à¹ìî ìåæi ðîçäiëiâ â òåêñòi T çãiäíî ç ïðàâèëàìè ãðàìà-

òèêè, íàâåäåíèìè âèùå. Íàïðèêëàä, áóäü-ÿêèé ðîçäië âåðõíüîãî ðiâíÿ

ïî÷èíà¹òüñÿ ç ïåðøîþ ëiòåðîþ ñâîãî çàãîëîâêà i çàâåðøó¹òüñÿ òàì, äå

çàâåðøó¹òüñÿ òâåðäæåííÿ ðîçäiëó. Òàêîæ, òâåðäæåííÿ, ùî ñóïðîâîäæó-

¹òüñÿ äîâåäåííÿì, çàâåðøó¹òüñÿ òàì, äå çàâåðøó¹òüñÿ äîâåäåííÿ, à íå

êðàïêîþ â êiíöi ðå÷åííÿ.

Áóäåìî êàçàòè, ùî ðîçäië A íàêðèâà¹ ðîçäië B (B ìiñòèòüñÿ â A),

ÿêùî B ëåæèòü ìiæ ìåæàìè A i B íå ¹ ñàìèì ðîçäiëîì A. Òàê, òâåð-

äæåííÿ, ùî ñóïðîâîäæó¹òüñÿ ðîçäiëîì äîâåäåííÿ íàêðèâà¹ öåé ðîçäië i

âñi ðîçäiëè âñåðåäèíi äîâåäåííÿ. Íàçâåìî A åëåìåíòîì B, ÿêùî B ¹ ìi-

íiìàëüíîþ ñåêöi¹þ, ùî íàêðèâà¹ A. Íàïðèêëàä, áóäü-ÿêèé ïðîñòèé áëîê

àáî âèïàäîê ìà¹ ðiâíî îäèí åëåìåíò, à ñàìå, ðîçäië äîâåäåííÿ, ïðèêði-

ïëåíèé äî öüîãî áëîêó àáî âèïàäêó. Ñêàæåìî, ùî A ¹ ñèíòàêñè÷íèì

ïîïåðåäíèêîì B, ÿêùî B ïî÷èíà¹òüñÿ ðîçäiëó A.

Ðîçäië A ¹ ëîãi÷íèì ïîïåðåäíèêîì ðîçäiëó B, ÿêùî A ¹ ìàêñèìàëü-

íèì (âiäíîñíî íàêðèòòÿ) ñèíòàêñè÷íèì ïîïåðåäíèêîì B. Áóäåìî ïîçíà-

÷àòè ìíîæèíó ëîãi÷íèõ ïîïåðåäíèêiâ ðîçäiëó A â òåêñòi T ÷åðåç LPT(A).

Â ïðèêëàäi íà ïî÷àòêó ãëàâè, òâåðäæåííÿ â ðÿäêó 15 ìà¹ íàñòóïíèõ

ëîãi÷íèõ ïîïåðåäíèêiâ: îáèäâà âèçíà÷åííÿ, àêñiîìà ExEmpty òà òâåðäæå-

ííÿ â ðÿäêàõ 11 òà 14. Òâåðäæåííÿ â ðÿäêó 12 íå ¹ ëîãi÷íèì ïîïåðåäíè-

êîì äàíîãî òâåðäæåííÿ.

Ïðèïóùåííÿ òà ñåëåêöi¨ ForTheL ìîæóòü ââîäèòè â òåêñò íîâi çìiííi.

Ìè âèçíà÷à¹ìî ìíîæèíó äåêëàðîâàíèõ çìiííèõ çãiäíî ç ôîðìîþ ïðèïó-

ùåííÿ àáî ñåëåêöi¨. Çìiííà v äåêëàðîâàíà ó ñåëåêöi¨, ÿêùî ñåðåä ïåðåëi-

÷åíèõ â íié ïîíÿòü ¹ ïîíÿòòÿ O, òàêå ùî v ∈ n(O). Ïîçíà÷èâøè ìíîæèíó

äåêëàðîâàíèõ çìiííèõ ÷åðåç DeclT(·), ìà¹ìî:

DeclT(selPrefix (notions)N [ ref ] .) = DeclT(N)

DeclT([ a | an ] (notion)O [ ( , | and ) (notions)N ]) = n(O) [ ∪DeclT(N) ]
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Ïðèïóùåííÿ äåêëàðó¹ òi çìiííi, ùî îïèñàíi ó ïðèïóùåíié ïðîïîçèöi¨:

DeclT(asmPrefix (proposition)S .) = {v | S îïèñó¹ v }

Äëÿ ðîçäiëiâ, ÿêi íå ¹ ïðèïóùåííÿìè àáî ñåëåêöiÿìè, DeclT(A) = ∅.
Çìiííi, ùî äåêëàðîâàíi â ðå÷åííi A, ìîæóòü âiëüíî âõîäèòè â A òà

â ëîãi÷íèõ ïîñëiäîâíèêiâ A. Ïðèïóùåííÿ ìîæå äåêëàðóâàòè çìiííi, ùî

âæå áóëè äåêëàðîâàíi; íàñòóïíi äåêëàðàöi¨ íå âiäìiíÿþòü, à ëèøå óòî-

÷íþþòü ïîïåðåäíi. Íàâïàêè, çìiííi, ùî äåêëàðîâàíi â ñåëåêöi¨, íå ïî-

âèííi áóòè äåêëàðîâàíi â æîäíîìó ëîãi÷íîìó ïîïåðåäíèêó öi¹¨ ñåëåêöi¨.

Áóäåìî ïîçíà÷àòè ìíîæèíó çìiííèõ, ùî äåêëàðîâàíi â ëîãi÷íèõ ïîïåðå-

äíèêàõ ðîçäiëó A ÷åðåç DeclT(A). Òàêi çìiííi áóäåìî íàçèâàòè âiäîìèìè

â A.

1.3.4. Íîðìàëiçàöiÿ äîâåäåíü

Ìè çàïðîâàäæó¹ìî íàáið ïåðåïèñóþ÷èõ ïðàâèë, ùî íîðìàëiçóþòü

ðîçäiëè äîâåäåííÿ â ForTheL-òåêñòi: åëiìiíóþòü ñïåöiàëüíi ïðîïîçèöi¨

thesis òà contrary, îïîâíþþòü äîâåäåííÿ, ïåðåêëàäàþòü ðîçäiëè-âè-

ïàäêè â êîìáiíàöi¨ ðîçäiëiâ äîâåäåííÿ òà ïðîñòèõ áëîêiâ, äîäàþòü ãiïî-

òåçè iíäóêöi¨. Çàñòîñîâàíi äî ForTheL-òåêñòó T, öi ïðàâèëà ïåðåâîäÿòü

éîãî â íîðìàëiçîâàíèé òåêñò T◦.

Îáðîáêà öiëüîâî¨ ïðîïîçèöi¨. Êîæíà òåîðåìà P â T çàìiíþ¹òüñÿ

òåîðåìîþ
〈
P
〉
, ùî âèçíà÷à¹òüñÿ íàñòóïíèìè ðiâíîñòÿìè:

〈
(thmHeader)H ({assume})Q (thmAffirm)A

〉
= H Q

〈
A
〉
contradiction

Ìè ïðîïóñêà¹ìî çàãîëîâîê òà ïðèïóùåííÿ i íîðìàëiçó¹ìî òâåðäæåííÿ

òåîðåìè. Ðå÷åííÿ òà ðîçäiëè íèæíüîãî ðiâíÿ íîðìàëiçóþòüñÿ ñòîñîâíî

öiëüîâî¨ ïðîïîçèöi¨ (âêàçàíî¨ â íèæíüîìó iíäåêñi). Ãðóáî êàæó÷è, öiëüî-

âîþ ïðîïîçèöi¹þ äëÿ äàíîãî ðîçäiëó ¹ ïðîïîçèöiÿ, ÿêà äîâîäèëàñü íà ïî-

÷àòêó öüîãî ðîçäiëó. Ïî÷àòêîâà öiëüîâà ïðîïîçèöiÿ � öå contradiction,



� 60 �

òîáòî, íà öåé ìîìåíò â òåêñòi íå äîâîäèòüñÿ æîäíà ïðîïîçèöiÿ.

〈
affPrefix (proposition)S ([ ref ])R . [ (prfHeader)H (proof)P ]

〉
T

=

= SdT c R . [H
〈
P
〉>
SdT c† ]〈

(prfPrefix)H (proposition)S ([ ref ])R . (proof)P
〉
T

=

= H SdT c R .
〈
P
〉>
SdT c†

Òóò i íàäàëi, SdT c ïîçíà÷à¹ þíiò S, äå âõîäæåííÿ ñïåöiàëüíèõ ïðîïî-

çèöié thesis òà contrary çàìiíåíi íà ïðîïîçèöiþ T òà, âiäïîâiäíî, íà ¨¨

çàïåðå÷åííÿ. Ïëàñêà íîðìàëüíà ôîðìà ïðîïîçèöi¨, ùî äîâîäèòüñÿ, ñòà¹

öiëüîâîþ ïðîïîçèöi¹þ äëÿ ñóïðîâîäæóþ÷îãî ðîçäiëó äîâåäåííÿ. Òàêîæ,

ñóïðîâîäæóþ÷å äîâåäåííÿ ââàæà¹òüñÿ ìîòèâîâàíèì ðîçäiëîì (ïîçíà÷à-

¹òüñÿ çíàêîì > ó âåðõíüîìó iíäåêñi).

〈
asmPrefix (proposition)S .

〉
T

= assume SdT c .〈
selPrefix (notions)S ([ ref ])R .

〉
T

= take SdT c R .〈
(blkHeader)H (proof)P

〉
T

= H
〈
P
〉⊥
T〈

Case (proposition)S ([ ref ])R . (proof)P
〉
T

=

=
〈
(if Sdcontradictionc then thesis) R .

proof. assume Sdcontradictionc . P
〉
T

Öiëüîâà ïðîïîçèöiÿ ïðîñòîãî áëîêó ïðîñòî ïåðåäà¹òüñÿ âñåðåäèíó áëîêó.

Ïðîñòi áëîêè ââàæàþòüñÿ íåìîòèâîâàíèìè ðîçäiëàìè (çíàê ⊥ â âåðõíüî-

ìó iíäåêñi). Ðîçäië-âèïàäîê ïåðåïèñó¹òüñÿ â òâåðäæåííÿ ïîòî÷íî¨ öiëüî-

âî¨ ïðîïîçèöi¨; öå òâåðäæåííÿ ñóïðîâîäæó¹òüñÿ äîâåäåííÿì. Ñïåöiàëüíi

ïðîïîçèöi¨ thesis òà contrary íå ïîâèííi çóñòði÷àòèñÿ â ãiïîòåçi âè-

ïàäêó.〈
(assume)A (proof)P

〉>
T

=
〈

(Block. A P ) end.
〉>
T

(T\A = T )〈
(assume)A (proof)P

〉s
T

=
〈
A
〉
T

〈
P
〉s
T\A (iíàêøå)

Â ðîçäiëi äîâåäåííÿ, êîæíå ïðèïóùåííÿ ïåâíèì ÷èíîì ñïiââiäíîñèòüñÿ

ç ïîòî÷íîþ öiëüîâîþ ïðîïîçèöi¹þ òà ïîðîäæó¹ íîâó �ñêîðî÷åíó� öiëüîâó
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ïðîïîçèöiþ äëÿ ïîäàëüøîãî äîâåäåííÿ. Âèùå ìè ïîçíà÷èëè öþ ðåäóêöiþ

÷åðåç T\A. ßêùî â ìîòèâîâàíîìó ðîçäiëi çóñòði÷à¹òüñÿ ïðèïóùåííÿ, ÿêå
íå ñêîðî÷ó¹ ïîòî÷íó öiëü, òîáòî T\A = T , ìè ââàæà¹ìî, ùî ðåøòà ðîç-

äiëó ¹ íåìîòèâîâàíîþ, i çàêëþ÷à¹ìî ¨¨ â ïðîñòèé áëîê.

Äëÿ ïîòî÷íî¨ öiëüîâî¨ ïðîïîçèöi¨ T òà ïðèïóùåííÿ A ç ïðîïîçèöi¹þ

S, ìè âèçíà÷à¹ìî íîâó öiëü T\A íàñòóïíèì ÷èíîì. Çàóâàæèìî îäðàçó,

ùî ÿêùî T çíàõîäèòüñÿ â ïëàñêié íîðìàëüíié ôîðìi, òî T\A òàêîæ.

• ÿêùî T ìà¹ âèãëÿä (if SdT c then R) òî T\A = R;

• ÿêùî SdT c ìà¹ âèãëÿä (not T ) òî T\A = contradiction. Çîêðåìà,

öå òðàïëÿ¹òüñÿ, êîëè A ¹ ïðèïóùåííÿì assume the contrary.;

• ÿêùî T = (for all (notion)O1
. . . for all (notion)On(proposition)R),

àðãóìåíòè ïîíÿòü â O1, . . . , On ¹ ïðîñòèìè òåðìàìè (çîêðåìà, öå ìà¹

ìiñöå, êîëè T çíàõîäèòüñÿ â ïëàñêié íîðìàëüíié ôîðìi), SdT c ìà¹ âè-
ãëÿä (n(Oi) is Ōi), n(Oi) íå ïåðåòèíà¹òüñÿ ç DeclT(A) � òîäi T\A
¹ ïðîïîçèöi¹þ

for all O1 . . . for all Oi−1 for all Oi+1 . . . for all On R

• â ðåøòi âèïàäêiâ, T\A = T .

Ñåëåêöi¨, òâåðäæåííÿ òà ïðîñòi áëîêè íå âïëèâàþòü íà öiëü:〈
(select | thmAffirm | block)A (proof)P

〉s
T

=
〈
A
〉
T

〈
P
〉s
T〈

(case)C1
. . . (case)Cn qed

〉s
T

= (Si ïîçíà÷à¹ ãiïîòåçó âèïàäêà â Ci)

= T . proof.
〈
C1
〉
T

. . .
〈
Cn
〉
T〈

S1 or . . . or Sn.
〉
contradiction

end. end.

Ïîñëiäîâíiñòü ðîçäiëiâ-âèïàäêiâ, ùî çàâåðøóþòü ðîçäië äîâåäåííÿ òðàíñ-

ôîðìó¹òüñÿ â òâåðäæåííÿ ïîòî÷íî¨ öiëi, ñóïðîâîäæåíå äîâåäåííÿì. Íà-

ãàäà¹ìî, ùî ñïåöiàëüíi ïðîïîçèöi¨ thesis òà contrary íå ïîâèííi çó-

ñòði÷àòèñÿ â ãiïîòåçi âèïàäêó.〈
qed

〉>
T

= T . end.
〈
qed

〉⊥
T

= end.
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Íàïðèêiíöi ìîòèâîâàíîãî äîâåäåííÿ äîñòàòíüî äîâåñòè ïîòî÷íó öiëü äëÿ

òîãî, ùîá äîâåñòè ïî÷àòêîâå òâåðäæåííÿ. Òîìó ìè äîäà¹ìî öiëüîâó ïðî-

ïîçèöiþ â ðîçäië i çàâåðøó¹ìî éîãî. Â ïðîñòîìó áëîöi (â íåìîòèâîâàíîìó

äîâåäåííi) òàêîãî òâåðäæåííÿ íåìà¹, îòæå ìè ïðîñòî çàëèøà¹ìî ðîçäië.

Ïåðåíåñåííÿ ïîñèëàíü. Â òåêñòi T′, ÿêèé îòðèìàíî ç ïîïåðåäíiõ ïå-
ðåòâîðåíü, êîæíèé ðîçäië äîâåäåííÿ, ùî ñóïðîâîäæó¹ òâåðäæåííÿ (à íå

ïðîñòèé áëîê), òàêîæ çàâåðøó¹òüñÿ òâåðäæåííÿì. Çà ïîáóäîâîþ, öå çà-

âåðøàëüíå òâåðäæåííÿ íå ìà¹ ïîñèëàííÿ. Äëÿ êîæíîãî òâåðäæåííÿ A,

ÿêå ìà¹ ïîñèëàííÿ i ðîçäië äîâåäåííÿ P , ìè ïåðåíîñèìî ïîñèëàííÿ ç A

äî òâåðäæåííÿ B, ÿêå çàâåðøó¹ P .

Äîäàííÿ ãiïîòåçè iíäóêöi¨. Â òåêñòi T′′, ÿêèé îòðèìàíî ç ïîïåðå-

äíiõ ïåðåòâîðåíü, ìè ðîçãëÿäà¹ìî êîæíå òâåðäæåííÿ A, ñóïðîâîäæåíå

äîâåäåííÿì P ïî iíäóêöi¨ ïî ïðîñòîìó òåðìó t (íå îáîâ'ÿçêîâî âêàçàíîìó

ÿâíî). ßê âæå áóëî ñêàçàíî (1.3.2), A ïîâèííî ñòâåðäæóâàòè ïðîïîçèöiþ,

÷èÿ ïëàñêà íîðìàëüíà ôîðìà ìà¹ âèãëÿä

for every (notion)O1
. . . for every (notion)On (proposition)S

i çìiííi ç t ïîâèííi íàëåæàòè äî (n(O1) ∪ · · · ∪ n(On)) ∪DeclT′′(A).

Íåõàé I áóäå âiäïîâiäíîþ ãiïîòåçîþ iíäóêöi¨. Âñi çìiííi ç t, ùî äåêëà-

ðîâàíi âñåðåäèíi P , ìàþòü áóòè äåêëàðîâàíi ïðèïóùåííÿìè, à íå ñåëå-

êöiÿìè. ßêùî ñåðåä ðîçäiëiâ-åëåìåíòiâ P çíàéäåòüñÿ òàêèé, ùî âñi çìiííi

ç t â íüîìó âiäîìi, òîäi ðå÷åííÿ assume that I. âñòàâëÿ¹òüñÿ â P ïåðåä

ïåðøèì òàêèì åëåìåíòîì.

Íà öüîìó ïåðåòâîðåííÿ çàâåðøó¹òüñÿ i ìè îòðèìó¹ìî íîðìàëiçîâàíèé

òåêñò T◦. Ðîçãëÿíåìî ÿê ïðèêëàä ëåìó ç ïiäðîçäiëó 1.3.2. Â íîðìàëiçî-

âàíîìó âèãëÿäi öÿ ëåìà âèãëÿäàòèìå òàê:

Lemma. For all natural numbers m,n (succ m) + n = succ (m + n).

Proof by induction on n.

Let m,n be natural numbers.

Assume that for all natural numbers x,y
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if y -<- n then (succ x) + y = succ (x + y).

(succ m) + n = succ (m + n).

proof.

if n = 0 then (succ m) + n = succ (m + n).

proof.

assume n = 0.

(succ m) + n = succ (m + n).

end.

if n != 0 then (succ m) + n = succ (m + n).

proof.

assume n != 0.

Take a natural number x such that succ x = n.

(succ m) + n = succ ((succ m) + x).

(succ m) + x = succ (m + x).

succ (m + x) = m + n.

Hence (succ m) + n = succ (m + n).

(succ m) + n = succ (m + n).

end.

n = 0 or n != 0.

end.

end.

ßêùî ìè âèïóñòèìî áàçó iíäóêöi¨ ç ïî÷àòêîâîãî äîâåäåííÿ ëåìè:

Lemma. For all natural numbers m,n (succ m) + n = succ (m + n).

Proof by induction on n.

Let m,n be natural numbers.

Assume that n != 0.

Take a natural number x such that succ x = n.

(succ m) + n = succ ((succ m) + x).

(succ m) + x = succ (m + x).

succ (m + x) = m + n.

Hence (succ m) + n = succ (m + n).

qed.
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òî íîðìàëiçîâàíèé òåêñò âèãëÿäàòèìå íàñòóïíèì ÷èíîì:

Lemma. For all natural numbers m,n (succ m) + n = succ (m + n).

Proof by induction on n.

Let m,n be natural numbers.

Assume that for all natural numbers x,y

if y -<- n then (succ x) + y = succ (x + y).

Block.

Assume that n != 0.

Take a natural number x such that succ x = n.

(succ m) + n = succ ((succ m) + x).

(succ m) + x = succ (m + x).

succ (m + x) = m + n.

Hence (succ m) + n = succ (m + n).

end.

(succ m) + n = succ (m + n).

end.

1.3.5. Ôîðìóëüíèé îáðàç ðîçäiëiâ

Ïîäiáíî äî ïðîïîçèöié ForTheL, áóäü-ÿêèé ðîçäië P â íîðìàëiçîâà-

íîìó òåêñòi T◦ ìîæå áóòè ïåðåêëàäåíèé â ôîðìóëó ïåðøîãî ïîðÿäêó |P |
� ôîðìóëüíèé îáðàç P .

1. Ïðèïóùåííÿ: | (asmPrefix (proposition)S .)P | = |S|

2. Ñåëåêöi¨: | selPrefix (notions)N . | = F ′

Ôîðìóëà F ′ óòâîðþ¹òüñÿ íàñòóïíèì ÷èíîì. Íåõàé F áóäå ôîðìóëü-

íèì îáðàçîì ïðîïîçèöi¨ there exist N . Äëÿ êîæíîãî ïîíÿòòÿ O â

ïîñëiäîâíîñòi N òàêîãî, ùî n(O) íåïóñòå, ìè âèäàëÿ¹ìî âiäïîâiäíèé

êâàíòîð iñíóâàííÿ ïî n(O) ç F , i òàêèì ÷èíîì çâiëüíþ¹ìî çìiííi ç

n(O). Îòðèìàíó ôîðìóëó ìè é ïîçíà÷à¹ìî F ′. Ðîçãëÿíåìî íàñòóïíi
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ïðèêëàäè:

| Take a set S and an element of S. | =

= (aSet(S) ∧ ∃x (aElement(x, S)))

| Take a set S and an element x of S. | =

= (aSet(S) ∧ aElement(x, S))

| Take a set and an element x of S. | =

= ∃z (aSet(z) ∧ aElement(x, S))

3. Òâåðäæåííÿ:

| (proposition)S . | = |S|

| (defProposition)S . | = | (sigProposition)S . | = |S|

| affPrefix (proposition)S [ ref ] . [ prfHeader proof ] | = |S|

| prfPrefix (proposition)S [ ref ] . proof | = |S|

4. Äîâåäåííÿ (~vA = DeclT◦(A)\DeclT◦(A)):

| (assume)A (proof)P | = ∀~vA (|A| ⊃ |P |)

| (select)A (proof)P | = ∃~vA (|A| ∧ |P |)

| (prfAffirm)A (proof)P | = |A| ∧ |P |

| (block)A (proof)P | = |A| ∧ |P |

| qed | = verum

5. Ïðîñòi áëîêè: | blkHeader (proof)P | = |P |

6. Ðîçäiëè âåðõíüîãî ðiâíÿ (~vA = DeclT◦(A)\DeclT◦(A)):

| axmHeader (assume)A1
. . . (assume)An (axmAffirm)B | =

= | sigHeader (assume)A1
. . . (assume)An (sigAffirm)B | =

= | defHeader (assume)A1
. . . (assume)An (defAffirm)B | =

= | thmHeader (assume)A1
. . . (assume)An (thmAffirm)B | =

= ∀~vA1
(|A1| ⊃ . . . ⊃ ∀~vAn(|An| ⊃ |B|) . . . )
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Çâåðíåìî óâàãó íà òå, ùî ðîçäië äîâåäåííÿ, ùî ñóïðîâîäæó¹ òâåð-

äæåííÿ, íå âïëèâà¹ íà ôîðìóëüíèé îáðàç öüîãî òâåðäæåííÿ. Ôîðìóëü-

íèé îáðàç âèðàæà¹ ëîãi÷íèé çìiñò ðîçäiëó, i ðîçäië äîâåäåííÿ ïîðó÷ ç

òâåðäæåííÿì íå îáîâ'ÿçêîâî âiäïîâiäà¹ çìiñòó òâåðäæåííÿ.

Çàóâàæèìî òàêîæ, ùî ôîðìóëüíèé îáðàç ñèãíàòóðíîãî ðîçäiëó ¹ ïðî-

ñòî ëîãi÷íîþ iñòèíîþ. Ñèãíàòóðíi ðîçäiëè íå ìàþòü âëàñíîãî ëîãi÷íîãî

çìiñòó, âîíè ëèøå îêðåñëþþòü îáëàñòi âèçíà÷åíîñòi ïðèìiòèâiâ, äëÿ ÿêèõ

íå íàâåäåíî âèçíà÷åíü. Ñèãíàòóðíi ðîçäiëè âèêîðèñòîâóþòüñÿ äëÿ çàáåç-

ïå÷åííÿ îíòîëîãi÷íî¨ êîðåêòíîñòi òåêñòó.

ßê i ðàíiøå, ìè âèçíà÷à¹ìî ìíîæèíó âiëüíèõ (çâ'ÿçàíèõ) çìiííèõ

ðîçäiëó A ÿê ìíîæèíó âiëüíèõ (çâ'ÿçàíèõ) çìiííèõ ôîðìóëüíîãî îáðàçó

A: FV(A) = FV(|A|) and BV(A) = BV(|A|). Ïðàâèëüíî ïîáóäîâàíèé

ðîçäië A â íîðìàëiçîâàíîìó ForTheL-òåêñòi ìà¹ çàäîâîëüíÿòè íàñòóïíèì

óìîâàì:

• FV(A) ⊆ DeclT◦(A) ∪DeclT◦(A)

• BV(A) ∩ (DeclT◦(A) ∪DeclT◦(A)) = ∅

• ÿêùî A ¹ ñåëåêöi¹þ, òî DeclT◦(A) ∩DeclT◦(A) = ∅

• ÿêùî A ¹ òâåðäæåííÿì â âèçíà÷åííi àáî â ñèãíàòóðíîìó ðîçäiëi, òî

âñi çìiííi ç DeclT◦(A) ïîâèííi âõîäèòè â ãîëîâíèé þíiò A.
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ÐÎÇÄIË 2

ÏÐÎÂÅÄÅÍÍß ÌÀÒÅÌÀÒÈ×ÍÈÕ ÌIÐÊÓÂÀÍÜ

2.1. Çàãàëüíi îçíà÷åííÿ

Ìè ðîçãëÿäà¹ìî ëîãiêó ïåðøîãî ïîðÿäêó ç ðiâíiñòþ ≈, ëîãi÷íèìè
çâ'ÿçêàìè çàïåðå÷åííÿ ¬, êîí'þíêöi¨ ∧, äèç'þíêöi¨ ∨, iìïëiêàöi¨ ⊃, åêâi-
âàëåíòíîñòi ≡, iñòèíè >, õèáíîñòi ⊥, êâàíòîðàìè çàãàëüíîñòi ∀ òà iñíó-
âàííÿ ∃.

Ïiäñòàíîâêè ìè ðîçóìi¹ìî ÿê ôóíêöi¨, ùî ñïiâñòàâëÿþòü çìiííèì òåð-

ìè. Äëÿ áóäü-ÿêî¨ ïiäñòàíîâêè φ, ÿêùî xφ 6= x, òåðì xφ íàçèâà¹òüñÿ ñóá-

ñòèòóòîì â φ. Ïiäñòàíîâêà ñêií÷åíà òîäi i òiëüêè òîäi, êîëè ìíîæèíà

¨¨ ñóáñòèòóòiâ ñêií÷åíà. Ñêií÷åíi ïiäñòàíîâêè ìè çàïèñó¹ìî ÿê ïîñëiäîâ-

íiñòi âèäó [t1/x1, . . . , tn/xn].

Ïîçèöiÿ ¹ ñëîâîì â àëôàâèòi {0, 1, . . . }. Ó ïîäàëüøîìó ãðåöüêi ëiòåðè

τ , µ òà ν ïîçíà÷àþòü ïîçèöi¨; ε ïîçíà÷à¹ íóëüîâó ïîçèöiþ (ïóñòå ñëîâî).

Ìíîæèíà ïîçèöié ó òåðìi t, ïîçíà÷åíà Π(t), âèçíà÷à¹òüñÿ íàñòóïíèì

÷èíîì (íèæ÷å, i.Π ïîçíà÷à¹ { i.τ | τ ∈ Π }):

Π(f(s0, . . . , sn)) = {ε} ∪ 0.Π(s0) ∪ . . . ∪ n.Π(sn) Π(c) = {ε}

Ìíîæèíà ïîçèöié ó ôîðìóëi F , ïîçíà÷åíà Π(F ), ¹ îá'¹äíàííÿì ìíîæè-

íè ïîçèòèâíèõ ïîçèöié Π+(F ) òà ìíîæèíè íåãàòèâíèõ ïîçèöié Π−(F ):

Π(F ) = Π+(F ) ∪ Π−(F )

Π+(F ≡ G) = {ε} ∪ 0.Π(F ) ∪ 1.Π(G)

Π−(F ≡ G) = 0.Π(F ) ∪ 1.Π(G)

Π+(F ⊃ G) = {ε} ∪ 0.Π−(F ) ∪ 1.Π+(G)

Π−(F ⊃ G) = 0.Π+(F ) ∪ 1.Π−(G)

Π+(F ∧G) = {ε} ∪ 0.Π+(F ) ∪ 1.Π+(G)

Π−(F ∧G) = 0.Π−(F ) ∪ 1.Π−(G)

Π+(F ∨G) = {ε} ∪ 0.Π+(F ) ∪ 1.Π+(G)

Π−(F ∨G) = 0.Π−(F ) ∪ 1.Π−(G)
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Π+(∀xF ) = {ε} ∪ 0.Π+(F ) Π−(∀xF ) = 0.Π−(F )

Π+(∃xF ) = {ε} ∪ 0.Π+(F ) Π−(∃xF ) = 0.Π−(F )

Π+(¬F ) = {ε} ∪ 0.Π−(F ) Π−(¬F ) = 0.Π+(F )

Π+(>) = {ε} Π−(>) = ∅

Π+(⊥) = {ε} Π−(⊥) = ∅

Π+(P (s0, . . . , sn)) = {ε} ∪
⋃

i.Π(si) Π−(P (s0, . . . , sn)) = ∅

Çàóâàæèìî, ùî ìíîæèíè ïîçèòèâíèõ òà íåãàòèâíèõ ïîçèöié ìîæóòü ïå-

ðåòèíàòèñü: âõîäæåííÿ ïiä çâ'ÿçêîþ åêâiâàëåíòíîñòi ââàæàþòüñÿ îäíî-

÷àñíî ïîçèòèâíèìè òà íåãàòèâíèìè.

Áóäåìî êàçàòè, ùî π ïåðåäó¹ τ (π≪ τ ), êîëè π = ω.i.µ òà τ = ω.j.η

äëÿ äåÿêèõ ω, µ, η òà i < j. Òàêi ïîçèöi¨ áóäåìî íàçèâàòè ñóìiæíèìè.

Ìàþ÷è òåðì t òà ïîçèöiþ τ ∈ Π(t), ìè ïîçíà÷à¹ìî ÷åðåç t|τ ïiäòåðì
òåðìà t â ïîçèöi¨ τ : t|ε = t, f(s0, . . . , sn)|i.τ = si|τ . Ìàþ÷è ôîðìóëó F

òà ïîçèöiþ τ ∈ Π(F ), ìè ïîçíà÷à¹ìî ÷åðåç F |τ ïiäôîðìóëó àáî ïiäòåðì
ôîðìóëè F â ïîçèöi¨ τ : F |ε = F , (∗ F )|0.τ = F |τ , (F ∗ G)|0.τ = F |τ ,
(F ∗G)|1.τ = G|τ , P (s0, . . . , sn)|i.τ = si|τ . Òóò (∗F ) ïîçíà÷à¹ (¬F ), (∀xF )

àáî (∃xF ); (F ∗ G) ïîçíà÷à¹ (F ≡ G), (F ⊃ G), (F ∧G), àáî (F ∨G).

Ìàþ÷è òåðì t, ïîçèöiþ τ ∈ Π(t) òà òåðì p, òåðì t[p]τ ¹ ðåçóëüòàòîì

çàìiíè ïiäòåðìó t|τ íà p:

t[p]ε = p f(s0, . . . , sn)[p]i.τ = f(s0, . . . , si[p]τ , . . . , sn)

Ìàþ÷è ôîðìóëó F , ïîçèöiþ ïiäôîðìóëè (÷è ïiäòåðìó) τ ∈ Π(F ) òà

ôîðìóëó (÷è òåðì) H, ôîðìóëà F [H]τ ¹ ðåçóëüòàòîì çàìiíè F |τ íà H çà

íàñòóïíèìè ïðàâèëàìè:

F [H]ε = H (∗ F )[H]0.τ = (∗ F [H]τ)

(F ∗G)[H]0.τ = (F [H]τ ∗G) (F ∗G)[H]1.τ = (F ∗G[H]τ)

P (s0, . . . , sn)[H]i.τ = P (s0, . . . , si[p]τ , . . . , sn)

Âiëüíi çìiííi H ìîæóòü îïèíèòèñü çâ'ÿçàíèìè â F [H]τ . Iíêîëè ìè ïè-

øåìî F [H+]τ (F [H−]τ ), âêàçóþ÷è íà òå, ùî τ ∈ Π+(F ) (τ ∈ Π−(F ),

âiäïîâiäíî).
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2.2. Ëîêàëüíî iñòèííi òâåðäæåííÿ

Ó çàäà÷àõ àâòîìàòè÷íîãî ïîøóêó äîâåäåííÿ, ùî ïîõîäÿòü ç ðåàëü-

íî¨ ìàòåìàòèêè, ÿê ïðàâèëî, íå çóñòði÷àþòüñÿ àáñîëþòíî óíiâåðñàëüíi

òâåðäæåííÿ, âèçíà÷åííÿ òà ïðàâèëà. Çâè÷àéíî, âñå, ùî âèêîðèñòîâó¹-

òüñÿ, ìà¹ ïåâíi óìîâè ÷èííîñòi (òàêi ÿê îáìåæåííÿ òèïó àáî îáìåæåííÿ

îáëàñòi âèçíà÷åíîñòi), ÿêi ìàþòü áóòè çàäîâiëüíåíi. Íàïðèêëàä, ìè íå

ìîæåìî ñêîðîòèòè äðiá xy
x , ïîêè íå äîâåäåíî, ùî x íå äîðiâíþ¹ íóëþ.

Âiçüìåìî âåëèêó ôîðìóëó âèäó (· · · ∀x (x ∈ R+ ⊃ (· · · xyx · · · )) · · · ).
Çðîçóìiëî, ùî ìè ìîæåìî çàìiíèòè xy

x íà y, àëå ÿê öå äîâåñòè? Ñàìå

ïèòàííÿ çäà¹òüñÿ àáñóðäíèì: îñêiëüêè òåðì ìiñòèòü çâ'ÿçàíi çìiííi, ìè

íå ìîæåìî ïðîâîäèòè æîäíèõ ìiðêóâàíü ùîäî íüîãî. Ç òðàäèöiéíî¨ òî÷êè

çîðó, íåîáõiäíî ïåðø ðîçùåïèòè âåëèêó ôîðìóëó äî êâàíòîðà, ùî çâ'ÿçó¹

x, çðîáèòè ïiäñòàíîâêó (àáî ñêîëåìiçóâàòè), âiääiëèòè x ∈ R+ i ëèøå òîäi

ðîáèòè ñêîðî÷åííÿ.

Ìîæíà çàïåðå÷èòè, ùî íåìà¹ ñåíñó ðîáèòè áóäü-ÿêi ñïðîùåííÿ, êîëè

ñïðîùóâàíà ôîðìóëà çíàõîäèòüñÿ äåñü âñåðåäèíi iíøî¨ ôîðìóëè. Ðàíî

÷è ïiçíî, àëå âñå îäíî âåëèêà ôîðìóëà ìà¹ áóòè ðîçùåïëåíà, àáè öåé

äðiá ìiã áóòè âèêîðèñòàíèé ó äîâåäåííi. Òèì íå ìåíø, ìè ââàæà¹ìî çà

êîðèñíå i ïîâ÷àëüíå ñïðîñòèòè çàäà÷ó ó ¨¨ ïî÷àòêîâié ôîðìi íàñêiëüêè

ìîæëèâî, äëÿ òîãî, ùîá îáðàòè íàéáiëüø ïåðñïåêòèâíèé íàïðÿìîê ïî-

øóêó äîâåäåííÿ.

Îêðiì ñïðîùåííÿ, ¹ òàêîæ ïðîáëåìà âñþäó âèçíà÷åíîñòi äàíî¨ ôîð-

ìóëè. Êîæíå âõîäæåííÿ ñèìâîëó, ââåäåíîãî çà âèçíà÷åííÿì, ìà¹ çàäî-

âîëüíÿòè óìîâàì âèçíà÷åííÿ, ùîá ââàæàòèñÿ êîðåêòíèì. Áàæàíî ïåðå-

ñâiä÷èòèñü, ùî çàäà÷à ñôîðìóëüîâàíà êîðåêòíî, äî òîãî, ÿê áðàòèñÿ çà

¨¨ âèðiøåííÿ. Àëå òàêà âåðèôiêàöiÿ çíîâ-òàêè ïîâ'ÿçàíà ç ìiðêóâàííÿìè

ùîäî òåðìiâ, ÿêi ìiñòÿòü çâ'ÿçàíi çìiííi (ÿê ó ïîïåðåäíüîìó ïðèêëàäi).

Òà ñàìà ïðîáëåìà iñíó¹ i íà ïðîïîçèöiéíîìó ðiâíi. Ïðèïóñòèìî, ùî

òåîðiÿ, ÿêà ðîçãëÿäà¹òüñÿ, ìiñòèòü àêñiîìó A ⊃ B, äå A òà B � ïðîïî-

çèöiéíi ëiòåðè, i ðîçãëÿíåìî ôîðìóëó âèãëÿäó (· · · (A ∧ (· · ·B · · · )) · · · ).
Çíîâ-òàêè, áóëî á êîðèñíî çàìiíèòè B íà > (iñòèíà) i ñïðîñòèòè ôîðìóëó

â öiëîìó.
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Ïîâåðíåìîñü äî ïî÷àòêîâîãî ïðèêëàäó. Ñïðàâäi, òâåðäæåííÿ �x íå

íóëü� ¹ áåçãëóçäèì, àëå ìîæíà ñêàçàòè �x íå íóëü ó äàíîìó âõîäæåííi

äðîáó xy
x �. Iíòóiöiÿ ïiäêàçó¹, ùî ðàçîì çi çâè÷àéíèì iñòèíîñòíèì çíà÷åí-

íÿì iñíó¹ òàê çâàíå ëîêàëüíå iñòèíîñòíå çíà÷åííÿ, ùî âèç÷à¹òüñÿ âiäíî-

ñíî äî êîíòåêñòó, äî äåÿêî¨ ïîçèöi¨ ó ôîðìóëi. Òâåðäæåííÿ, ùî ¹, âçàãàëi

êàæó÷i, õèáíèì àáî íàâiòü àáñóðäíèì, ìîæå ñòàòè ëîêàëüíî iñòèííèì,

ÿêùî ðîçãëÿäàòè éîãî ó öi¨ ïîçèöi¨.

Äëÿ äîâiëüíèõ ôîðìóëè F , ïîçèöi¨ π ∈ Π(F ) òà ôîðìóëè U , ìè âèçíà-

÷à¹ìî ëîêàëüíèé îáðàç U ó ïîçèöi¨ π â ôîðìóëi F (ïîçíà÷à¹òüñÿ 〈U〉Fπ )
çà íàñòóïíèìè òîòîæíîñòÿìè:

〈U〉Fε = U 〈U〉>ε = U 〈U〉⊥ε = U

〈U〉P (~s)
π = U 〈U〉F∧G0.π = G ⊃ 〈U〉Fπ 〈U〉F∧G1.π = F ⊃ 〈U〉Gπ

〈U〉¬F0.π = 〈U〉Fπ 〈U〉F∨G0.π = G ∨ 〈U〉Fπ 〈U〉F∨G1.π = F ∨ 〈U〉Gπ
〈U〉∀xF0.π = ∀x 〈U〉Fπ 〈U〉F⊃G0.π = G ∨ 〈U〉Fπ 〈U〉F⊃G1.π = F ⊃ 〈U〉Gπ
〈U〉∃xF0.π = ∀x 〈U〉Fπ 〈U〉F≡G0.π = 〈U〉Fπ 〈U〉F≡G1.π = 〈U〉Gπ

Ôîðìóëà 〈U〉Fπ âèðàæà¹ òâåðäæåííÿ �U ¹ iñòèííîþ ó ïîçèöi¨ π ó F �.

Âiäìiòèìî, ùî öÿ ôîðìóëà íå çàëåæèòü âiä ïiäôîðìóëè (ïiäòåðìó) F |π.

Ïðèêëàä 2.1. Íåõàé F ¹ ôîðìóëîþ

∀x (x ∈ N ⊃ ∀n (n ∈ N ⊃ (x ≈ fib(n) ≡

≡ ((n ≤ 1 ∧ x ≈ 1) ∨ x ≈ (fib(n− 1) + fib(n− 2))))))

Öÿ ôîðìóëà ïðåäñòàâëÿ¹ ðåêóðñèâíå âèçíà÷åííÿ � iíàêøå êàæó÷è, âîíà

ìiñòèòü âõîäæåííÿ ñèìâîëó, ùî âèçíà÷à¹òüñÿ, ç ïðàâîãî áîêó âiä �ãîëîâ-

íîãî� çíàêó åêâiâàëåíòíîñòi. Ñïðàâäi, äëÿ π = 0.1.0.1.1.1, F |π = (x ≈
(fib(n− 1) + fib(n− 2))). Òðåáà ïåðåêîíàòèñÿ, ùî àðãóìåíòè (n− 1) òà

(n− 2) çàäîâîëüíÿþòü óìîâàì âèçíà÷åííÿ òà ¹ ñòðîãî ìåíøèìè çà n.

Çîñåðåäèìîñü íà äðóãîìó àðãóìåíòi (n − 2). Íåîáõiäíî äîâåñòè, ùî

〈(n− 2) ∈ N ∧ (n− 2) < n〉Fπ . Öÿ ôîðìóëà, çà âèçíà÷åííÿì, äîðiâíþ¹

∀x(x ∈ N ⊃ ∀n(n ∈ N ⊃ ((n ≤ 1∧x ≈ 1)∨ ((n−2) ∈ N∧ (n−2) < n))))
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Àëå öÿ ôîðìóëà ¹ õèáíîþ çà óìîâè n = x = 0. Öå âêàçó¹ íà ïîìèëêó ó

çàïðîïîíîâàíîìó âèçíà÷åííi: x = 0 ñïðîñòîâó¹ ëiâó ÷àñòèíó äèç'þíêöi¨

F |0.1.0.1.1, îòæå ìè ìà¹ìî ðîçãëÿäàòè ïðàâó ÷àñòèíó ïðè n = 0 äëÿ òîãî,

ùîá âèçíà÷èòè iñòèíîñòíå çíà÷åííÿ óñi¹¨ äèç'þíêöi¨. Òåïåð íåñêëàäíî

ïîáóäóâàòè êîðåêòíå âèçíà÷åííÿ F ′:

∀x (x ∈ N ⊃ ∀n (n ∈ N ⊃ (x ≈ fib(n) ≡

≡ ((n ≤ 1 ∧ x ≈ 1) ∨ (n ≥ 2 ∧ x ≈ (fib(n− 1) + fib(n− 2)))))))

Ðîçãëÿíåìî âëàñòèâîñòi ëîêàëüíèõ îáðàçiâ.

Ëåìà 2.2. Äëÿ äîâiëüíèõ F , π ∈ Π(F ) òà U , ∀U |= 〈U〉Fπ .

Òóò âèðàç ∀U ïîçíà÷à¹ óíiâåðñàëüíå çàìèêàííÿ ôîðìóëè U . Ùîá

ïåðåñâiä÷èòèñü â ñïðàâåäëèâîñòi ëåìè 2.2, äîñòàòíüî ïîáà÷èòè, ùî ôîð-

ìóëà 〈U〉Fπ åêâiâàëåíòíà ïåâíié äèç'þíêöi¨ (ïiä êâàíòîðàìè çàãàëüíîñòi),

i ôîðìóëà U ¹ ïîçèòèâíîþ êîìïîíåíòîþ öi¹¨ äèç'þíêöi¨.

Ëåìà 2.3 (ëîêàëüíèé modus ponens). |= 〈U ⊃ V 〉Fπ ⊃ (〈U〉Fπ ⊃ 〈V 〉Fπ )

Öþ ëåìó íåñêëàäíî äîâåñòè iíäóêöi¹þ ïî ñòðóêòóði ôîðìóëè F , ïî-

äiáíî äî òîãî, ÿê ìè äîâîäèìî íèæ÷å òåîðåìó 2.7.

Ùîá ïðîiëþñòðóâàòè âàãîìiñòü öèõ äâîõ ðåçóëüòàòiâ, íàâåäåìî òðè

âèñíîâêè ç íèõ:

Íàñëiäîê 2.4. |= 〈U ≡ V 〉Fπ ⊃ (〈U〉Fπ ≡ 〈V 〉Fπ )

Äîâåäåííÿ. Çà ëåìîþ 2.2 ìà¹ìî |= 〈(U ≡ V ) ⊃ (U ⊃ V )〉Fπ , à îòæå, çà

ëåìîþ 2.3, |= 〈(U ≡ V )〉Fπ ⊃ (〈U ⊃ V 〉Fπ ), i, çíîâ çà ïðàâèëîì ëîêàëü-

íîãî modus ponens, |= 〈(U ≡ V )〉Fπ ⊃ (〈U〉Fπ ⊃ 〈V 〉Fπ ). Öiëêîì àíàëîãi÷íî

äîâîäèòüñÿ, ùî |= 〈(U ≡ V )〉Fπ ⊃ (〈V 〉Fπ ⊃ 〈U〉Fπ ).

Íàñëiäîê 2.5. |= 〈U ∧ V 〉Fπ ≡ (〈U〉Fπ ∧ 〈V 〉Fπ )

Äîâåäåííÿ. Ùîá äîâåñòè iìïëiêàöiþ çëiâà íàïðàâî, ìè ïî÷èíà¹ìî ç ïðî-

ïîçèöiéíèõ òàâòîëîãié (U ∧ V ) ⊃ U òà (U ∧ V ) ⊃ V . Ùîá äîâåñòè iì-

ïëiêàöiþ ñïðàâà íàëiâî, ìè ïî÷èíà¹ìî ç ïðîïîçèöiéíî¨ òàâòîëîãi¨ U ⊃
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(V ⊃ (U ∧ V )). Â êîæíîìó âèïàäêó, ìè �ïåðåâîäèìî� òàâòîëîãiþ âñåðå-

äèíó ôîðìóëè F çà äîïîìîãîþ ëåìè 2.2, à ïîòiì çàñòîñîâó¹ìî ïðàâèëî

ëîêàëüíîãî modus ponens çà ëåìîþ 2.3.

Íàñëiäîê 2.6. Äëÿ äîâiëüíîãî áåçêâàíòîðíîãî êîíòåêñòó C,

|=
(
〈U1 ≡ V1〉Fπ ∧ · · · ∧ 〈Un ≡ Vn〉Fπ ∧ 〈t1 ≈ s1〉Fπ ∧ · · · ∧ 〈tm ≈ sm〉Fπ

)
⊃

⊃ 〈C[U1, . . . , Un, t1, . . . , tm] ≡ C[V1, . . . , Vn, s1, . . . , sm]〉Fπ

Ïiä êîíòåêñòîì òóò ðîçóìi¹òüñÿ ôîðìóëà �ç äèðêàìè�, êóäè ìîæóòü

áóòè ïîìiùåíi ôîðìóëè àáî òåðìè, äîïîâíþþ÷è òàêèì ÷èíîì êîíòåêñò äî

ïðàâèëüíî ïîáóäîâàíî¨ ôîðìóëè ïåðøîãî ïîðÿäêó. Äîâåäåííÿ àíàëîãi÷íå

äî ïîïåðåäíiõ òâåðäæåíü.

Öi ëåìè ïîêàçóþòü, ùî ëîêàëüíà iñòèííiñòü ìà¹ öiëêîì àäåêâàòíi ëî-

ãi÷íi âëàñòèâîñòi: áóäü-ÿêà iñòèíà ¹ ëîêàëüíîþ iñòèíîþ, à ïðàâèëî modus

ponens ¹ ëîêàëüíî çàñòîñîâíèì. Àëå ãîëîâíà âëàñòèâiñòü ëîêàëüíèõ îáðà-

çiâ äà¹òüñÿ íàñòóïíîþ òåîðåìîþ.

Òåîðåìà 2.7. Äëÿ äîâiëüíî¨ ôîðìóëè F , ïîçèöi¨ ïiäôîðìóëè π ∈ Π(F ),

òà ôîðìóë U i V :

|= 〈U ≡ V 〉Fπ ⊃ (F [U ]π ≡ F [V ]π)

Äîâåäåííÿ. Äîâåäåìî òåîðåìó iíäóêöi¹þ ïî äîâæèíi ïîçèöi¨ π. Äëÿ áà-

çè iíäóêi¨ (π = ε), òâåðäæåííÿ òåîðåìè î÷åâèäíå. Äëÿ êðîêó iíäóêöi¨

ðîçãëÿíåìî ÷îòèðè îñíîâíi âèïàäêè. Â êîæíîìó âèïàäêó ìè ôîðìàëüíî

âèâîäèìî òâåðäæåííÿ òåîðåìè ç ãiïîòåçè iíäóêöi¨ òà âèçíà÷åííÿ ëîêàëü-

íîãî îáðàçó.

Âèïàäîê F = (¬G), π = 0.τ (àíàëîãi÷íî äëÿ F = (G ≡ H)):

|= 〈U ≡ V 〉Gτ ⊃ (G[U ]τ ≡ G[V ]τ) ⇒

⇒ |= 〈U ≡ V 〉Gτ ⊃ (¬G[U ]τ ≡ ¬G[V ]τ) ⇒

⇒ |= 〈U ≡ V 〉Fπ ⊃ (F [U ]π ≡ F [V ]π)
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Âèïàäîê F = (G ⊃ H), π = 0.τ (àíàëîãi÷íî äëÿ F = (G ∨H)):

|= 〈U ≡ V 〉Gτ ⊃ (G[U ]τ ≡ G[V ]τ) ⇒

⇒ |= (H ∨ 〈U ≡ V 〉Gτ ) ⊃ (H ∨ (G[U ]τ ≡ G[V ]τ)) ⇒

⇒ |= 〈U ≡ V 〉Fπ ⊃ ((G[U ]τ ⊃ H) ≡ (G[V ]τ ⊃ H)) ⇒

⇒ |= 〈U ≡ V 〉Fπ ⊃ (F [U ]π ≡ F [V ]π)

Âèïàäîê F = (H ⊃ G), π = 1.τ (àíàëîãi÷íî äëÿ F = (G ∧H)):

|= 〈U ≡ V 〉Gτ ⊃ (G[U ]τ ≡ G[V ]τ) ⇒

⇒ |= (H ⊃ 〈U ≡ V 〉Gτ ) ⊃ (H ⊃ (G[U ]τ ≡ G[V ]τ)) ⇒

⇒ |= 〈U ≡ V 〉Fπ ⊃ ((H ⊃ G[U ]τ) ≡ (H ⊃ G[V ]τ)) ⇒

⇒ |= 〈U ≡ V 〉Fπ ⊃ (F [U ]π ≡ F [V ]π)

Âèïàäîê F = (∃x G), π = 0.τ (àíàëîãi÷íî äëÿ F = (∀x G)):

|= 〈U ≡ V 〉Gτ ⊃ (G[U ]τ ≡ G[V ]τ) ⇒

⇒ |= ∀x 〈U ≡ V 〉Gτ ⊃ ∀x (G[U ]τ ≡ G[V ]τ) ⇒

⇒ |= 〈U ≡ V 〉Fπ ⊃ (∃x G[U ]τ ≡ ∃x G[V ]τ) ⇒

⇒ |= 〈U ≡ V 〉Fπ ⊃ (F [U ]π ≡ F [V ]π)

Íàñëiäîê 2.8. Äëÿ äîâiëüíî¨ ôîðìóëè F , ïîçèöi¨ òåðìó π ∈ Π(F ), òà

òåðìiâ s i t:

|= 〈s ≈ t〉Fπ ⊃ (F [s]π ≡ F [t]π)

Âèïëèâà¹ ç ïîïåðåäíüî¨ òåîðåìè òà íàñëiäêó 2.6.

Íàñëiäîê 2.9.

|= 〈U〉Fπ ⊃ (F ≡ F [(U ∧ F |π)]π) |= 〈U〉Fπ ⊃ (F ≡ F [(U ⊃ F |π)]π)

Äîâåäåííÿ. |= U ⊃ (F |π ≡ (U ∧ F |π)) òà |= U ⊃ (F |π ≡ (U ⊃ F |π)).
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Îòæå ìè ìîæåìî áåçïå÷íî çàìiíþâàòè ïiäôîðìóëè íå ëèøå íà åêâi-

âàëåíòíi ¨ì ôîðìóëè àëå òàêîæ íà ëîêàëüíî åêâiâàëåíòíi. Çàóâàæèìî,

ùî òâåðäæåííÿ, çâîðîòí¹ äî òåîðåìè 2.7, ìà¹ ìiñöå ó ïðîïîçèöiéíié ëî-

ãiöi: |=0 〈U ≡ V 〉Fπ ≡ (F [U ]π ≡ F [V ]π). Òóò ëîêàëüíà åêâiâàëåíòíiñòü ¹

êðèòåði¹ì ïiäñòàíîâî÷íî¨ åêâiâàëåíòíîñòi. Ó ëîãiöi ïåðøîãî ïîðÿäêó öå

íå òàê, ïðî ùî ñâiä÷èòü åêâiâàëåíòíiñòü (∃x x ≈ 0) ≡ (∃x x 6≈ 0).

Ç'ÿñó¹ìî, ÷è âàðòi äîâiðè ìiðêóâàííÿ ç ïðèêëàäó 2.1. Óìîâíî íàçâåìî

âèçíà÷åííÿì çàìêíåíó ôîðìóëó âèãëÿäó ∀ ~x (C(~x) ⊃ (P (~x) ≡ D(~x))),

äå P ¹ ïðåäèêàòíèì ñèìâîëîì, ~x � ïîñëiäîâíiñòþ ðiçíèõ çìiííèõ, C

� ôîðìóëîþ-óìîâîþ, ÿêà íå ìiñòèòü P , à D � ôîðìóëîþ-ðîçêðèòòÿì.

Ðîçãëÿíåìî äåÿêå âõîäæåííÿ (F, π), äå F |π = P (~s). ßêùî ìîæíà äîâåñòè

〈C(~s)〉Fπ , òî ìà¹ìî 〈P (~s) ≡ D(~s)〉Fπ (çâiñíî, çà óìîâè, ùî âèçíà÷åííÿ ¹

÷àñòèíîþ òåîði¨). Òîäi, çà òåîðåìîþ 2.7, ìè ìîæåìî ðîçêðèòè âèçíà÷åííÿ,

çàìiíèâøè P (~s) ó (F, π) íà D(~s).

Ïîâåðòàþ÷èñü äî ïðèêëàäó 2.1, ìîæíà ãàðàíòóâàòè, ùî òàêå ðîçêðè-

òòÿ çàâæäè ìîæëèâå (çàâäÿêè iñòèíîñòi 〈n − 1 ∈ N ∧ n − 2 ∈ N 〉Fπ ) òà
çàâæäè ñêií÷åíå (çàâäÿêè iñòèíîñòi 〈n− 1 < n ∧ n− 2 < n〉Fπ ).

Çàóâàæèìî, ùî îòðèìàíi ðåçóëüòàòè ¹ ÷èííèìè ó iíòóiöiîíiñòñüêèé

ëîãiöi. Áiëüø òîãî, âèçíà÷åííÿ ëîêàëüíîãî îáðàçó ëåãêî ïîøèðèòè íà

ìîâó (óíi)-ìîäàëüíî¨ ëîãiêè: 〈U〉�F0.π = �〈U〉Fπ òà 〈U〉♦F0.π = �〈U〉Fπ .
Òîäi âñi íàøi òâåðäæåííÿ ìîæóòü áóòè äîâåäåíi ó ìîäàëüíié ëîãiöi K,

îòæå ó áóäü-ÿêié íîðìàëüíié ìîäàëüíié ëîãiöi [44]. Öå îäíà ç ïåðåâàã

çàïðîïîíîâàíîãî ïîíÿòòÿ ëîêàëüíî¨ iñòèííîñòi, ÿêà âiäðiçíÿ¹ éîãî âiä

ïîïåðåäíiõ ôîðìàëiçìiâ òàêîãî ðîäó, íàïðèêëàä [45] àáî [46].

Ðàçîì ç òèì âèêëàäåíå ïîíÿòòÿ ëîêàëüíîãî îáðàçó ìà¹ îäèí íåäî-

ëiê: âîíî íå ¹ iíâàðiàíòíèì ïî âiäíîøåííþ äî ëîêàëüíî åêâiâàëåíòíèõ

ïåðåòâîðåíü â ñóìiæíèõ ïîçèöiÿõ.

Ïðèêëàä 2.10. Îñêëüêè 〈A〉A∧A0 , òî (A ∧ A) åêâiâàëåíòíå (> ∧ A) çà

òåîðåìîþ 2.7. Àëå 〈A〉A∧A1 òàêîæ ñïðàâåäëèâå, òîäi ÿê 〈A〉>∧A1 � õèáíå.

Âçàãàëi êàæó÷è, ìè ìîæåìî ïîáóäóâàòè ôîðìóëó F , ÷è¨ äâi ïiäôîð-

ìóëè U òà V çàáåçïå÷óþòü ïåâíi ëîêàëüíi âëàñòèâîñòi äðóã äëÿ äðóãà.
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Âèêîðèñòîâóþ÷è öi âëàñòèâîñòi, ìè ìîæåìî çàìiíèòè U ëîêàëüíî åêâiâà-

ëåíòíîþ ôîðìóëîþ U ′, àëå òàêèì ÷èíîì âòðàòèìî ëîêàëüíi âëàñòèâîñòi

â V .

Öå íå ìà¹ âåëèêîãî çíà÷åííÿ, êîëè éäåòüñÿ ïðî ðàçîâi ïåðåòâîðåííÿ,

íàïðèêëàä, ñïðîùåííÿ ôîðìóëè. Àëå ðàçîì ç òèì, ¹ òàêi ëîêàëüíi âëà-

ñòèâîñòi, ÿêi áàæàíî çáåðiãàòè ïðîòÿãîì âñüîãî ñåàíñó ðîáîòè ç ôîðìàëü-

íèì òåêñòîì. Öå ñòîñó¹òüñÿ, íàñàìïåðåä, âèêîíóâàíîñòi óìîâ âèçíà÷åíü

� ðàç ïåðåâiðåíi äëÿ çàäàíîãî âõîäæåííÿ âèçíà÷åíîãî ñèìâîëó, âîíè ïî-

âèííi çáåðiãàòèñÿ, òàê ùîá ìè ìîãëè â áóäü-ÿêèé ìîìåíò ðîçêðèòè öå

âèçíà÷åííÿ áåç äîäàòêîâèõ ïåðåâiðîê.

Òîìó ìè äåùî çìiíþ¹ìî âèçíà÷åííÿ ëîêàëüíîãî îáðàçó òàêèì ÷èíîì,

ùîá ëèøå ïiäôîðìóëè ç ïåðåäóþ÷èõ ïîçèöié ïîòðàïëÿëè â êîíòåêñò. Öå

îáìåæåííÿ ¹ äîñèòü ïðèðîäíèì, îñêiëüêè ïîòðiáíi íàì ïðîïîçèöi¨ (äå-

êëàðàöi¨ çìiííèõ, îáìåæåííÿ) çâè÷àéíî çàïèñóþòüñÿ ïåðåä �âàæëèâèìè�

òâåðäæåííÿìè.

Ñïðÿìîâàíèé ëîêàëüíèé îáðàç U ó ïîçèöi¨ π â ôîðìóëi F (ïîçíà÷à-

¹òüñÿ 〈|U |〉Fπ ) âèçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì:

〈|U |〉Fε = U 〈|U |〉>ε = U 〈|U |〉⊥ε = U

〈|U |〉P (~s)
π = U 〈|U |〉F∧G0.π = 〈|U |〉Fπ 〈|U |〉F∧G1.π = F ⊃ 〈|U |〉Gπ

〈|U |〉¬F0.π = 〈|U |〉Fπ 〈|U |〉F∨G0.π = 〈|U |〉Fπ 〈|U |〉F∨G1.π = F ∨ 〈|U |〉Gπ
〈|U |〉∀xF0.π = ∀x 〈|U |〉Fπ 〈|U |〉F⊃G0.π = 〈|U |〉Fπ 〈|U |〉F⊃G1.π = F ⊃ 〈|U |〉Gπ
〈|U |〉∃xF0.π = ∀x 〈|U |〉Fπ 〈|U |〉F≡G0.π = 〈|U |〉Fπ 〈|U |〉F≡G1.π = 〈|U |〉Gπ

Ïåðø çà âñå, çàóâàæèìî, ùî âñi ïîïåðåäíi òâåðäæåííÿ, äîâåäåíi äëÿ

�íåñïðÿìîâàíèõ� ëîêàëüíèõ îáðàçiâ, ñïðàâåäëèâi òàêîæ i äëÿ ñïðÿìîâà-

íèõ. Â ïåâíîìó ñåíñi, ñïðÿìîâàíèé îáðàç ¹ ïðîñòî ñêîðî÷åííÿì çâè÷àé-

íîãî ëîêàëüíîãî îáðàçó, ç âèêðåñëåííÿì äåÿêèõ óìîâ òà àëüòåðíàòèâ. Öå

äåìîíñòðó¹òüñÿ íàñòóïíîþ òðèâiàëüíîþ ëåìîþ.

Ëåìà 2.11. Äëÿ äîâiëüíèõ F , π ∈ Π(F ) òà U , |= 〈|U |〉Fπ ⊃ 〈U〉Fπ .

Äîâåäåìî òåïåð øóêàíó �ñòiéêiñòü� ñïðÿìîâàíèõ îáðàçiâ.
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Òåîðåìà 2.12. Äëÿ äîâiëüíî¨ ôîðìóëè F , ïîçèöi¨ ïiäôîðìóëè π ∈ Π(F )

òà ñóìiæíî¨ ç íåþ ïîçèöi¨ τ ∈ Π(F ),

|= 〈|U ≡ V |〉Fπ ⊃
(
〈|W |〉F [U ]π

τ ≡ 〈|W |〉F [V ]π
τ

)
Äîâåäåííÿ. Ëåãêî áà÷èòè, ùî ÿêùî τ ïåðåäó¹ π, òî ôîðìóëè 〈|W |〉F [U ]π

τ

òà 〈|W |〉F [V ]π
τ iäåíòè÷íi. Ïðèïóñòèìî òåïåð, ùî π ≪ τ , òîáòî, iñíóþòü

òàêi ω, µ, òà η, ùî π = ω.0.µ òà τ = ω.1.η. Ïîâòîðþþ÷è øëÿõ äîâåäåííÿ

òåîðåìè 2.7 (¨¨ �ñïðÿìîâàíî¨� âåðñi¨), ìè ìîæåìî çâåñòè çàäà÷ó äî

|= 〈|U ≡ V |〉G∗H0.µ ⊃
(
〈|W |〉(G∗H)[U ]0.µ

1.η ≡ 〈|W |〉(G∗H)[V ]0.µ
1.η

)
äå (G ∗H) = F |ω. Îñòàíí¹ òâåðäæåííÿ åêâiâàëåíòíå òâåðäæåííþ

|= 〈|U ≡ V |〉Gµ ⊃
(
〈|W |〉G[U ]µ∗H

1.η ≡ 〈|W |〉G[V ]µ∗H
1.η

)
à çâiäòè i òâåðäæåííþ

|= 〈|U ≡ V |〉Gµ ⊃
(
(G[U ]µ ? 〈|W |〉Hη ) ≡ (G[V ]µ ? 〈|W |〉Hη )

)
äå ? ¹ àáî ⊃, àáî ∨, â çàëåæíîñòi âiä ∗. Çà �ñïðÿìîâàíîþ� òåîðåìîþ 2.7,

ç 〈|U ≡ V |〉Gµ âèïëèâà¹ (G[U ]µ ≡ G[V ]µ), i òåîðåìó äîâåäåíî.

Íàñëiäîê 2.13. Äëÿ äîâiëüíî¨ ôîðìóëè F , ïîçèöi¨ òåðìó π ∈ Π(F ) òà

ñóìiæíî¨ ç íåþ ïîçèöi¨ τ ∈ Π(F ),

|= 〈|s ≈ t|〉Fπ ⊃
(
〈|W |〉F [s]π

τ ≡ 〈|W |〉F [t]π
τ

)
2.3. Âiäîìîñòi ïðî âõîäæåííÿ òåðìiâ

Ùå îäèí òåõíi÷íèé ïðèéîì, ùî ó ñòà¹ ó íàãîäi ïiä ÷àñ îáðîáêè òåêñòó

� öå íàêîïè÷åííÿ âiäîìîñòåé, ïîâ'ÿçàíèõ ç îêðåìèìè âõîäæåííÿìè òåð-

ìiâ. Ìè êàæåìî, ùî ëiòåðà L ¹ �âiäîìiñòþ� ïðî äåÿêå âõîäæåííÿ òåðìà t

(éäåòüñÿ ïðî âõîäæåííÿ â ôîðìóëüíèé îáðàç ðå÷åííÿ â íîðìàëiçîâàíîìó

ForTheL-òåêñòi), ÿêùî, ïî-ïåðøå, t ¹ îäíèì ç àðãóìåíòiâ L, ïî-äðóãå, L

¹ ëîêàëüíî iñòèííîþ â ïîçèöi¨ öüîãî âõîäæåííÿ, i, ïî-òðåò¹, öÿ ëîêàëüíà

iñòèíiñòü ìîæå áóòè âñòàíîâëåíà ïåâíèì ïðîñòèì ÷èíîì.
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Ñïî÷àòêó ôîðìàëiçó¹ìî öþ �ïðîñòó ïðîöåäóðó� âñòàíîâëåííÿ ëîêàëü-

íî¨ iñòèíîñòi òâåðäæåííÿ â íàñòóïíîìó ñåêâåíöiàëüíîìó ÷èñëåííi S:

L→ L

Γ→ G

Γ, F → G

Γ→ L[t/x]

Γ, s ≈ t→ L[s/x]

Γ, F → G

Γ→ F ⊃ G

Γ,¬F → G

Γ→ F ∨G
Γ→ G

Γ→ ∀z G

Γ, F [t/x]→ G

Γ,∀xF → G

Γ, F,H → G

Γ, F ∧H → G

Γ, L→ G

Γ,¬¬L→ G

Γ, F, L1, . . . , Ln → G

Γ, (L1 ∧ · · · ∧ Ln) ⊃ F,L1, . . . , Ln → G

Γ, F,¬L1, . . . ,¬Ln → G

Γ, (L1 ∨ · · · ∨ Ln) ∨ F,¬L1, . . . ,¬Ln → G

Â íàâåäåíèõ ïðàâèëàõ âèâåäåííÿ ìè íåõòó¹ìî ïîðÿäêîì ôîðìóë â ïî-

ñèëêàõ. Ñèìâîëè L, L1, . . . , Ln ïîçíà÷àþòü ëiòåðè, ñèìâîëè F ,G,H �

ôîðìóëè, ñèìâîë Γ � ìíîæèíó ôîðìóë. Çìiííà z â ïðàâèëi ââåäåííÿ

êâàíòîðó çàãàëüíîñòi â öiëi íå ïîâèííà âõîäèòè â ïîñèëêè.

×èñëåííÿ S ¹, î÷åâèäíî, êîðåêòíèì. Ëåãêî ïîáà÷èòè, ùî ïðîáëåìà

âèâiäíîñòi â öüîìó ÷èñëåííi àëãîðèòìi÷íî ðîçâ'ÿçíà. Ñïðàâäi, êîæåí çâî-

ðîòíié êðîê â ïðîöåñi ïîøóêó âèâåäåííÿ âiä öiëüîâî¨ ñåêâåíöi¨ äî àêñiîì

ñòðîãî çìåíøó¹ êiëüêiñòü ëîãi÷íèõ ñèìâîëiâ â ñåêâåíöi¨. Ïðàâèëî ââåäåí-

íÿ êâàíòîðó çàãàëüíîñòi â ïîñèëêàõ íå ñòàíîâèòü òóò ïðîáëåìè: ïîòðiáíi

ïiäñòàíîâêè îòðèìóþòüñÿ çà äîïîìîãîþ ìåòàçìiííèõ òà óíiôiêàöi¨.

Òåïåð îïèøåìî ïðîöåäóðó ïîðîäæåííÿ âiäîìîñòåé.

Íåõàé ìà¹ìî ïðàâèëüíî ïîáóäîâàíèé ForTheL-òåêñò T. Ðîçãëÿíåìî
äåÿêå ðå÷åííÿ P â íîðìàëiçîâàíîìó òåêñòi T◦. Íåõàé π ∈ Π(|P |) ¹ ïîçè-
öi¹þ òåðìó t â ôîðìóëüíîìó îáðàçi ðå÷åííÿ P . Áóäåìî ââàæàòè, ùî âñiì

àðãóìåíòàì t âæå ñïiâñòàâëåíi äåÿêi ëiòåðè-âiäîìîñòi, i ïîçíà÷èìî ¨õíþ

ñóêóïíó ìíîæèíó L̄ (ÿêùî t ¹ çìiííîþ àáî êîíñòàíòîþ, L̄ = ∅).
Ëiòåðà L ââàæà¹òüñÿ âiäîìîñòþ ïîðÿäêó 0 ïðî çàäàíå âõîäæåííÿ t,

ÿêùî t ¹ îäíèì ç àðãóìåíòiâ L, i ñåêâåíöiÿ L̄ → 〈|L|〉|P |π ìîæå áóòè âèâå-

äåíà â S. Ïîçíà÷èìî ìíîæèíó óñiõ âiäîìîñòåé ïîðÿäêó 0 ÷åðåç L0.
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Âiçüìåìî íàéáëèæ÷èé äî P ëîãi÷íèé ïîïåðåäíèê, ïîçíà÷èìî éîãî Q.

Ëiòåðà L ââàæà¹òüñÿ âiäîìîñòþ ïîðÿäêó 1 ïðî çàäàíå âõîäæåííÿ t, ÿêùî

t ¹ îäíèì ç àðãóìåíòiâ L, i ñåêâåíöiÿ L̄,L0, |Q| → 〈|L|〉|P |π ìîæå áóòè âè-

âåäåíà â S. Ïîçíà÷èìî ìíîæèíó óñiõ âiäîìîñòåé ïîðÿäêó 1 ÷åðåç L1.

Âiçüìåìî íàéáëèæ÷èé äî Q ëîãi÷íèé ïîïåðåäíèê, ïîçíà÷èìî éîãî R.

Ëiòåðà L ââàæà¹òüñÿ âiäîìîñòþ ïîðÿäêó 2 ïðî çàäàíå âõîäæåííÿ t, ÿêùî

t ¹ îäíèì ç àðãóìåíòiâ L, i ñåêâåíöiÿ L̄,L0,L1, |R| → 〈|L|〉|P |π ìîæå áóòè

âèâåäåíà â S. Ïîçíà÷èìî ìíîæèíó óñiõ âiäîìîñòåé ïîðÿäêó 2 ÷åðåç L2.

Áóäåìî ïîâòîðþâàòè öåé ïðîöåñ, äîêè íå äiéäåìî äî ïî÷àòêó òåêñ-

òó. Îá'¹äíàíi ìíîæèíè âiäîìîñòåé óñiõ äîñÿãíóòèõ ïîðÿäêiâ ñòàíîâëÿòü

ñóêóïíó ìíîæèíó L âiäîìîñòåé ïðî çàäàíå âõîäæåííÿ t.

Ðîçãëÿíåìî ôîðìóëüíèé îáðàç ïðîñòîãî òâåðäæåííÿ: forall x ((x

is a divisor of N) implies ((x + 1) is a natural number)). Ïðè-

ïóñòèìî, ùî ñåðåä ëîãi÷íèõ ïîïåðåäíèêiâ öüîãî òâåðäæåííÿ ¹ äåêëàðàöiÿ

çìiííî¨ N ÿê íàòóðàëüíîãî ÷èñëà, à òàêîæ âèçíà÷åííÿ ïîíÿòòÿ divisor

of. Ðîçãëÿíåìî òåðì x + 1. Éîãî ïiäòåðìàìè ¹ x òà 1; ïðî ïåðøèé ç íèõ

ìà¹ìî òàêi âiäîìîñòi: x is a divisor of N (áåðåòüñÿ ç ëîêàëüíîãî êîí-

òåêñòó âõîäæåííÿ) òà x is a natural number (âèâîäèòüñÿ çà îäèí êðîê

ç ïîïåðåäíüîãî ôàêòó, äåêëàðàöi¨ çìiííî¨ N òà âèçíà÷åííÿ äiëüíèêà); ïðî

äðóãèé � 1 is a natural number (áåðåòüñÿ ç ìíîæèíè ëîãi÷íèõ ïîïåðå-

äíèêiâ ðå÷åííÿ). ßêùî ñåðåä ëîãi÷íèõ ïîïåðåäíèêiâ òàêîæ ¹ òâåðäæåííÿ,

ùî ñóìà äâîõ íàòóðàëüíèõ ÷èñåë ¹ íàòóðàëüíèì ÷èñëîì, òî àòîì (x +

1) is a natural number áóäå âèâåäåíèé â îäèí êðîê i ñòàíå âiäîìiñòþ

ïðî òåðì x + 1.

Çàóâàæèìî, ùî ñóêóïíîñòi âiäîìîñòåé, ÿêi ïîâ'ÿçóþòüñÿ ç âõîäæåí-

íÿìè òåðìiâ, äàþòü íàì äóæå ïðîñòó, êîðåêòíó, àëå, çâiñíî, íåïîâíó ïðî-

öåäóðó �øâèäêî¨� ïåðåâiðêè àòîìàðíèõ öiëåé: ìà¹ìî ëèøå ïåðåãëÿíóòè

âiäîìîñòi ïðî àðãóìåíòè â öiëi. Öiêàâî çàçíà÷èòè, ùî â íàêîïè÷åíi âiäî-

ìîñòi ïðèðîäíî ïîòðàïëÿ¹ â ïåðøó ÷åðãó iíôîðìàöiÿ ïðî òèïè òåðìiâ.

Öå çáëèæà¹ çàïðîïîíîâàíèé ïiäõiä ç ìåòîäîì, âèêëàäåíèì â [47].
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2.4. Êîðåêòíiñòü ForTheL-òåêñòó

Ìè ðîçãëÿäà¹ìî äâà òèïè êîðåêòíîñòi ForTheL-òåêñòó: îíòîëîãi÷íó

êîðåêòíiñòü, ÿêà âèðàæà¹ �îñìèñëåíiñòü� òåêñòó, òà ëîãi÷íó êîðåêòíiñòü,

ÿêà âèðàæà¹ éîãî �ñïðàâåäëèâiñòü�, òî÷íiøå, ñïðàâåäëèâiñòü çðîáëåíèõ â

íüîìó òâåðäæåíü. Çàóâàæèìî, ùî ëîãi÷íî êîðåêòíèé òåêñò íå îáîâ'ÿçêîâî

¹ îíòîëîãi÷íî êîðåêòíèì (òàêèì, íàïðèêëàä, ¹ ForTheL-òåêñò, íàâåäåíèé

â äîäàòêó ðîáîòè), àëå çàãàëüíî êîðåêòíèé òåêñò ìà¹ çàäîâîëüíÿòè îáîì

óìîâàì.

Íåôîðìàëüíî, òåêñò ¹ îíòîëîãi÷íî êîðåêòíèì, ÿêùî, ïî-ïåðøå, êî-

æíîìó àðãóìåíòíîìó ìiñöþ êîæíîãî ñèíòàêñè÷íîãî ïðèìiòèâà, ùî ââî-

äèòüñÿ â òåêñòi, ñïiâñòàâëåíî äåÿêå ïîíÿòòÿ (òèï), i, ïî-äðóãå, áóäü-ÿêèé

òåðì, ùî çóñòði÷à¹òüñÿ â öüîìó àðãóìåíòíîìó ìiñöi, íàëåæèòü äî îá'¹-

ìó öüîãî ïîíÿòòÿ. Ñóêóïíiñòü òèïiâ àðãóìåíòíèõ ìiñöü ôàêòè÷íî çàäà¹

îáëàñòü âèçíà÷åíîñòi âiäïîâiäíî¨ ôóíêöi¨, ïðåäèêàòà àáî ïîíÿòòÿ. Iíàêøå

êàæó÷è, â îíòîëîãi÷íî êîðåêòíîìó òåêñòi âñiì ñèíòàêñè÷íèì ïðèìiòèâàì

ìîæå áóòè íàäàíà òåîðåòèêî-ìíîæèííà iíòåðïðåòàöiÿ. Ïîíÿòòÿ îíòîëî-

ãi÷íî¨ êîðåêòíîñòi â ìîâi ForTheL âiäïîâiäà¹ ïîíÿòòþ òèïiçîâàíîñòi â

ôîðìàëiçìi WTT (Weak Type Theory) [48].

Ïåðøà óìîâà çàäîâîëüíÿ¹òüñÿ, ÿêùî êîæåí ñèíòàêñè÷íèé ïðèìiòèâ

ââîäèòüñÿ àáî â ðîçäiëi âèçíà÷åííÿ, àáî â ñèãíàòóðíîìó ðîçäiëi. Çà ïðà-

âèëàìè ìîâè ForTheL, òèïè àðãóìåíòíèõ ìiñöü ÿâíî ïåðåëi÷óþòüñÿ â

öèõ ðîçäiëàõ. Âèçíà÷åííÿ îíòîëîãi÷íî¨ êîðåêòíîñòi äîçâîëÿ¹ ïåâíó îìî-

íiìiþ: îäèí ñèíòàêñè÷íèé ïðèìiòèâ ìîæå áóòè ââåäåíèé äåêiëüêà ðàçiâ,

àëå âèìàãà¹òüñÿ, ùîá îáëàñòi âèçíà÷åíîñòi òàêèõ îìîíiìiâ íå ïåðåòèíà-

ëèñÿ: æîäåí êîðòåæ àðãóìåíòiâ íå ìîæå îäíî÷àñíî çàäîâîëüíÿòè äâîì

ðiçíèì íàáîðàì òèïiâ.

Äðóãà óìîâà ïåðåâiðÿ¹òüñÿ íàñòóïíèì ÷èíîì. Äëÿ êîæíîãî âõîäæåí-

íÿ äåÿêîãî ïðåäèêàòà, ôóíêöi¨ àáî ïîíÿòòÿ â ôîðìóëüíèé îáðàç ðå÷åííÿ

â íîðìàëiçîâàíîìó ForTheL-òåêñòi, ìè ìà¹ìî çíàéòè ñåðåä ëîãi÷íèõ ïîïå-

ðåäíèêiâ öüîãî ðå÷åííÿ òàêèé ðîçäië âèçíà÷åííÿ àáî ñèãíàòóðíèé ðîçäië,

â ÿêîìó ââîäèòüñÿ âiäïîâiäíèé ñèíòàêñè÷íèé ïðèìiòèâ, i íåîáõiäíi òâåð-

äæåííÿ ïðî íàëåæíiñòü àðãóìåíòiâ öüîãî âõîäæåííÿ äî îá'¹ìiâ ïîíÿòòiâ-
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òèïiâ ¹ ëîêàëüíî iñòèííèìè â ïîçèöi¨ öüîãî âõîäæåííÿ â ôîðìóëüíîìó

îáðàçi � òîáòî ëîêàëüíèé îáðàç òâåðäæåííÿ âèïëèâà¹ ç ìíîæèíè (ôîð-

ìóëüíèõ îáðàçiâ) ëîãi÷íèõ ïîïåðåäíèêiâ.

Ïåðåéäåìî äî òî÷íèõ âèçíà÷åíü. Íåõàé ìà¹ìî ïðàâèëüíî ïîáóäîâà-

íèé ForTheL-òåêñò T. Ðîçãëÿíåìî äåÿêå ðå÷åííÿ P â íîðìàëiçîâàíîìó

òåêñòi T◦. Íåõàé π ∈ Π(|P |) ¹ ïîçèöi¹þ àòîìó ÷è òåðìó â ôîðìóëüíîìó

îáðàçi ðå÷åííÿ P (íàãàäà¹ìî, ùî ñèíòàêñè÷íi ïðèìiòèâè ïîíÿòü â ôîð-

ìóëüíèõ îáðàçàõ âiäïîâiäàþòü ïðåäèêàòíèì ñèìâîëàì).

Âõîäæåííÿ, âèçíà÷åíå ïîçèöi¹þ π, ââàæà¹òüñÿ îíòîëîãi÷íî êîðåêòíèì,

àáî ÿêùî â íüîìó çíàõîäèòüñÿ îäíà ç ïåðåëi÷åíèõ êîíñòðóêöié:

• ãîëîâíèé þíiò âèçíà÷åííÿ ÷è ñèãíàòóðíîãî ðîçäiëó;

• ïðîïîçèöiéíà êîíñòàíòà truth ÷è contradiction;

• àòîì ðiâíîñòi term is equal to term;

• òåðì-çìiííà;

àáî ÿêùî â ìíîæèíi ëîãi÷íèõ ïîïåðåäíèêiâ LPT◦(P ) çíàéäåòüñÿ îäèí i

ëèøå îäèí òàêèé ðîçäië D, ùî âèêîíóþòüñÿ âñi íàñòóïíi óìîâè:

• D ¹ ðîçäiëîì âèçíà÷åííÿ àáî ñèãíàòóðíèì ðîçäiëîì ç ïî÷àòêîâèìè

ïðèïóùåííÿìè A1, . . . , Ar i òâåðäæåííÿì S;

• ãîëîâíèé þíiò â òâåðäæåííi S (ïiñëÿ ðîçêðèòòÿ ñèíîíiìiâ) óòâîðþ¹-

òüñÿ ç òîãî ñàìîãî ñèíòàêñè÷íîãî ïðèìiòèâó, ùî é âõîäæåííÿ (|P |)|π;

• ïîçíà÷èâøè òåðìè-àðãóìåíòè âõîäæåííÿ (|P |)|π ÷åðåç s0, . . . , sn, à

çìiííi-àðãóìåíòè ãîëîâíîãî þíiòó â ôîðìóëüíîìó îáðàçi |S| (äèâèñü
ðîçäië 1.2.8) � ÷åðåç v0, . . . , vn, ìà¹ìî

LPT◦(P ) |= 〈|(|A1| ∧ · · · ∧ |Ar|)σ|〉|P |π

äå σ ¹ ïiäñòàíîâêîþ [s0/v0, . . . , sn/vn].

Çàóâàæèìî, ùî ñåðåä âiëüíèõ çìiííèõ (ôîðìóëüíèõ îáðàçîâ) ðå÷åíü A1,

. . . , Ar íåìà¹ iíøèõ, êðiì v0, . . . , vn � öüîãî âèìàãàþòü óìîâè ïðàâèëüíî
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ïîáóäîâàíîñòi òåêñòó, ñôîðìóëüîâàíi â ïiäðîçäiëi 1.3.5. Ìíîæèíà ForTheL-

ðîçäiëiâ LPT◦(P ) ñïðàâà âiä çíàêó |= ðîçóìi¹òüñÿ ÿê ìíîæèíà ôîðìóëü-

íèõ îáðàçiâ öèõ ðîçäiëiâ.

ForTheL-òåêñò T ââàæà¹òüñÿ îíòîëîãi÷íî êîðåêòíèì, ÿêùî óñi âõî-

äæåííÿ àòîìiâ òà òåðìiâ â ôîðìóëüíi îáðàçè ðå÷åíü â íîðìàëiçîâàíîìó

òåêñòi T◦ ¹ îíòîëîãi÷íî êîðåêòíèìè.

ForTheL-òåêñò T ¹ ëîãi÷íî êîðåêòíèì, ÿêùî êîæíå òâåðäæåííÿ àáî

ñåëåêöiÿ P , ùî ìiñòèòüñÿ âñåðåäèíi ðîçäiëó-òåîðåìè íîðìàëiçîâàíîãî òåêñ-

òó T◦, âèïëèâà¹ ç ìíîæèíè ñâî¨õ ëîãi÷íèõ ïîïåðåäíèêiâ LPT◦(P ):

• ÿêùî P ¹ òâåðäæåííÿì, òî Ind, LPT◦(P ) |= |P |

• ÿêùî P ¹ ñåëåêöi¹þ (selPrefix (notions)N .), òî

Ind, LPT◦(P ) |= | there exist N .|

Òóò Ind ïîçíà÷à¹ ñõåìó àêñiîì çàãàëüíî¨ iíäóêöi¨ äëÿ ôóíäîâàíîãî âïî-

ðÿäêóâàííÿ -<-:

∀~x
((
∀~y((t[~y]−<− t[~x]) ⊃ F [~y])

)
⊃ F [~x]

)
⊃ ∀~xF [~x]

Çàóâàæèìî, ùî ïðîöåäóðà íîðìàëiçàöi¨ ForTheL-òåêñòó ìà¹ òàêó âëà-

ñòèâiñòü: ÿêùî â íîðìàëiçîâàíîìó òåêñòi äåÿêå òâåðäæåííÿ ñóïðîâîäæó-

¹òüñÿ äîâåäåííÿì, i öå äîâåäåííÿ ¹ ëîãi÷íî êîðåêòíèì, òî é ñàìå öå òâåð-

äæåííÿ ¹ êîðåêòíèì, òîáòî âèïëèâà¹ ç ìíîæèíè ñâî¨õ ëîãi÷íèõ ïîïå-

ðåäíèêiâ. Öå òðàïëÿ¹òüñÿ çàâäÿêè òîìó, ùî â êiíåöü íîðìàëiçîâàíîãî

ForTheL-äîâåäåííÿ ñòàâèòüñÿ ïîòî÷íà öiëüîâà ïðîïîçèöiÿ, i, òàêèì ÷è-

íîì, ôîðìóëüíèé îáðàç ðîçäiëó äîâåäåííÿ âæå �ìiñòèòü� ïî÷àòêîâå òâåð-

äæåííÿ, ÿêå äîâîäèòüñÿ. Äîâåäåííÿ ïî iíäóêöi¨, â ÿêi äîäà¹òüñÿ ïðèïó-

ùåííÿ ãiïîòåçè iíäóêöi¨, íå ñïðîñòîâóþòü öå ïðàâèëî, îñêiëüêè â ïðèñó-

òíîñòi ñõåìè àêñiîì Ind öå ïðèïóùåííÿ íå îáìåæó¹ çàãàëüíîñòi.
Òàêèì ÷èíîì, ïåðåâiðÿþ÷è ëîãi÷íó êîðåêòíiñòü òåêñòó, ìè ìîæåìî

îáìåæèòèñü ëèøå òèìè òâåðäæåííÿìè, ÿêi íå ñóïðîâîäæóþòüñÿ äîâåäå-

ííÿìè.
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2.5. Ïðîöåäóðè ïåðåâiðêè êîðåêòíîñòi

Ç íàâåäåíèõ âèçíà÷åíü âèäíî, ùî âñòàíîâëåííÿ êîðåêòíîñòi (ÿê îíòî-

ëîãi÷íî¨, òàê i çàãàëüíî¨) ForTheL-òåêñòó çâîäèòüñÿ äî íàñòóïíîãî: äëÿ

êîæíîãî ðå÷åííÿ S â íîðìàëiçîâàíîìó òåêñòi ìà¹ìî ïåðåâiðèòè, ùî ïåâíà

ñóêóïíiñòü òâåðäæåíü (öiëåé) âèïëèâà¹ ç ìíîæèíè ëîãi÷íèõ ïîïåðåäíè-

êiâ S (êîíòåêñòó). Êîæíà òàêà ïåðåâiðêà ïîñòà¹ îêðåìèì çàâäàííÿì äëÿ

ÿäðà ñèñòåìè ÑÀÄ, òàê çâàíîãî �ìiðêóâàëüíèêà�.

Äëÿ âèêîíàííÿ òàêîãî çàâäàííÿ â ìiðêóâàëüíèêà ¹ àðñåíàë åëåìåí-

òàðíèõ äié:

• Íàïðàâèòè ïîòî÷íå çàâäàííÿ ïðóâåðó, ñ âêàçàííÿì ëiìiòó ÷àñó íà

ïåðåâiðêó. Îñêiëüêè ïðóâåð â ñèñòåìi ÑÀÄ ïðàöþ¹ ç ôîðìóëàìè ïåð-

øîãî ïîðÿäêó, ðå÷åííÿ òà ðîçäiëè ForTheL çàìiíþþòüñÿ ¨õíèìè ôîð-

ìóëüíèìè îáðàçàìè. ßêùî óÿâèòè, ùî â ÿêîñòi ïðóâåðà ìè ìà¹ìî

íåñõèáíîãî îðàêóëà, öi¹¨ åëåìåíòàðíî¨ äi¨ öiëêîì äîñòàòíüî, i â ìið-

êóâàëüíèêó, ÿê òàêîìó, íåìà¹ ïîòðåáè. Âòiì íà ïðàêòèöi, çàâäàííÿ,

ùî ïîñòàþòü â íåòðèâiàëüíèõ ìàòåìàòè÷íèõ òåêñòàõ, âèÿâëÿþòüñÿ, ó

¨õíüîìó ïî÷àòêîâîìó âèãëÿäi, çàíàäòî ñêëàäíèìè íàâiòü äëÿ íàéêðà-

ùèõ iñíóþ÷èõ ïðóâåðiâ.

• ßêùî öiëåâà ôîðìóëà â ïîòî÷íîìó çàâäàííi ¹ ëiòåðîþ L, çàñòîñóâàòè

�øâèäêó� ïåðåâiðêó, òîáòî ïåðåñâiä÷èòèñü, ÷è íå ìiñòèòüñÿ L ñåðåä

âiäîìîñòåé ïðî òåðìè-àðãóìåíòè öiëi.

• ßêùî öiëåâà ôîðìóëà ¹ ïðîïîçèöiîíàëüíîþ êîìáiíàöi¹þ äåêiëüêîõ

ôîðìóë àáî æ ôîðìóëîþ ïiä óíiâåðñàëüíèì êâàíòîðîì, çàñòîñóâàòè

êëàñè÷íi ïðàâèëà Å. Áåòà [49]. Öÿ äiÿ çâîäèòü ïî÷àòêîâå çàâäàííÿ äî

îäíîãî ÷è äåêiëüêîõ (ìîæëèâî) ïðîñòiøèõ çàâäàíü.

• Ñêîðîòèòè êîíòåêñò çàâäàííÿ, âèêðåñëèâøè ç íüîãî äåÿêi ðîçäiëè-

ïîïåðåäíèêè.

• Ðîçêðèòè âèçíà÷åííÿ äëÿ äåÿêî¨ ñóêóïíîñòi âõîäæåíü, çà óìîâè, ùî

âiäïîâiäíèé ñèìâîë ââåäåíèé ó ðîçäiëi âèçíà÷åííÿ, i îíòîëîãi÷íà êî-

ðåêòíiñòü âõîäæåííÿ âæå ïåðåâiðåíà.
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• Äîáàâèòè â êîíòåêñò çàâäàííÿ âèñíîâîê äåÿêî¨ ëåìè, ïiñëÿ òîãî, ÿê

ïåðåâiðåíî ¨¨ óìîâè â ïîòî÷íîìó êîíòåêñòi.

• Äîáàâèòè â êîíòåêñò äåÿêi âiäîìîñòi ïðî òåðìè, ùî çóñòði÷àþòüñÿ â

çàâäàííi.

Ïîñëiäîâíiñòü öèõ äié òà ¨õíi ïàðàìåòðè (âõîäæåííÿ, äå ðîçêðèâàþòüñÿ

âèçíà÷åííÿ; ïîïåðåäíèêè, ùî âèäàëÿþòüñÿ ç êîíòåêñòó; âèáið ëåìì, ùî

çàñòîñîâóþòüñÿ, òà iíñòàíöiþâàííÿ óíiâåðñàëüíèõ çìiííèõ â íèõ) âèçíà-

÷àþòüñÿ â çàëåæíîñòi âiä õàðàêòåðó òà âèãëÿäó çàâäàííÿ çà äåÿêèì àë-

ãîðèòìîì. Â ïåðñïåêòèâi ðîçâèòêó ñèñòåìè ÑÀÄ öåé àëãîðèòì ìà¹ íà-

äàâàòè êîðèñòóâà÷ ñèñòåìè � ó âèãëÿäi ïðîãðàìè, iíòåðïðåòàòîðîì ÿêî¨

âèñòóïàòèìå ìiðêóâàëüíèê.

Â iñíóþ÷ié âåðñi¨ ñèñòåìè âiäïîâiäíèé àëãîðèòì çàïðîãðàìîâàíî áåç-

ïîñåðåäíüî â ìiðêóâàëüíèêó. Êîðîòêî ïåðåëi÷èìî äåÿêi éîãî îñîáëèâîñòi.

• Êîæíà öiëüîâà ôîðìóëà ðîçùåïëþ¹òüñÿ íà ïiäôîðìóëè íàñêiëüêè ìî-

æëèâî.

• Êîæíà ëiòåðíà öiëü ïåðåâiðÿ¹òüñÿ çà �øâèäêîþ� ïðîöåäóðîþ ïåðåä

òèì, ÿê äî öüîãî çàâäàííÿ áóäóòü çàñòîñîâàíi ùå ÿêiñü äi¨. Â ðàçi ïå-

ðåâiðêè îíòîëîãi÷íî¨ êîðåêòíîñòi, äëÿ ëiòåðíèõ öiëåé ìè îáìåæó¹ìîñü

�øâèäêîþ� ïðîöåäóðîþ.

• Ðîçäiëè âèçíà÷åííÿ âèäàëÿþòüñÿ ç êîíòåêñòó ïåðåä òèì, ÿê çàâäàí-

íÿ âiääà¹òüñÿ ïðóâåðó. Ìè ðîçðàõîâó¹ìî, ùî âñi íåîáõiäíi ðîçêðèòòÿ

áóäóòü çðîáëåíi ìiðêóâàëüíèêîì, i, ó òàêèé ñïîñiá, ìîæåìî çíà÷íî

ñêîðîòèòè ïðîñòið ïîøóêó äëÿ ïðóâåðà.

• Ïîðÿäîê ðîçêðèòòÿ âèçíà÷åíü âñòàíîâëþ¹òüñÿ çà òàêèìè êðèòåðiÿìè,

ÿê ìiñöåçíàõîäæåííÿ âõîäæåííÿ â òåêñòi (ñèìâîëè, ÿêi çóñòði÷àþòüñÿ

â öiëi, âàðòî ðîçêðèâàòè ðàíiøå, íiæ òi, ùî âçàãàëi íå ç'ÿâëÿþòüñÿ â

�áëèæíüîìó îêîëi� ïîòî÷íîãî ðå÷åííÿ) òà i¹ðàðõiÿ âèçíà÷åíü (ÿêùî

ñèìâîë P âèçíà÷à¹òüñÿ çà äîïîìîãîþ ñèìâîëó Q, âàðòî ðîçêðèâàòè

âõîäæåííÿ P ïåðåä âõîäæåííÿìè Q).
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ÐÎÇÄIË 3

ÖIËÅÊÅÐÎÂÀÍÈÉ ÏÎØÓÊ ÂÈÂÅÄÅÍÍß

Â öüîìó ðîçäiëi âèâ÷à¹òüñÿ i íàáóâà¹ ïîäàëüøîãî ðîçâèòêó ïiäõiä

äî àâòîìàòè÷íîãî ïîøóêó âèâåäåííÿ, ïðèéíÿòèé ó ïðîãðàìi �Àëãîðèòì

Î÷åâèäíîñòi�. Â ïîïåðåäíiõ ðîáîòàõ, ïðèñâÿ÷åíèõ öié òåìi [50, 51, 52],

îïèñ äåäóêòèâíî¨ ïðîöåäóðè ó ñèñòåìi ÑÀÄ  ðóíòóâàâñÿ íà ñïåöiàëüíèõ

÷èñëåííÿõ ñåêâåíöiàëüíîãî òèïó, ùî ìàëè íàñòóïíi õàðàêòåðíi ðèñè:

• âèâåäåííÿ éäå ó íàïðÿìêó âiä öiëåâî¨ ñåêâåíöi¨ äî àêñiîì;

• âèâåäåííÿ ¹ öiëåêåðîâàíèì, òîáòî íàñòóïíèé êðîê âèâåäåííÿ âèçíà-

÷à¹òüñÿ ôîðìîþ ôîðìóëè-êîíñåêâåíòà;

• ïî÷àòêîâi ôîðìóëè-àíòåöåäåíòè íå çìiíþþòüñÿ, äî íèõ äîäàþòüñÿ ïî-

ðîäæåíi àòîìàðíi �ëåìè�;

• ïiäñòàíîâêà ó âiëüíi çìiííi âèçíà÷à¹òüñÿ çà ñèñòåìîþ óíiôiêàöiéíèõ

ðiâíÿíü, íàêîïè÷åíèõ âïðîäîâæ âèâåäåííÿ;

• ïî÷àòêîâi ôîðìóëè íå ñêîëåìiçóþòüñÿ, íàòîìiñòü, ñóêóïíà ïiäñòàíîâ-

êà ó âiëüíi çìiííi ìà¹ çàäîâîëüíÿòè ñïåöiàëüíié óìîâi äîïóñòèìîñòi.

Òàêi âëàñòèâîñòi ñèñòåìè âèâåäåííÿ äîçâîëÿþòü ïðèðîäíèì ÷èíîì âè-

êëàñòè ¨¨ ó ðàìêàõ òàáëè÷íîãî ôîðìàëiçìó [53]. Âèâiäíèì îá'¹êòîì òà-

áëè÷íîãî ÷èñëåííÿ ¹ äåðåâî ôîðìóë, îêðåìèé êðîê âèâåäåííÿ ïîëÿãà¹ ó

äîäàííi äî äåÿêî¨ ãiëêè ó öüîìó äåðåâi íîâèõ ëèñòiâ. Âèâåäåííÿ ïî÷èíà-

¹òüñÿ ç ¹äèíî¨ ãiëêè � ñóêóïíîñòi ôîðìóë, ÷èþ ñóïåðå÷ëèâiñòü ìè íàìà-

ãà¹ìîñü äîâåñòè. Âèâåäåííÿ ââàæà¹òüñÿ çàâåðøåíèì, êîëè êîæíà ãiëêà

ó îòðèìàíîìó äåðåâi ìiñòèòü äâi êîìïëåìåíòàðíi ëiòåðè. Òàêèì ÷èíîì,

öiëåêåðîâàíi ñåêâåíöiàëüíi ÷èñëåííÿ ó ñòèëi ÀÎ ëåãêî ïåðåôîðìóëþâàòè

ÿê òàáëè÷íi:

• ïî÷àòêîâà ñåêâåíöiÿ F1, . . . , Fn → G ïåðåòâîðþ¹òüñÿ íà ïî÷àòêîâó

ãiëêó F1, . . . , Fn,¬G;
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• îäèí êðîê âèâåäåííÿ ó ñåêâåíöiàëüíîìó ÷èñëåííi � ïîðîäæåííÿ îäíi-

¹¨ ÷è äåêiëüêîõ ñåêâåíöié ç êîíñåêâåíòàìè G1, . . . , Gs � âiäïîâiäà¹

îäíîìó êðîêó âèâåäåííÿ ó òàáëè÷íîìó ÷èñëåííi � äîäàííÿ äî äåÿêî¨

ãiëêè ëèñòiâ G¬1 , . . . , G
¬
s , äå G

¬
i ¹ ôîðìóëà, êîìïëåìåíòàðíà äî G

¬
i ;

• àòîìàðíi �ëåìè�, íàêîïè÷åíi â îêðåìié ñåêâåíöi¨, ìiñòÿòüñÿ ó ãiëöi íàä

âóçëîì, ùî âiäïîâiäà¹ öié ñåêâåíöi¨ ó äåðåâi òàáëè÷íîãî âèâåäåííÿ.

3.1. Çàãàëüíi îçíà÷åííÿ

ßê i â ïîïåðåäíüîìó ðîçäiëi, ìè ðîçãëÿäà¹ìî êëàñè÷íó ëîãiêó ïåðøî-

ãî ïîðÿäêó ç íàñòóïíèìè çâ'ÿçêàìè: ⊃ (iìïëiêàöiÿ), ∨ (äèç'þíêöiÿ), ∧
(êîí'þíêöiÿ), ¬ (çàïåðå÷åííÿ), ∀ (êâàíòîð çàãàëüíîñòi), ∃ (êâàíòîð iñíó-
âàííÿ), ⊥ (õèáíiñòü) � àëå áåç åêâiâàëåíòíîñòi. Åêâiâàëåíòíiñòü F ≡ G

ââàæà¹òüñÿ òåïåð àáðåâiàòóðîþ äëÿ (F ⊃ G) ∧ (G ⊃ F ).

Ïîíÿòòÿ ïiäñòàíîâêè, ñóáñòèòóòó, ïîçèöi¨ âõîäæåííÿ â ôîðìóëi, âiä-

ïîâiäíà íîòàöiÿ òà ìàòåìàòè÷íi îïåðàöi¨ òàêîæ ðîçóìiþòüñÿ çãiäíî ç âè-

çíà÷åííÿìè â ïiäðîçäiëi 2.1.

Â íàøèõ ÷èñëåííÿõ, ìè âèêîðèñòîâó¹ìî ïîíÿòòÿ êîíñòðåéíòó. Àòî-

ìàðíèé êîíñòðåéíò ìîæå ìàòè îäíó ç òðüîõ ôîðì: t = s, t 6= s, t < s, äå

t òà s ¹ òåðìàìè çi çìiííèìè. Ñåìàíòèêà íåðiâíîñòi âèçíà÷à¹òüñÿ äåÿêèì

ïîâíèì ôóíäîâàíèì âïîðÿäêóâàííÿì íà îñíîâíèõ òåðìàõ (çàóâàæèìî,

ùî â êîíêðåòíîìó ÷èñëåííi öå âïîðÿäêóâàííÿ ìîæå ìàòè äîäàòêîâi âëà-

ñòèâîñòi).

Êîíñòðåéíòîì ¹ êîí'þíêöiÿ àòîìàðíèõ êîíñòðåéíòiâ. Êîíñòðåéíò ââà-

æà¹òüñÿ âèêîíóâàíèì, ÿêùî iñíó¹ ïiäñòàíîâêà, ÿêà çàäîâîëüíÿ¹ éîãî, òîá-

òî ïåðåòâîðþ¹ óñi àòîìàðíi êîíñòðåéíòè ó íüîìó â îñíîâíi ðiâíÿííÿ àáî

íåðiâíîñòi. Ïóñòèé êîíñòðåéíò çàäîâîëüíÿ¹òüñÿ áóäü-ÿêîþ ïiäñòàíîâêîþ.

Ìè ïðèâîäèìî äåêiëüêà òàáëè÷íèõ ÷èñëåíü ó öié ãëàâi, òîìó íåîáõi-

äíî ïðèéíÿòè óíiôiêîâàíå ïðåäñòàâëåííÿ äëÿ íèõ. Òàáëî � öå ñêií÷åíå

äåðåâî T, â âóçëàõ ÿêîãî (çà âèíÿòêîì êîðåíÿ) ñòîÿòü ïàðè F · γ, äå F
� ôîðìóëà, à γ � êîíñòðåéíò. Êîðiíü äåðåâà (àáî ïî÷àòêîâèé âóçîë)

ìiñòèòü ïî÷àòêîâó ìíîæèíó ôîðìóë, ùî ìà¹ áóòè ñïðîñòîâàíà.
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Áóäü-ÿêà ãiëêà, ùî ìiñòèòü ôîðìóëó ⊥ ââàæà¹òüñÿ çàêðèòîþ. Òàáëî

íàçèâà¹òüñÿ çàêðèòèì, êîëè êîæíà ãiëêà ó íüîìó çàêðèòà, à ñîâîêóïíà

ìíîæèíà êîíñòðåéíòiâ ¹ âèêîíóâàíîþ.

Âèâåäåííÿ ïî÷èíà¹òüñÿ ç ïî÷àòêîâîãî âóçëà. Êîæíèé íàñòóïíèé êðîê

ðîçøèðþ¹ äåÿêó ãiëêó â òàáëî, äîäàþ÷è äî íå¨ çíèçó íîâi ëèñòè (àáî

ïiääåðåâà). Ïðàâèëà âèâåäåííÿ ìîæóòü áóòè îïèñàíi íàñòóïíèì ÷èíîì:

Γ ‖∆

T1 · · · Tn

äå Γ � ïî÷àòêîâà ìíîæèíà ôîðìóë (ïî÷àòêîâèé âóçîë), ∆ � ãiëêà, ÿêó

ìè ðîçøèðþ¹ìî (âèïóñêàþ÷è êîíñòðåéíòè), T1, . . . ,Tn � äîäàíi ïiääå-

ðåâà. Ïîðÿäîê ôîðìóë â Γ òà ∆ ¹ iñòîòíèì. ßêùî ìè íå âêàçó¹ìî êîí-

ñòðåéíò ïîðó÷ ç ôîðìóëîþ ó Ti, âií ââàæà¹òüñÿ ïóñòèì.

ßê çðàçîê, ðîçãëÿíåìî ôîðìóëþâàííÿ êëàñè÷íîãî òàáëè÷íîãî ÷èñëå-

ííÿ ïåðøîãî ïîðÿäêó Tb íà ðèñóíêó 3. Íà öüîìó ðèñóíêó (òà íàäàëi)

FV(F ) ïîçíà÷à¹ ñïèñîê âiëüíèõ çìiííèõ ó ôîðìóëi F , à ñèìâîëè ç ðèñêà-

ìè ū, ḡ ââàæàþòüñÿ íîâèìè ïî âiäíîøåííþ äî òàáëî â öiëîìó. Òàêèì ÷è-

íîì, γ-ïðàâèëà ïiäñòàâëÿþòü íîâó çìiííó çàìiñòü çâ'ÿçàíî¨, à δ-ïðàâèëà

ââîäÿòü íîâèé ñêîëåìiâñüêèé ñèìâîë.

ßê âiäîìî, ÷èñëåííÿ Tb ¹ êîðåêòíèì i ïîâíèì ó êëàñè÷íié ëîãèöi

ïåðøîãî ïîðÿäêó:

Ôàêò 3.1. Ñêií÷åíà ìíîæèíà çàìêíåíèõ ôîðìóë ¹ íåñóìiñíîþ òîäi i

òiëüêè òîäi, êîëè ç íå¨ ìîæå áóòè âèâåäåíî çàêðèòå òàáëî â Tb.

3.2. Öiëåêåðîâàíå òàáëè÷íå ÷èñëåííÿ

3.2.1. Äîïóñòèìi ïiäñòàíîâêè

Ïîíÿòòÿ äîïóñòèìî¨ ïiäñòàíîâêè áóëî ââåäåíî Î.Â. Ëÿëåöüêèì. Âîíî

äîçâîëÿ¹ çàáåçïå÷èòè êîðåêòíiñòü ÷èñëåíü, ùî çàñòîñîâóþòü óíiôiêàöiþ,

áåç âèêîðèñòàííÿ ñêîëåìiçàöi¨, à îòæå, çáåðiãàþ÷è ïî÷àòêîâó ñèãíàòóðó

çàäà÷è. Äëÿ ÷èñëåíü, ùî ñïèðàþòüñÿ íà ïîíÿòòÿ äîïóñòèìî¨ ïiäñòàíîâ-

êè, ìè áóäåìî âèêîðèñòîâóâàòè ñïåöiàëüíèé ñïîñiá àëüôà-êîíâåðñi¨, äåùî

òåõíi÷íiøèé, íiæ â Tb.
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Ðîçøèðåííÿ: α-ïðàâèëà:

Γ, F,Λ ‖∆

F

Γ ‖∆, F ∧G,Λ
F
G

Γ ‖∆,¬(F ∨G),Λ

¬F
¬G

Γ ‖∆,¬(F ⊃ G),Λ

F
¬G

Ïîäâiéíå çàïåðå÷åííÿ: β-ïðàâèëà:

Γ ‖∆,¬¬F,Λ
F

Γ ‖∆,¬(F ∧G),Λ

¬F ¬G
Γ ‖∆, F ∨G,Λ

F G

Γ ‖∆, F ⊃ G,Λ

¬F G

γ-ïðàâèëà: δ-ïðàâèëà:

Γ ‖∆,∀ v F,Λ
F [ū/v]

Γ ‖∆,¬∃ v F,Λ
¬F [ū/v]

Γ ‖∆,∃ v F,Λ
F [ḡ(FV(F ))/v]

Γ ‖∆,¬∀ v F,Λ
¬F [ḡ(FV(F ))/v]

Òåðìiíàëüíi ïðàâèëà

Γ ‖∆,¬P (s1, . . . , sn),Λ, P (t1, . . . , tn)

⊥ · (s1 = t1 ∧ · · · ∧ sn = tn)

Γ ‖∆, P (s1, . . . , sn),Λ,¬P (t1, . . . , tn)

⊥ · (s1 = t1 ∧ · · · ∧ sn = tn)

Ðèñ. 3: Ïðîñòå òàáëè÷íå ÷èñëåííÿ Tb

Ñêií÷åíà ìíîæèíà çàìêíåíèõ ôîðìóë Γ íàçèâà¹òüñÿ áåçêîíôëiêòíîþ,

ÿêùî â íié íåìà¹ äâîõ êâàíòîðiâ ïî îäíié çìiííié. Ïîçíà÷èìî ÷åðåç VΓ

ìíîæèíó iíäåêñîâàíèõ çìiííèõ { kv |v occurs in Γ, k ∈ N}. Âèðàç kF ïî-

çíà÷àòèìå ôîðìóëó F , äå êîæíà çìiííà v, âiëüíà ÷è çâ'ÿçàíà, çàìiíåíà íà

iíäåêñîâàíó çìiííó kv. Çàóâàæèìî, ùî v, kv òà k+1v � öå òðè ðiçíi çìiííi.

Γ-òåðìîì áóäåìî íàçèâàòè òåðì çi çìiííèìè ç VΓ òà ôóíêöiîíàëüíèìè

ñèìâîëàìè ç Γ.

Áóäåìî íàçèâàòè çìiííó kv ∈ VΓ íåâiäîìîþ â Γ (kv ∈ V+
Γ ), ÿêùî

äåÿêà ôîðìóëà â Γ ìà¹ âèãëÿä P [(∀vF )+]τ àáî P [(∃vF )−]τ . Âiäïîâiäíî,
kv ∈ VΓ íàçâåìî ôiêñîâàíîþ â Γ (kv ∈ V−Γ ), ÿêùî Γ ìiñòèòü ôîðìóëó

âèãëÿäó P [(∀vF )−]τ àáî P [(∃vF )+]τ . Î÷åâèäíî, êîæíà çìiííà â VΓ ¹ àáî

íåâiäîìîþ, àáî ôiêñîâàíîþ: V+
Γ ∪V

−
Γ = VΓ, V+

Γ ∩V
−
Γ = ∅. Â ïîäàëüøîìó,

ìè áóäåìî çàïèñóâàòè ôiêñîâàíi çìiííè ïîëóæèðíèì øðèôòîì: kv.

Áåçêîíôëiêòíà ìíîæèíà ôîðìóë Γ ïîðîäæó¹ âiäíîøåííÿCΓ: V+
Γ×V

−
Γ

íàñòóïíèì ÷èíîì: ku CΓ
mw òîäi i òiëüêè òîäi, êîëè k = m òà êâàíòîð

ïî w âõîäèòü â îáëàñòü äi¨ êâàíòîðà ïî u â Γ, iíàêøå êàæó÷è, êîëè äåÿêà
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ôîðìóëà F ∈ Γ ìà¹ âèãëÿä (. . .Q1 u (. . .Q2w (. . . ) . . . ) . . . ). Î÷åâèäíî, ç
ku CΓ

kw âèïëèâà¹ mu CΓ
mw.

Äëÿ çàäàíî¨ ïiäñòàíîâêè σ, ìè ââîäèìî âiäíîøåííÿ CCσΓ: V−Γ ×V
+
Γ òàê:

mw CCσΓ
ku òîäi i ëèøå òîäi, êîëè mw âõîäèòü â kuσ.

Ñêií÷åíà ïiäñòàíîâêà σ ¹ äîïóñòèìîþ â Γ, ÿêùî âèêîíóþòüñÿ íàñòó-

ïíi óìîâè:

1. äëÿ áóäü-ÿêî¨ ôiêñîâàíî¨ kw ∈ V−Γ , iñíó¹ äåÿêèé iíäåêñ m, òàêèé ùî
kwσ = mw;

2. äëÿ áóäü-ÿêèõ kw,mw ∈ V−Γ , ku ∈ V
+
Γ , ÿêùî

kwσ = mwσ òà ku CΓ
kw,

òî kuσ = muσ;

3. òðàíçèòèâíå çàìèêàííÿ êîìïîçèöi¨ (CCσΓ ◦ CΓ) iððåôëåêñèâíå.

Íàñòóïíèé àíàëîã òåîðåìè Åðáðàíà ìà¹ ìiñöå äëÿ äîïóñòèìèõ ïiä-

ñòàíîâîê:

Òåîðåìà 3.2. Íåõàé Γ ¹ áåçêîíôëiêòíîþ ìíîæèíîþ çàìêíåíèõ ôîð-

ìóë. Ïîçíà÷èìî ÷åðåç Γ′ ìíîæèíó ôîðìóë ç Γ ç âèêðåñëåíèìè êâàí-

òîðàìè (òîáòî, âñi çìiííi â Γ′ âiëüíi). Ìíîæèíà Γ ¹ ñóìiñíîþ òîäi

i ëèøå òîäi, êîëè äëÿ âñiõ n ∈ N òà áóäü-ÿêî¨ ñêií÷åíî¨ äîïóñòèìî¨

ïiäñòàíîâêè σ â ñèãíàòóði Γ, ìíîæèíà {1Γ′, . . . , nΓ′ }σ ¹ ñóìiñíîþ.

Íèæ÷å ìè äîâåäåìî öåé ðåçóëüòàò â iíøîìó àñïåêòi, âñòàíîâèâøè

çâ'ÿçîê ìiæ ïîíÿòòÿì äîïóñòèìî¨ ïiäñòàíîâêè òà ñêîëåìiçàöi¹þ.

Ñêîëåìiçóþ÷à ïiäñòàíîâêà θΓ çàìiùà¹ êîæíó ôiêñîâàíó çìiííó kv

ñêîëåìiâñüêèì ôóíêöiîíàëüíèì ñèìâîëîì v(ku1, . . . ,
kun), äå ku1, . . . ,

kun

¹ ìàêñèìàëüíîþ ìíîæèíîþ íåâiäîìèõ çìiííèõ, òàêèõ ùî kui CΓ
kv i

êâàíòîð ïî ui+1 âõîäèòü â îáëàñòi äi¨ êâàíòîðó ïî ui â Γ. Çàóâàæèìî, ùî

θΓ ¹ íåîáõiäíî íåñêií÷åíîþ.

Òåîðåìà 3.3. Íåõàé Γ ¹ áåçêîíôëiêòíîþ ìíîæèíîþ çàìêíåíèõ ôîð-

ìóë, à σ � äîïóñòèìîþ ïiäñòàíîâêîþ â Γ. Iñíó¹ ïiäñòàíîâêà π, òàêà

ùî äëÿ áóäü-ÿêèõ Γ-òåðìiâ s, t, ç sσ = tσ âèïëèâà¹ sθΓπ = tθΓπ.



� 89 �

Äîâåäåííÿ. Ìè ìîæåìî ïðèïóñòèòè, ùî áóäü-ÿêà çìiííà, íåâiäîìà ÷è

ôiêñîâàíà, â ÿêó σ ðîáèòü ïiäñòàíîâêó, íå çóñòði÷à¹òüñÿ â òåðìàõ-ñóá-

ñòèòóòàõ σ (êîæíà òàêà çìiííà ìîæå áóòè ïåðåiìåíîâàíà â ñóáñòèòóòi).

Ïîçíà÷èìî ÷åðåç φ ïiäñòàíîâêó (θΓ)σ, òîáòî ïiäñòàíîâêó, ÿêà çàìiíþ¹

áóäü-ÿêó ôiêñîâàíó çìiííó iv íà òåðì ivθΓσ. Çàóâàæèìî, ùî φ íå ¹ êîì-

ïîçèöi¹þ θΓ ç σ; íàïðèêëàä, φ íå ðîáèòü ïiäñòàíîâêó â íåâiäîìi çìiííi.

Ïiäñòàíîâêà φ óòâîðþ¹òüñÿ çàñòîñóâàííÿì σ äî ñóáñòèòóòiâ θΓ.

Íåõàé φ1 ïîçíà÷à¹ φ, φ2 ïîçíà÷à¹ φ ◦ φ, à φi+1 ïîçíà÷à¹ φi ◦ φ (òóò, ◦
ïîçíà÷à¹ êîìïîçèöiþ ïiäñòàíîâîê). Äîâåäåìî, ùî iñíó¹ òàêå n, ùî φn+1 =

φn. Ïîçíà÷èìî ÷åðåçWi ìíîæèíó ôiêñîâàíèõ çìiííèõ, ùî âõîäÿòü â ñóá-

ñòèòóòè φi. Çàóâàæèìî, ùî Wi ñêií÷åíà òà Wi+1 ⊆ Wi äëÿ âñiõ i > 0.

Îñêiëüêè òðàíçèòèâíå çàìèêàííÿ (CCσΓ ◦ CΓ) iððåôëåêñèâíå, òîáòî ¹

ñòðîãèì ÷àñòêîâèì âïîðÿäêóâàííÿì, ìè ìîæåìî âèáðàòè â Wi ìàêñè-

ìàëüíèé åëåìåíò ïî âiäíîøåííþ ê öüîìó âïîðÿäêóâàííþ, çà óìîâè, ùî

Wi íåïóñòå. Ïîçíà÷èìî öåé åëåìåíò kw. Òåïåð, ÿêùî çíàéäåòñÿ òàêà çìií-

íà lv ∈ W , ùî lvφ ìiñòèòü kw, òî ìàòèìåìî kw (CCσΓ ◦ CΓ) lv, âñóïå-

ðå÷ ìàêñèìàëüíîñòi kw. Ñïðàâäi, ÿêùî lvφ ìiñòèòü kw, òîäi äëÿ äåÿêîãî
lu CΓ

lv, luσ ìiñòèòü kw, à îòæå kw CCσΓ
lu. Òàêèì ÷èíîì, ÿêùî Wi íåïó-

ñòå, òî Wi+1 ¹ âëàñíîþ ïiäìíîæèíîþ Wi. Òîìó ìà¹ iñíóâàòè íàòóðàëüíå

n òàêå ùî Wn = ∅. Î÷åâèäíî, φn ◦ φ = φn.

Íåõàé ψ ïîçíà÷à¹ φn, à π ïîçíà÷à¹ σ ◦ ψ. Äëÿ áóäü-ÿêî¨ ôiêñîâàíî¨

çìiííî¨ kv, kvθΓσ = kvσθΓσ, çà âèçíà÷åííÿì äîïóñòèìîñòi. Òîäi ìà¹ìî
kvθΓπ = kvθΓσψ = kvσθΓσψ = kvσφψ = kvσψ. Äëÿ áóäü-ÿêî¨ íåâiäîìî¨

çìiííî¨ ku, òåæ ìà¹ìî kuθΓπ = kuσψ. Îòæå äëÿ áóäü-ÿêîãî Γ-òåðìó r,

rθΓπ = rσψ.

Î÷åâèäíî äëÿ âñiõ s òà t, sσ = tσ ⇒ sσψ = tσψ ⇒ sθΓπ = tθΓπ.

Òåîðåìà 3.4. Íåõàé Γ ¹ áåçêîíôëiêòíîþ ìíîæèíîþ çàìêíåíèõ ôîð-

ìóë, à π � ïiäñòàíîâêîþ. Iñíó¹ ïiäñòàíîâêà σ äîïóñòèìà â Γ, òàêà

ùî äëÿ áóäü-ÿêèõ Γ-òåðìiâ s, t, ç sθΓπ = tθΓπ âèïëèâà¹ sσ = tσ.

Äîâåäåííÿ. Ìè ìîæåìî ïðèïóñòèòè, ùî π íå ïiäñòàâëÿ¹ â ôiêñîâàíi çìií-

íi i íå ìiñòèòü ôiêñîâàíèõ çìiííèõ ó ñâî¨õ òåðìàõ-ñóáñòèòóòàõ. Ìè ìî-
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æåìî òàêîæ ïðèïóñòèòè, ùî áóäü-ÿêà íåâiäîìà çìiííà, â ÿêó π ðîáèòü

ïiäñòàíîâêó, íå çóñòði÷à¹òüñÿ â ñóáñòèòóòàõ π.

Ïîçíà÷èìî ÷åðåç ψ ïiäñòàíîâêó (θΓ)π, òîáòî ïiäñòàíîâêó, ùî çàìiùó¹

êîæíó ôiêñîâàíó çìiííó iv íà òåðì ivθΓπ. Çàóâàæèìî, ùî ψ íå ¹ êîì-

ïîçèöi¹þ θΓ ç π; íàïðèêëàä, ψ íå ðîáèòü ïiäñòàíîâêè â íåâiäîìi çìiííi.

Ïiäñòàíîâêà ψ óòâîðþ¹òüñÿ çàñòîñóâàííÿì π äî âñiõ ñóáñòèòóòiâ θΓ.

Ââåäåìî âiäíîøåííÿ åêâiâàëåíòíîñòi BC íà ôiêñîâàíèõ çìiííèõ ç VΓ

íàñòóïíèì ÷èíîì: kw BC lv òîäi i ëèøå òîäi, êîëè kwψ = lvψ. Iíàêøå

êàæó÷è, kw BC lv, êîëè w òà v ¹ îäíiþ é òi¹þ ñàìîþ çìiííîþ â Γ, i, äëÿ

âñiõ ku CΓ
kw, kuπ = luπ. Îñêiëüêè π ñêií÷åíà, ôàêòîð-ìíîæèíà V−Γ / BC

ìàòèìå ñêií÷åíó êiëüêiñòü ÷ëåíiâ ç äâîìà ÷è áiëüøå åëåìåíòàìè.

Ïiäñòàíîâêà σ âèçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì. Äëÿ êîæíî¨ ôiêñîâàíî¨

çìiííî¨ lv, lvσ = kv, äå k � öå íàéìåíøèé iíäåêñ â êëàñi åêâiâàëåíòíîñòi
lv. Äëÿ êîæíî¨ íåâiäîìî¨ çìiííî¨ lu, luσ ¹ òåðìîì luπ, äå ïåâíi ïiäòåðìè

çàìiíåíi ôiêñîâàíèìè çìiííèìè çà íàñòóïíèì ïðàâèëîì: ïiäòåðì r òåðìó
luπ çàìiíåíî íà ôiêñîâàíó çìiííó kv â luσ, ÿêùî r = kvψ, æîäåí ñêî-

ëåìiâñüêèé ñèìâîë íå âõîäèòü íàä r â luπ, à k ¹ íàéìåíøèì iíäåêñîì â

êëàñi åêâiâàëåíòíîñòi kv.

Ëåãêî ïîáà÷èòè, ùî σ äîïóñòèìà â Γ. Ïåðøà òà äðóãà óìîâà â âèçíà-

÷åííi äîïóñòèìîñòi ç î÷åâèäíiñòþ ìàþòü ìiñöå. Äëÿ òîãî, ùîá ïîêàçàòè,

ùî òðåòÿ óìîâà òàêîæ çàäîâîëåíà, çàóâàæèìî, ùî ç ku (CΓ ◦ CCσΓ) lx âè-

ïëèâà¹, ùî kuπ ¹ âëàñíèì ïiäòåðìîì lxπ. Òðàíçèòèâíå çàìèêàííÿ (CΓ

◦ CCσΓ) ¹, òàêèì ÷èíîì, iððåôëåêñèâíèì, à îòæå òðàíçèòèâíå çàìèêàííÿ

(CCσΓ ◦ CΓ) òàêîæ iððåôëåêñèâíå.

Íåõàé k áóäå íàéìåíøèì iíäåêñîì â êëàñi åêâiâàëåíòíîñòè ôiêñîâàíî¨

çìiííî¨ lv. Ìè îòðèìó¹ìî lvθΓπ = v(luπ, . . . ) = v(kuπ, . . . ) = kvθΓπ =
kvψ = lvσψ. Äëÿ áóäü-ÿêî¨ íåâiäîìî¨ çìiííî¨ lu, îòðèìó¹ñî luθΓπ = luπ =
luσψ çà ïîáóäîâîþ σ. Îòæå, äëÿ áóäü-ÿêîãî Γ-òåðìó r, rθΓπ = rσψ.

Ðîçãëÿíåìî Γ-òåðìè s, t òàêi, ùî sθΓπ = tθΓπ. Çà ïîïåðåäíiì, ìà¹-

ìî sσψ = tσψ. Ïðèïóñòèìî, ùî sσ 6= tσ. Îñêiëüêè ψ ïiäñòàâëÿ¹ ëèøå

â ôiêñîâàíi çìiííi, ìîæåìî ïðèïóñòèòè, ùî iñíó¹ ïiäòåðì r òåðìó sσ i

ôiêñîâàíà çìiííà kv â tσ òàêi, ùî rψ = kvψ, àëå r 6= kv.
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Çà ïîáóäîâîþ σ, çìiííà kv ïîâèííà ìàòè íàéìåíøèé iíäåêñ â ñâî¹ìó

êëàñi åêâiâàëåíòíîñòi. ßêùî r ¹ ôiêñîâàíîþ çìiííîþ, âîíà òàêîæ ìà¹

íàéìåíøèé iíäåêñ â ñâî¹ìó êëàñi. Îñêiëüêè r BC kv, îòðèìó¹ìî r = kv. Â

iíøîìó âèïàäêó, r ¹ òåðì ç ãîëîâíèì ñêîëåìiâñüêèì ñèìâîëîì v. Îñêiëü-

êè òåðì s íå ìiñòèòü ñêîëåìiâñüêèõ ñèìâîëiâ, r ìàâ ïîòðàïèòè â sσ â

ñóáñòèòóòi σ. Îòæå, rψ âõîäèòü â äåÿêèé ñóáñòèòóò π. Àëå rψ = kvψ,

îòæå r íå ìîæå âõîäèòè â ñóáñòèòóò σ, çà ïîáóäîâîþ σ. Ìè ïðèéøëè äî

ïðîòèði÷÷ÿ. Îòæå sσ = tσ.

3.2.2. Öiëåêåðîâàíå òàáëè÷íå ÷èñëåííÿ

Áàçîâå ÷èñëåííÿ ïðóâåðà ñèñòåìè ÑÀÄ ¹ âàðiàíòîì ÷èñëåííÿ Tb,

äå âèáið ÷åðãîâîãî êðîêó âèâåäåííÿ äëÿ äàíî¨ ãiëêè êåðó¹òüñÿ ôîðìîþ

ëèñòà ãiëêè, ÿêèé ìè íàçèâà¹ìî öiëüþ: ïîêè â ëèñòi ñòî¨òü ñêëàäåíà íå-

ëiòåðíà ôîðìóëà, ìè çàñòîñîâó¹ìî αβγδ-ïðàâèëà, ùî ðîçáèâàþòü öiëü;

êîëè â ëèñòi îïèíÿ¹òüñÿ ëiòåðà, îáèðà¹ìî íîâó öiëü.

Âèáið íàñòóïíîãî êðîêó ìîæíà äîäàòêîâî ñêîðîòèòè, çàôiêñóâàâøè

äåÿêèé àòîì â öiëåâié ôîðìóëi. Iíàêøå êàæó÷è, íà êîæíîìó êðîöi âèâå-

äåííÿ, â êîæíîìó íîâîïîðîäæåíîìó ëèñòi ¹ âèäiëåíèé àòîì. Äëÿ öüîãî,

ìè ïðàöþâàòèìåìî ç äåðåâàìè òðiéîê F � τ · γ, äå F ¹ ôîðìóëà, γ �

êîíñòðåéíò, à τ � ïîçèöiÿ (âèäiëåíîãî àòîìó) â F .

Íà ïî÷àòêó âèâåäåííÿ, ìè îáèðà¹ìî îäíó ç ïî÷àòêîâèõ ôîðìóë, âè-

äiëÿ¹ìî â íié äåÿêèé àòîì i ñòàâèìî ¨¨ â ëèñò ïiä êîðåíåâèì âóçëîì.

Ðîçáèâàþ÷è öiëü, ìè çáåðiãà¹ìî âèäiëåíèé àòîì. Â α-ïðàâèëàõ ìè

äîäà¹ìî äî ãiëêè ëèøå îäíó ç äâîõ ïiäôîðìóë: òó, ùî ìiñòèòü âèäiëåíèé

àòîì. Â β-ïðàâèëàõ îäíà ç ïîðîäæåíèõ ãiëîê óñïàäêîâó¹ âèäiëåíèé àòîì,

à â äðóãié ìè âèáåðåìî íîâèé âèäiëåíèé àòîì äîâiëüíèì ÷èíîì.

ßêùî öiëåâà ôîðìóëà ¹ ëiòåðîþ L (ç âèäiëåíèì àòîìîì A), i ïðàâèëà

ðîçáèòòÿ íåçàñòîñîâíi, âèáið íîâî¨ öiëi òàêîæ ìîæå áóòè öiëåêåðîâàíèì:

ñåðåä ïî÷àòêîâèõ ôîðìóë ìè âèáåðåìî òó, ùî ìiñòèòü âõîäæåííÿ àòîìà,

ÿêå ìîæíà óíiôiêóâàòè ç A, çà óìîâè, ùî çíàê âõîäæåííÿ ïðîòèëåæíèé

çíàêó âõîäæåííÿ A â L.

Îñêiëüêè ìè ïðàöþ¹ìî ç äîïóñòèìèìè ïiäñòàíîâêàìè, i äîïóñòèìiñòü
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Ïðàâèëî ñòàðòó: Ïîäâiéíå çàïåðå÷åííÿ:

Γ, F [P (~s)]τ ‖
0F [P (~s)]τ � τ

Γ ‖∆, ¬¬F � 0.0.τ

F � τ

α-ïðàâèëà:

Γ ‖∆, F ∧G � 0.τ

F � τ
Γ ‖∆, F ∧G � 1.τ

G � τ

Γ ‖∆, ¬(F ∨G) � 0.0.τ

¬F � 0.τ

Γ ‖∆, ¬(F ∨G) � 0.1.τ

¬G � 0.τ

Γ ‖∆, ¬(F ⊃ G) � 0.0.τ

F � τ
Γ ‖∆, ¬(F ⊃ G) � 0.1.τ

¬G � 0.τ

β-ïðàâèëà:

Γ ‖∆, ¬(F ∧G[Q(~s)]µ) � 0.0.τ

¬F � 0.τ ¬G[Q(~s)]µ � 0.µ

Γ ‖∆, ¬(F [Q(~s)]µ ∧G) � 0.1.τ

¬F [Q(~s)]µ � 0.µ ¬G � 0.τ

Γ ‖∆, F ∨G[Q(~s)]µ � 0.τ

F � τ G[Q(~s)]µ � µ
Γ ‖∆, F [Q(~s)]µ ∨G � 1.τ

F [Q(~s)]µ � µ G � τ

Γ ‖∆, F ⊃ G[Q(~s)]µ � 0.τ

¬F � 0.τ G[Q(~s)]µ � µ
Γ ‖∆, F [Q(~s)]µ ⊃ G � 1.τ

¬F [Q(~s)]µ � 0.µ G � τ

γδ-ïðàâèëà:

Γ ‖∆, ∀ kv F � 0.τ

F � τ
Γ ‖∆, ¬∃ kv F � 0.0.τ

¬F � 0.τ

Γ ‖∆, ∃ kv F � 0.τ

F � τ
Γ ‖∆, ¬∀ kv F � 0.0.τ

¬F � 0.τ

Âèáið íîâî¨ öiëi (m ¹ íîâèì iíäåêñîì):

Γ, F [P (~s)−]τ , Λ ‖∆, P (~r) � ε
mF [¬⊥]τ � τ.0 · (ms1 = r1 ∧ · · · ∧ msn = rn)

Γ, F [P (~s)+]τ , Λ ‖∆, ¬P (~r) � 0
mF [⊥]τ � τ · (ms1 = r1 ∧ · · · ∧ msn = rn)

Òåðìiíàëüíi ïðàâèëà:

Γ ‖∆, ¬P (~s) � 0, Λ, P (~r) � ε
⊥ � ε · (s1 = r1 ∧ · · · ∧ sn = rn)

Γ ‖∆, P (~s) � ε, Λ, ¬P (~r) � 0

⊥ � ε · (s1 = r1 ∧ · · · ∧ sn = rn)

Ðèñ. 4: Öiëåêåðîâàíå òàáëè÷íå ÷èñëåííÿ GDT
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âèçíà÷åíà âiäíîñíî ïî÷àòêîâî¨ ìíîæèíè ôîðìóë, ìè ìîæåìî íå çâàæàòè

íà êâàíòîðè ïðîòÿãîì âèâåäåííÿ. Êîæíîãî ðàçó, ÿê ìè îáèðà¹ìî íîâó

öiëü, ìè ïðèïèñó¹ìî âñiì çìiííèì â íié (ÿê âiëüíèì, òàê i çâ'ÿçàíèì)

äåÿêèé íîâèé iíäåêñ.

Ïðàâèëà âèâåäåííÿ öiëåêåðîâàíîãî òàáëè÷íîãî ÷èñëåííÿ GDT íàâå-

äåíi íà ðèñóíêó 4. Çàóâàæèìî, ùî ïîðÿäîê ïî÷àòêîâèõ ôîðìóë â Γ ìà¹

çíà÷åííÿ â GDT: ïðàâèëî ñòàðòó áåðå îñòàííþ ôîðìóëó çi ñïèñêó. ßê

i ðàíiøå, ìè íå âêàçó¹ìî êîíñòðåéíòiâ â àíòåöåäåíòàõ ïðàâèë � âîíè

ìîæóòü áóòè ÿêèìè çàâãîäíî. Â êîíñåêâåíòi ïðàâèëà ïðîïóùåíèé êîí-

ñòðåéíò ââàæà¹òüñÿ ïóñòèì.

GDT-òàáëî T ç ïî÷àòêîâèì âóçëîì Γ ââàæà¹òüñÿ çàêðèòèì, êîëè

âñi ãiëêè â T çàêðèòi i ñóêóïíà ìíîæèíà êîíñòðåéíòiâ ç T ìîæå áóòè

çàäîâiëüíåíà Γ-äîïóñòèìîþ ïiäñòàíîâêîþ σ.

×èñëåííÿ GDT ¹ êîðåêòíèì i ïîâíèì â ëîãiöi ïåðøîãî ïîðÿäêó:

Òåîðåìà 3.5. Íåõàé Γ = ∆ ∪ {G} ¹ áåçêîíôëiêòíîþ ìíîæèíîþ çà-

ìêíåíèõ ôîðìóë. Ïðèïóñòèìî, ùî ∆ ¹ ñóìiñíîþ. Òîäi Γ ñóïåðå÷ëèâà

òîäi i ëèøå òîäi, êîëè ç ïî÷àòêîâîãî âóçëà (∆, G) ìîæíà ïîáóäóâàòè

çàêðèòå GDT-òàáëî.

×èñëåííÿGDT ¹ òàáëè÷íèì ïåðåôîðìóëþâàííÿì ÷èñëåííÿGD, ÷èÿ

êîðåêòíiñòü i ïîâíîòà áóëè ïðîäåìîíñòðîâàíi â ïîïåðåäíiõ ðîáîòàõ çà

ïðîãðàìîþ �Àëãîðèòì Î÷åâèäíîñòi�. Â ïiäðîçäiëi 3.2.4, ìè íàâîäèìî íå-

ïðÿìå äîâåäåííÿ òåîðåìè 3.5.

Ðîçãëÿíåìî ïðèêëàä âèâåäåííÿ â GDT. Cïðîñòó¹ìî ìíîæèíó Γ:

∀ pqx . (p ⊆ q ∧ x ∈ p) ⊃ x ∈ q

∀ ry . E(r) ⊃ ¬(y ∈ r)

∀ s . (∀ z . ¬(z ∈ s)) ⊃ E(s)

∃ e . E(e)

¬∀ a . (∀ b . a ⊆ b) ⊃ E(a)

Çàóâàæèìî, ùî Γ ¹ áåçêîíôëiêòíîþ ìíîæèíîþ, îòæå óìîâè òåîðåì 3.2

òà 3.5 âèêîíàíi i çàñòîñóâàííÿ γδ-ïðàâèë íå ïðèçâåäå äî êîëiçi¨ iìåí.
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T = Γ

¬∀ 0a . (∀ 0b . 0a ⊆ 0b) ⊃ E(0a) � 0.0.1

¬
(

(∀ 0b . 0a ⊆ 0b) ⊃ E(0a)
)
� 0.1

¬ E(0a) � 0

∀ 1s . (∀ 1z . ¬(1z ∈ 1s)) ⊃ ⊥ � 0.1 · (0a = 1s)

(∀ 1z . ¬(1z ∈ 1s)) ⊃ ⊥ � 1

¬∀ 1z . ¬ 1z ∈ 1s � 0.0.0

¬¬ 1z ∈ 1s � 0.0

1z ∈ 1s � ε
T1

(ngs)

(dneg)

δ
⊥ � ε

β

γ

(ngs)

α

δ

(start)

T1 = ∀ 2p2q2x . (2p ⊆ 2q ∧ ¬ ⊥ ) ⊃ 2x ∈ 2q � 0.0.0.0.1.0 · (1z = 2x ∧ 1s = 2p)

(2p ⊆ 2q ∧ ¬ ⊥ ) ⊃ 2x ∈ 2q � 0.1.0

¬(2p ⊆ 2q ∧ ¬ ⊥ ) � 0.1.0

¬ 2p ⊆ 2q � 0

T2
(ngs)

¬¬ ⊥ � 0.0

⊥ � ε
(dneg)

β

2x ∈ 2q � ε
T3

(ngs)

β

γ

T2 = ¬∀ 3a . (∀ 3b . ⊥ ) ⊃ E(3a) � 0.0.0.0 · (2p = 3a ∧ 2q = 3b)

¬
(

(∀ 3b . ⊥ ) ⊃ E(3a)
)
� 0.0.0

∀ 3b . ⊥ � 0

⊥ � ε
γ

α

δ

T3 = ∀ 4r4y . E(4r) ⊃ ¬¬ ⊥ � 0.0.1.0.0 · (2x = 4y ∧ 2q = 4r)

E(4r) ⊃ ¬¬ ⊥ � 1.0.0

¬ E(4r) � 0

∃ 5e . ⊥ � 0 · (4r = 5e)

⊥ � ε
δ

(ngs)
¬¬ ⊥ � 0.0

⊥ � ε
(dneg)

β

γ

Ðèñ. 5: Çàêðèòå GDT-òàáëî
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Íà ðèñóíêó 5 íàâåäåíî GDT-ñïðîñòóâàííÿ T ìíîæèíè Γ. Äëÿ ñïðî-

ùåííÿ ïîäàííÿ, âèäiëåíi àòîìè îáâåäåíî. Çâåðíåìî óâàãó íà òå, ùî âñi

ãiëêè â T çàêðèòi, õî÷à ìè æîäíîãî ðàçó íå çàñòîñóâàëè òåðìiíàëüíå

ïðàâèëî: âñi ïîòðiáíi âõîäæåííÿ ⊥ áóëè ââåäåíi ïðàâèëàìè âèáîðó íîâî¨

öiëi. Òàêîþ ¹ ñóêóïíà ìíîæèíà êîíñòðåéíòiâ â T:

0a = 1s 1z = 2x 1s = 2p 2p = 3a

2q = 3b 2x = 4y 2q = 4r 4r = 5e

Âîíà ìîæå áóòè çàäîâiëüíåíà ïiäñòàíîâêîþ

σ = [0a/3a, 0a/1s, 0a/2p, 1z/2x, 1z/4y, 5e/2q, 5e/3b, 5e/4r]

Äëÿ òîãî, ùîá ïåðåñâiä÷èòèñü â äîïóñòèìîñòi σ, ðîçãëÿíåìî âïîðÿäêó-

âàííÿ CΓ òà CCσΓ:

0a CCσΓ
1s, 2p 1z CCσΓ

2x, 4y 5e CCσΓ
2q, 3b, 4r is CΓ

iz (for any i ∈ N)

Òðàíçèòèâíå çàìèêàííÿ (CCσΓ ◦ CΓ) î÷åâèäíî íå ìiñòèòü öèêëiâ. Òàêèì

÷èíîì, ìíîæèíà Γ óñïiøíî ñïðîñòîâàíà.

Â íàñòóïíèõ ïiäðîçäiëàõ ìè âñòàíîâèìî çâ'ÿçîê ìiæ ÷èñëåííÿ GDT

òà òðàäèöiéíèì öiëåêåðîâàíèì äèç'þíêòíèì òàáëè÷íèì ÷èñëåííÿì.

3.2.3. Äèç'þíêòíå öiëåêåðîâàíå ÷èñëåííÿ

×èñëåííÿ Clause Connection Tableau, òàêîæ âiäîìå ÿê Model Elimi-

nation, áóëî ââåäåíî Ä. Ëàâëåíäîì ÿê ÷èñëåííÿ ðåçîëþöiéíîãî òèïó (ç

äèç'þíêòàìè ñïåöiàëüíî¨ ôîðìè) [54]. Ïiçäíiøå âîíî áóëî ïåðåôîðìó-

ëüîâàíå ÿê äèç'þíêòíå òàáëè÷íå ÷èñëåííÿ [55], äå ïîøóê âèâåäåííÿ êå-

ðó¹òüñÿ �ñïîëóêàìè� ìiæ äèç'þíêòàìè: ïàðàìè ïðîòèëåæíèõ çà çíàêîì

ëiòåð, ùî ìîæóòü áóòè óíiôiêîâàíi.

Äèç'þíêòíå òàáëî ¹ ñêií÷åíèì äåðåâîì T, äå â âóçëàõ, êðiì êîðåíå-

âîãî, çíàõîäÿòüñÿ ïàðè L · γ, äå L � ëiòåðà, à γ � êîíñòðåéíò. Â êîðåíi

äåðåâà (â ïî÷àòêîâîìó âóçëi) ìiñòèòüñÿ ïî÷àòêîâà ìíîæèíà äèç'þíêòiâ.

Ïðàâèëà âèâåäåííÿ ÷èñëåííÿ CT íàâåäåíi íà ðèñóíêó 6.
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Ïðàâèëî ñòàðòó: Γ, (L1 ∨ · · · ∨ Lk), Λ ‖
0L1 · · · 0Lk

Ïðàâèëà ðîçøèðåííÿ (m ¹ íîâèì iíäåêñîì):

Γ, (L1 ∨ · · · ∨ ¬P (~s) ∨ · · · ∨ Lk), Λ ‖∆, P (~r)
mL1 · · · ⊥ · (ms1 = r1 ∧ · · · ∧ msn = rn) · · · mLk

Γ, (L1 ∨ · · · ∨ P (~s) ∨ · · · ∨ Lk), Λ ‖∆,¬P (~r)
mL1 · · · ⊥ · (ms1 = r1 ∧ · · · ∧ msn = rn) · · · mLk

Òåðìiíàëüíi ïðàâèëà:

Γ ‖∆,¬P (~s),Λ, P (~r)

⊥ · (s1 = r1 ∧ · · · ∧ sn = rn)

Γ ‖∆, P (~s),Λ,¬P (~r)

⊥ · (s1 = r1 ∧ · · · ∧ sn = rn)

Ðèñ. 6: Äèç'þíêòíå öiëåêåðîâàíå ÷èñëåííÿ CT

Ôàêò 3.6. Ìíîæèíà äèç'þíêòiâ S ¹ ñóïåðå÷ëèâîþ òîäi i òiëüêè òîäi,

êîëè ç S ìîæíà ïîáóäóâàòè çàêðèòå CT-òàáëî.

Âëàñòèâiñòü ïîâíîòè ìîæå áóòè ïîñèëåíà:

Òåîðåìà 3.7. ßêùî ìíîæèíâ äèç'þíêòiâ S ¹ ñóïåðå÷ëèâîþ, àëå áóäü-

ÿêà âëàñíà ïiäìíîæèíà S ¹ ñóìiñíîþ, òîäi çàêðèòå äåðåâî ñïðîñòóâà-

ííÿ S â CT ìîæå ïî÷èíàòèñÿ ç áóäü-ÿêîãî äèç'þíêòà C ∈ S.

Äîâåäåííÿ. ×èñëåííÿ CT ¹ êîðåêòíèì, îòæå êîæåí äèç'þíêò ç S ìà¹

áðàòè ó÷àñòü â áóäü-ÿêîìó CT-âèâåäåííi, ùî ñïðîñòîâó¹ S, àáî ÿê ñòàð-
òîâèé äèç'þíêò, àáî â êðîöi ðîçøèðåííÿ. Ðîçãëÿíåìî çàêðèòå òàáëî T,
äå äèç'þíêò C �áåðå ó÷àñòü� íà ìiíiìàëüíî ìîæëèâié ãëèáèíi (â ïîäàëü-

øîìó áóäåìî íàçèâàòè ¨¨ �ãëèáèíîþ C�):

S
0L1

T1

· · · 0Lk
Tk
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Çàóâàæèìî, ùî T1, . . . ,Tk ïîçíà÷àþòü òóò íå îêðåìi äåðåâà ëiòåð, à íà-

áîðè äåðåâ, îñêiëüêè êîæíèé âóçîë 0Li ìîæå ìàòè äåêiëüêà íàùàäêiâ. Òå

æ ñàìå ñïðàâåäëèâå äëÿ Ti1, . . . ,Til íèæ÷å.

ßêùî äèç'þíêò C ¹ ñòàðòîâèì äèç'þíêòîì L1 ∨ · · · ∨ Lk, ìè ìà¹ìî

òâåðäæåííÿ òåîðåìè. Â ïðîòèâíîìó âèïàäêó, C âõîäèòü â äåÿêå Ti. Ðîç-

ãëÿíåìî äåðåâî T áiëüø äåòàëüíî:

S
0L1

T1

· · · 0Li
mM1

Ti1

· · · ⊥ · γ · · · mMl

Til

· · · 0Lk
Tk

Ïîáóäó¹ìî íîâå çàêðèòå òàáëî T∗, ùî ïî÷èíà¹òüñÿ ç äèç'þíêòà M1 ∨
· · · ∨Ml. Îñêiëüêè C ¹ àáî äèç'þíêòîì M1∨ · · · ∨Ml àáî âõîäèòü â äåÿêå

Tii′, ãëèáèíà C â T∗ ñòàíå ìåíøîþ, íiæ ãëèáèíà C â T, ïðèçâîäÿ÷è äî

ïðîòèði÷÷ÿ.

Ðîçãëÿíåìî �åñêiçíó� âåðñiþ T∗ (ïîçíà÷èìî ¨¨ T′):

S
mM1

Ti1

· · · mMj

0L1

T1

· · · ⊥ · γ · · · 0Lk
Tk

· · · mMl

Til

Äåðåâî T′ íå ¹ ïðàâèëüíî ïîáóäîâàíèì CT-òàáëî, îñêiëüêè äåÿêi ãiëêè ç
Ti1, . . . , Ti(j−1), Ti(j+1), . . . ,Til ìîæóòü áóòè çàêðèòè â T ÷åðåç óíiôiêàöiþ

ëèñòà ç ëiòåðîþ 0Li. Â T′, òàêå çàêðèòòÿ âæå íåìîæëèâå. Ïåðåãëÿíåìî

T′ çíîâ:

S
mM1

Ti1....
nL′

⊥ · (0Li ↔ nL′)

· · · mMj

0L1

T1

· · · ⊥ · γ · · · 0Lk
Tk

· · · mMl

Til

Âèðàç (0Li ↔ nL′) ïîçíà÷à¹ òóò âiäïîâiäíèé êîíñòðåéíò. Ìè ìîæåìî
ñêîðèãóâàòè öåé íåïðàâèëüíèé ëèñò (i âñi iíøi òàêi ëèñòè) íàñòóïíèì
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÷èíîì:

S
mM1

Ti1....
nL′

0L1

T1

· · · ⊥ · (0Li ↔ nL′) · · · 0Lk
Tk

· · · mMj

0L1

T1

· · · ⊥ · γ · · · 0Lk
Tk

· · · mMl

Til

Òåïåð çàëèøà¹òüñÿ ëèøå �îñâiæèòè� iíäåêñè çìiííèõ â êîïiÿõ ïiääåðåâ,

ïîâåðíóòè iíäåêñ 0 äî ñòàðòîâîãî äèç'þíêòà, i ìè îòðèìà¹ìî ïðàâèëüíî

ïîáóäîâàíå çàêðèòå CT-òàáëî T∗. Çàóâàæèìî, ùî ïiäñòàíîâêà, ÿêà çà-

êðèâà¹ T∗, òðèâiàëüíî óòâîðþ¹òüñÿ ç ïiäñòàíîâêè äëÿ T êîïiþâàííÿì òà

ðåiíäåêñàöi¹þ. ßê ìè âæå çàçíà÷èëè, ãëèáèíà C â T∗ ìåíøà, íiæ â T,
îòæå ìà¹ìî ïðîòèði÷÷ÿ.

3.2.4. Çâ'ÿçîê ìiæ GDT òà CT

Ïåðø çà âñå, íàì íåîáõiäíî ïåðåéòè âiä ôîðìóë äî äèç'þíêòiâ. Ìè
ïî÷èíà¹ìî ç ìíîæèíè çàìêíåíèõ ôîðìóë Γ, äå íåìà¹ äâîõ êâàíòîðiâ ïî
îäíié çìiííié. Îïåðàöiÿ íà¨âíî¨ êëàóçèôiêàöi¨ Cls âèçíà÷à¹òüñÿ òàê:

Cls(Γ) =
⋃
F∈Γ

Clsε(F ) Cls~x(¬¬F ) = Cls~x(F )

Cls~x(F ∧G) = Cls~x(F ) ∪ Cls~x(G) Cls~x(¬(F ∧G)) = Cls~x(¬F ) ∨ Cls~x(¬G)

Cls~x(F ∨G) = Cls~x(F ) ∨ Cls~x(G) Cls~x(¬(F ∨G)) = Cls~x(¬F ) ∪ Cls~x(¬G)

Cls~x(F ⊃ G) = Cls~x(¬F ) ∨ Cls~x(G) Cls~x(¬(F ⊃ G)) = Cls~x(F ) ∪ Cls~x(¬G)

Cls~x(∀uF ) = Cls~x,u(F ) Cls~x(¬∀ v F ) = Cls~x(¬F [v(~x)/v])

Cls~x(∃ v F ) = Cls~x(F [v(~x)/v]) Cls~x(¬∃uF ) = Cls~x,u(¬F )

Cls~x(P (~s)) = {P (~s) } Cls~x(¬P (~s)) = {¬P (~s) }

äå S1 ∨ S2 = {C1 ∨ C2 |C1 ∈ S1, C2 ∈ S2 } (S1, S2 ¹ ìíîæèíàìè äèç'þí-

êòiâ). Çàóâàæèìî, ùî â ïðàâèëàõ äëÿ Cls~x(∃ v F ) òà Cls~x(¬∀ v F ), çìiííà

v ïåðåòâîðþ¹òüñÿ íà ñêîëåìiâñüêèé ôóíêöiîíàëüíèé ñèìâîë v (àáî êîí-

ñòàíòó, ÿêùî ~x = ε).

Íàñòóïíà òåîðåìà ¹ î÷åâèäíèì íàñëiäêîì òåîðåìè 3.7.
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Òåîðåìà 3.8. Íåõàé Γ = ∆ ∪ {G} ¹ áåçêîíôëiêòíîþ ìíîæèíîþ çà-

ìêíåíèõ ôîðìóë. Ïðèïóñòèìî, ùî ∆ � ñóìiñíà. Ìíîæèíà Γ ñóïåðå-

÷ëèâà òîäi i ëèøå òîäi, êîëè ìíîæèíà äèç'þíêòiâ Cls(Γ) ìîæå áó-

òè ñïðîñòîâàíà â CT. Êðiì òîãî, ÿêùî Γ ñóïåðå÷ëèâà, òî iñíó¹ CT-

ñïðîñòóâàííÿ Cls(Γ), ùî ïî÷èíà¹òüñÿ ç äèç'þíêòà ç Clsε(G).

Ïðàâèëüíî ïîáóäîâàíåGDT-äåðåâî (àáî éîãî ïiääåðåâî) íàçèâà¹òüñÿ

çâåäåíèì, ÿêùî âñi ôîðìóëè â éîãî ëèñòàõ ¹ ëiòåðàìè. Çàóâàæèìî, ùî

áóäü-ÿêå çàêðèòå äåðåâî ¹ çâåäåíèì. Äëÿ äîâiëüíîãî çâåäåíîãî ïiääåðåâà

T ïðàâèëüíî ïîáóäîâàíîãî GDT-òàáëî, ìè âèçíà÷à¹ìî ëiòåðàëiçàöiþ T,
Lit(T) ÿê ïîñëiäîâíiñòü äåðåâ:

1. ßêùî êîðåíåâèé âóçîë â T ¹ ïî÷àòêîâîþ ìíîæèíîþ ôîðìóë Γ, òîäi

Lit(T) ñêëàäà¹òüñÿ ç îäíîãî äåðåâà:

Lit
(

Γ

T′

)
=

Cls(Γ)

Lit(T′)θΓ

äå ñêîëåìiçóþ÷à ïiäñòàíîâêà θΓ çàñòîñîâàíà ÿê äî ôîðìóë, òàê i äî

êîíñòðåéíòiâ â ëiòåðàëiçàöi¨ Lit(T′).

2. ßêùî êîðåíåâèé âóçîë â T ìiñòèòü íåëiòåðíó ôîðìóëó, òî Lit(T) ¹

êîíêàòåíàöi¹þ:

Lit
(
F � τ · γ

T1

)
= Lit(T1 + γ)

Lit
(

(G ∗H) � 0.τ · γ
T1 T2

)
= Lit(T1 + γ), Lit(T2)

Lit
(

(G ∗H) � 1.τ · γ
T1 T2

)
= Lit(T1), Lit(T2 + γ)

Lit
(
¬(G ∗H) � 0.0.τ · γ

T1 T2

)
= Lit(T1 + γ), Lit(T2)

Lit
(
¬(G ∗H) � 0.1.τ · γ

T1 T2

)
= Lit(T1), Lit(T2 + γ)

äå F � íåëiòåðíà ôîðìóëà, ∗ � áiíàðíà ïðîïîçèöiéíà çâ'ÿçêà, à Ti+γ

îòðèìàíî ç Ti äîäàííÿì êîíñòðåéíòó γ äî êîíñòðåéíòó â êîðåíåâîìó

âóçëi.
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3. ßêùî T ìiñòèòü ëiòåðó â êîðåíåâîìó âóçëi, Lit(T) ñêëàäà¹òüñÿ ç îäíî-

ãî äåðåâà. ßêùî êîðiíü T íå ìà¹ íàùàäêiâ, Lit(T) òàêîæ ñêëàäà¹òüñÿ

ç îäíîãî âóçëà.

Lit
(
L � τ · γ

T′

)
=

L · γ
Lit(T′)

Lit (L � τ · γ) = (L · γ)

Ïîâåðíåìîñü äî ïðèêëàäó íà ðèñóíêó 5. Ïî÷èíàþ÷è ç ìíîæèíè ôîð-

ìóë Γ, ìà¹ìî:

Cls(Γ) = { ¬(p ⊆ q) ∨ ¬(x ∈ p) ∨ (x ∈ q), ¬E(r) ∨ ¬(y ∈ r),

(z(s) ∈ s) ∨ E(s), E(e), a ⊆ b, ¬E(a) }

Ëiòåðàëiçîâàíå äåðåâî âèãëÿäà¹ íàñòóïíèì ÷èíîì (ìè çàïèñó¹ìî êîí-
ñòðåéíòè ïiä ëèñòàìè, ùîá çàëèøèòèñÿ â ìåæàõ ñòîðiíêè). Îòðèìàíå
âèâåäåííÿ ¹ ïðàâèëüíî ïîáóäîâàíèì çàêðèòèì CT-òàáëî:

Cls(Γ)

¬E(a)

z(1s) ∈ 1s

¬ 2p ⊆ 2q

⊥
(2p = a ∧ 2q = 3b)

⊥
(z(1s) = 2x ∧ 1s = 2p)

2x ∈ 2q

¬E(4r)

⊥
(4r = e)

⊥
(2x = 4y ∧ 2q = 4r)

⊥
(a = 1s)

Ïîøèðèìî âèçíà÷åííÿ íà¨âíî¨ êëàóçèôiêàöi¨ íà ôîðìóëè ç iíäåêñî-

âàíèìè çìiííèìè:

Cls~x(∀ kuF ) = Cls~x(F ) Cls~x(¬∀ kvF ) = Cls~x(¬F )

Cls~x(∃ kvF ) = Cls~x(F ) Cls~x(¬∃ kuF ) = Cls~x(¬F )

Ëåãêî áà÷èòè, ùî äëÿ âñiõ çàìêíåíèõ F ∈ Γ, Clsε(kF )θΓ = k(Clsε(F )).

Ëåìà 3.9. Íåõàé Γ ¹ áåçêîíôëiêòíà ìíîæèíà çàìêíåíèõ ôîðìóë, T′ �
çâåäåíå ïiääåðåâî äåÿêîãî GDT-òàáëî, ïîáóäîâàíîãî ç Γ, i γ′ � äîâiëü-

íèé êîíñòðåéíò, ìîæëèâî ïóñòèé. Ïîêëàäåìî T = T′+γ′ i äîïóñòèìî,
ùî (F � τ · γ) ¹ êîðåíåâèì âóçëîì T. Òîäi ìà¹ ìiñöå íàñòóïíå:

1. Âñi âóçëè â Lit(T) ¹ ïàðàìè (ëiòåðà · êîíñòðåéíò).
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2. Âñi ëiòåðè ç âóçëiâ T ïðèñóòíi â Lit(T); ¨õí¹ âiäíîñíå ðîçòàøóâàí-

íÿ (áóòè íàä, áóòè çëiâà) çáåðiãà¹òüñÿ; Lit(T) íå ìiñòèòü äîäàíèõ

ëiòåð.

3. Âñi êîíñòðåéíòè ç âóçëiâ T ïðèñóòíi â Lit(T); Lit(T) íå ìiñòèòü

äîäàíèõ êîíñòðåéíòiâ.

4. Íåõàé L1, . . . , Ln áóäóòü ëiòåðàìè â êîðåíi äåðåâà Lit(T). Äèç'þíêò

(L1 ∨ · · · ∨ Ln) íàëåæèòü äî Clsε(F ).

5. Íåõàé L ïîçíà÷à¹ F |τ , ÿêùî τ ∈ Π+(F ), i ïîçíà÷à¹ ¬(F |τ), â ïðî-

òèâíîìó âèïàäêó. Âóçîë (L ·γ) ¹ îäíèì ç êîðåíåâèõ âóçëiâ â Lit(T).

Äîâåäåííÿ. Äîâåäåìî ëåìó ïî iíäóêöi¨ ïî ÷èñëó âóçëiâ â T. Ðîçãëÿíåìî
êîðåíåâèé âóçîë T i ïðîâåäåìî ðîçáið âèïàäêiâ.

Âèïàäîê: F = G ∨ H òà τ = 0.µ. Îñêiëüêè T ¹ çâåäåíèì, òî êî-

ðåíü T ìà¹ íàùàäêiâ. Îñêiëüêè T ¹ ïîääåðåâîì ïðàâèëüíî ïîáóäîâàíîãî

GDT-òàáëî (ìîæëèâî, ç äîäàíèìè êîíñòðåéíòàìè), öèìè âóçëàìè ¹ T1

ç êîðåíåì G � µ òà T2 ç êîðåíåì H � ν, äå ν ¹ ïîçèöi¹þ àòîìà â H.

Çà âèçíà÷åííÿì, Lit(T) ¹ êîíêàòåíàöi¹þ Lit(T1 + γ) òà Lit(T2). Äåðåâà

T1 +γ òà T2 çâåäåíi, âîíè ìàþòü ìåíøó êiëüêiñòü âóçëiâ, íiæ T, îòæå ìè
ìîæåìî çàñòîñóâàòè ãiïîòåçó iíäóêöi¨. Ïåðåâiðèìî òåïåð ï'ÿòü òâåðäæåíü

ëåìè:

1. Òàê: Lit(T) ¹ êîíêàòåíàöi¹þ Lit(T1 + γ) òà Lit(T2);

2. Òàê: T1 +γ ìiñòèòü òi æ ñàìi ëiòåðè, ùî é T1, i âñi ëiòåðè ç Lit(T1 +γ)

ðîçòàøîâàíi çëiâà âiä ëiòåð ç Lit(T2);

3. Òàê: çîêðåìà, Lit(T1 + γ) ìiñòèòü êîíñòðåéíò γ;

4. Íåõàé L1, . . . , Lk áóäóòü ëiòåðàìè â êîðåíåâèõ âóçëàõ Lit(T1 + γ), à

Lk+1, . . . , Ln � â êîðåíåâèõ âóçëàõ Lit(T2). Çà ãiïîòåçîþ iíäóêöi¨ òà

ðîçøèðåíèì âèçíà÷åííÿì Cls, (L1 ∨ · · · ∨ Ln) ∈ Clsε(F ).

5. Çàóâàæèìî, ùî F |τ = G|µ, à äåðåâî T1 ìà¹ ïóñòèé êîíñòðåéíò â êî-

ðåíi. Íåõàé L äîðiâíþ¹ G|µ, ÿêùî µ ∈ Π+(G), i äîðiâíþ¹ ¬(G|µ), â
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ïðîòèâíîìó âèïàäêó. Çà ãiïîòåçîþ iíäóêöi¨, (L·γ) ¹ îäíèì ç êîðåíåâèõ

âóçëiâ Lit(T1 + γ).

Iíøi âèïàäêè äëÿ íåëiòåðíî¨ ôîðìóëè F ðîçãëÿäàþòüñÿ àíàëîãi÷íî.

Âèïàäîê: F ¹ ëiòåðîþ. Îñêiëüêè T ïîáóäîâàíî çãiäíî ç ïðàâèëàìè

GDT, êîðåíåâèé âóçîë T ìà¹ ùîíàéáiëüøå îäíîãî íàùàäêà. Ïðèïóñòè-

ìî, ùî ¹ íàùàäîê T1. ßê ìè çíà¹ìî, Lit(T) = (F ·γ)/Lit(T1). Ìè ìîæåìî

çàñòîñóâàòè ãiïîòåçó iíäóêöi¨ äëÿ T1. Î÷åâèäíî, ï'ÿòü òâåðäæåíü ëåìè

âèêîíóþòüñÿ äëÿ Lit(T). Öå òàêîæ ñïðàâåäëèâî, ÿêùî T ñêëàäà¹òüñÿ ç

îäíîãî âóçëà.

Òåîðåìà 3.10. Íåõàé Γ ¹ áåçêîíôëiêòíà ìíîæèíà çàìêíåíèõ ôîðìóë.

Äëÿ äîâiëüíîãî çâåäåíîãî GDT-òàáëî T, ïîáóäîâàíîãî ç Γ, Lit(T) ¹ ïðà-

âèëüíî ïîáóäîâàíèì CT-òàáëî; ÿêùî T çàêðèòî, òî Lit(T) çàêðèòî

òàêîæ.

Äîâåäåííÿ. Äîâåäåìî ïåðøó ÷àñòèíó òåîðåìè ïî iíäóêöi¨ ïî êiëüêîñòi

âóçëiâ â T. Ïðèïóñòèìî, ùî âñi âóçëè ç ëiòåðàìè ¹ ëèñòàìè â T. Òîäi T
ìà¹ âèãëÿä

Γ
0F � τ....

äå F ∈ Γ, à τ ¹ ïîçèöi¹þ àòîìà â F . Çà ëåìîþ 3.9, Lit(T) ìà¹ âèãëÿä

Cls(Γ)

L1θΓ · · · LnθΓ

äå (L1∨· · ·∨Ln) ∈ Clsε(0F ). Ñïðàâäi, îñêiëüêè âñi ëiòåðè â T çíàõîäÿòüñÿ

â ëèñòàõ, ëiòåðàëiçàöiÿ Lit(T) ìà¹ ãëèáèíó 2. Çàóâàæèìî, ùî Lit(T) íå

ìiñòèòü êîíñòðåéíòiâ, îñêiëüêè òàêå äåðåâî ìîãëî áóòè ïîáóäîâàíî ëèøå

çà äîïîìîãîþ αβγδ-ïðàâèë, ÿêi íå ïîðîäæóþòü äîäàòêîâèõ êîíñòðåéíòiâ.

Çà ïðàâèëàìè íà¨âíî¨ êëàóçèôiêàöi¨ äëÿ ôîðìóë ç iíäåêñîâàíèìè çìií-

íèìè, iñíó¹ äèç'þíêò (L′1 ∨ · · · ∨ L′n) ∈ Clsε(F ), òàêèé ùî 0L′i = LiθΓ äëÿ

âñiõ i ∈ [1, n]. Òîìó Lit(T) ¹ ïðàâèëüíî ïîáóäîâàíèì CT-òàáëî, óòâîðå-

íèì ç Cls(Γ) ¹äèíèì çàñòîñóâàííÿì ñòàðòîâîãî ïðàâèëà.
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Òåïåð äîïóñòèìî, ùî â T ¹ íåëèñòîâi âóçëè ç ëiòåðàìè. Ðîçãëÿíåìî

îäèé òàêèé âóçîëN ç ìàêñèìàëüíîþ ãëèáèíîþ â T. Ïðèïóñòèìî, ùî ëiòå-
ðà â N ¹ çàïåðå÷åíèì àòîìîì ¬P (~r) (âèïàäîê ïîçèòèâíî¨ ëiòåðè ðîçãëÿ-

äà¹òüñÿ àíàëîãi÷íî). Îñêiëüêè T ¹ ïðàâèëüíî ïîáóäîâàíèì GDT-òàáëî,

ãiëêà ç âóçëîì N ìîæå áóòè àáî ïðîäîâæåíà êðîêîì ïîðîäæåííÿ íîâî¨

öiëi, àáî çàêðèòà çà òåðìiíàëüíèì ïðàâèëîì.

Ïðèïóñòèìî, ùî ãiëêà ïðîäîâæåíà çà ïðàâèëîì âèáîðó íîâî¨ öiëi.

Òîäi ïiääåðåâî, ùî ðîñòå ç N ìà¹ âèãëÿä N/T1. Âèäàëèìî äåðåâî T1 ç

T i ïîçíà÷èìî îòðèìàíå äåðåâî T′. Äåðåâî T′ ¹ ïðàâèëüíî ïîáóäîâàíèì
çâåäåíèì GDT-òàáëî, ÿêå ìà¹ ìåíøó êiëüêiñòü âóçëiâ, íiæ T. Îòæå, ìè
ìîæåìî çàñòîñóâàòè ãiïîòåçó iíäóêöi¨. Çà ëåìîþ 3.9, äåðåâî Lit(T′) ìà¹
ëèñò N ′ ç ëiòåðîþ ¬P (~r)θΓ.

Ïiääåðåâî T1 ìà¹ âèãëÿä (mF [⊥]τ � τ · γ)/T2, äå F [P (~s)+]τ ∈ Γ, à γ

¹ ñêëàäåíèé êîíñòðåéíò m~s = ~r. Î÷åâèäíî, âñi âóçëè ç ëiòåðàìè â T1 ¹

ëèñòàìè. Çà ëåìîþ 3.9, ëiòåðàëiçàöiÿ Lit(T1) ¹ íàáîðîì äåðåâ, ùî ìiñòÿòü

ðiâíî îäèí âóçîë L1, . . . , (⊥ · γ), . . . , Ln, äå äèç'þíêò (L1 ∨ · · · ∨ ⊥∨ · · · ∨
Ln) ∈ Clsε(mF [⊥]τ). Ïðèïóñòèìî, ùî ⊥ ¹ k-òîþ ëiòåðîþ â äèç'þíêòi.

Âiäìiòèìî, ùî Lit(T1) íå ìiñòèòü iíøèõ êîíñòðåéíòiâ, êðiì γ, îñêiëüêè

T2 áóëî óòâîðåíî çà äîïîìîãîþ αβγδ-ïðàâèë.

Ëåãêî ïîáà÷èòè, ùî äèç'þíêò (L1∨· · ·∨mP (~s)∨· · ·∨Ln) íàëåæèòü äî
Clsε(mF [P (~s)]τ). Òîäi, çà ïðàâèëàìè íà¨âíî¨ êëàóçèôiêàöi¨ äëÿ ôîðìóë ç

iíäåêñîâàíèìè çìiííèìè, iñíó¹ äèç'þíêò (L′1∨ · · · ∨L′n) ∈ Clsε(F [P (~s)]τ),

òàêèé ùî mL′i = LiθΓ äëÿ âñiõ i ∈ [1, n]\{k} òà mL′k = (mP (~s))θΓ. Â

÷èñëåííi CT, ìè ìîæåìî ðîçøèðèòè âóçîë N ′ â äåðåâi Lit(T′) âóçëà-

ìè mL′1, . . . , (⊥ · γθΓ), . . . ,mL′n. Çà ïîïåðåäíiì, îòðèìàíå äåðåâî áóäå â

òî÷íîñòi Lit(T).

Ïðèïóñòèìî òåïåðü, ùî âóçîë N â T áóâ ïðîäîâæåíèé òåðìiíàëüíèì

êðîêîì. Òîäi iñíó¹ âóçîë M â ãiëöi N , ÿêèé ìiñòèòü ëiòåðó P (~s), i ïiääå-

ðåâî, ùî ðîñòå ç N , ìà¹ âèãëÿä N/(⊥ � ε·γ), äå γ ¹ ñêëàäåíèé êîíñòðåéíò

~s = ~r.

ßê i ðàíiøå, âèäàëèìî öåé ëèñò ç T i ïîçíà÷èìî îòðèìàíå äåðåâî T′.
Äåðåâî T′ ¹ ïðàâèëüíî ïîáóäîâàíå çâåäåíå GDT-òàáëî, êiëüêiñòü âóçëiâ
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â ÿêîìó ìåíøà, íiæ â T. Îòæå ìè ìîæåìî çàñòîñóâàòè ãiïîòåçó iíäóêöi¨.
Çà ëåìîþ 3.9, â äåðåâi Lit(T′) ¹ ëèñò N ′ ç ëiòåðîþ ¬P (~r)θΓ i âóçîë M ′ â

ãiëöi N ′, ÿêèé ìiñòèòü ëiòåðó P (~s)θΓ. Â ÷èñëåííi CT, ìè ìîæåìî ïðîäîâ-

æèòè ãiëêó N ′ â äåðåâi Lit(T′) âóçëîì (⊥ · γθΓ). Îòðèìàíå äåðåâî áóäå â

òî÷íîñòi Lit(T).

Äîâåäåìî äðóãó ÷àñòèíó òâåðäæåííÿ òåîðåìè. Ïðèïóñòèìî, ùî T ¹

çàêðèòèì GDT-òàáëî. Òîäi êîæíà ãiëêà â íüîìó ìiñòèòü âóçîë ç ⊥, i äå-
ÿêà äîïóñòèìà ïiäñòàíîâêà σ çàäîâîëüíÿ¹ ñóêóïíîìó êîíñòðåéíòó γ̄ â T.
Çà ëåìîþ 3.9, êîæíà ãiëêà â Lit(T) òàêîæ ìiñòèòü âóçîë ç ⊥. Áiëüø òîãî,

ñóêóïíà ìíîæèíà êîíñòðåéíòiâ â Lit(T) ñïiâïàäà¹ ç γ̄θΓ. Çà òåîðåìîþ 3.3,

öÿ ìíîæèíà âèêîíóâàíà, îòæå Lit(T) ¹ çàêðèòèì CT-òàáëî.

Ëåìà 3.11. Íåõàé F ¹ ôîðìóëîþ ç iíäåêñîâàíèìè çìiííèìè. Íåõàé

(L1∨· · ·∨Ln) íàëåæèòü äî Clsε(F ). Äëÿ âñiõ i ∈ [1, n] çíàéäåòüñÿ òàêà

ïîçèöiÿ àòîìà τ â Π+(F ) àáî â Π−(F ), ùî Li = F |τ àáî, âiäïîâiäíî,

Li = ¬(F |τ), i äëÿ âñiõ àòîìiâ A i ïðàâèëüíî ïîáóäîâàíèõ GDT-òàáëî

T ç ëèñòîì N âèãëÿäó (F [A]τ � τ ·γ) iñíó¹ ïðàâèëüíî ïîáóäîâàíå GDT-

òàáëî T′, òàêå ùî:

1. T′ îòðèìàíî ç T αβγδ-êðîêàìè, çàñòîñîâàíèìè ïiä âóçëîì N .

2. ïiääåðåâî, ùî ðîñòå ç N â T′, ìiñòèòü â ëèñòàõ ëiòåðè L1, . . . , Lk−1,

L,Lk+1, . . . , Ln, äå L = A, ÿêùî τ ∈ Π+(F ), i L = ¬A, â ïðîòèâíîìó
âèïàäêó.

Äîâåäåííÿ. Öþ ëåìó ëåãêî äîâåñòè ïî iíäóêöi¨ ïî äîâæèíi ôîðìóëè F .

Âèïàäîê: F ¹ ëiòåðîþ. Òâåðäæåííÿ î÷åâèäíå: τ ¹ àáî ε, àáî 0 (çàëå-

æíî âiä òîãî, ÷è ¹ F íåçàïåðå÷åíèì àáî çàïåðå÷åíèì àòîìîì) i T′ = T.

Âèïàäîê: F = G∨H. Äëÿ äåÿêîãî k ∈ [1, n], äèç'þíêò (L1 ∨ · · · ∨Lk)
íàëåæèòü äî Clsε(G), i äèç'þíêò (Lk+1 ∨ · · · ∨ Ln) íàëåæèòü äî Clsε(G).

Ïðèïóñòèìî, ùî i 6 k (âèïàäîê, êîëè i > k ðîçãëÿäà¹òüñÿ àíàëîãi÷íî).

Âiçüìåìî äåÿêå j ∈ [k + 1, n]. Çà ãiïîòåçîþ iíäóêöi¨, ìè ìîæåìî âèáðà-

òè òàêi ïîçèöi¨ µ ∈ Π(G) i ν ∈ Π(H), ùî çàäîâîëüíÿþòü òâåðäæåííÿ

ëåìè. Ïîêëàäåìî τ = 0.µ. Òåïåð, íåõàé T áóäå ïðàâèëüíî ïîáóäîâàíèì
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GDT-òàáëî ç ëèñòîì âèãëÿäó (F [A]τ � τ · γ). Ìè ìîæåìî ðîçøèðèòè

T, çàñòîñóâàâøè β-ïðàâèëî äî öüîãî ëèñòà i ïîðîäèâøè äâà íîâèõ âóçëà
(G[A]µ � µ) òà (H � ν). Çà ãiïîòåçîþ iíäóêöi¨, öi âóçëè ìîæóòü áóòè

ðîçâèíóòi αβγδ-êðîêàìè äî âiäïîâiäíîãî äåðåâà T′.

Âèïàäîê: F = G∧H. Äèç'þíêò (L1∨ · · · ∨Lk) íàëåæèòü äî Clsε(G)∪
Clsε(H). Ïðèïóñòèìî, ùî âií ïðèéøîâ ç Clsε(G) (iíøèé âèïàäîê ðîçãëÿ-

äà¹òüñÿ òàê ñàìî). Íåõàé i íàëåæèòü äî [1, n]. Çà ãiïîòåçîþ iíäóêöi¨, ìè

ìîæåìî âèáðàòè ïiäõîäÿùó ïîçèöiþ µ ∈ Π(G). Ïîêëàäåìî τ = 0.µ. Òå-

ïåð, íåõàé T áóäå ïðàâèëüíî ïîáóäîâàíèì GDT-òàáëî ç ëèñòîì âèãëÿäó

(F [A]τ � τ · γ). Ìè ìîæåìî ðîçøèðèòè T, çàñòîñóâàâøè α-ïðàâèëî äî

öüîãî ëèñòà i ïîðîäèâøè íîâèé ëèñò (G[A]µ � µ). Çà ãiïîòåçîþ iíäóêöi¨,

öåé âóçîë ìîæå áóòè ðîçâèíåíèé αβγδ-êðîêàìè äî äåðåâà T′.

Ðåøòà âèïàäêiâ ðîçãëÿäà¹òüñÿ àíàëîãi÷íî.

Òåîðåìà 3.12. Íåõàé Γ ¹ áåçêîíôëiêòíà ìíîæèíà çàìêíåíèõ ôîðìóë.

Äëÿ äîâiëüíîãî ïðàâèëüíî ïîáóäîâàíîãî CT-òàáëî T◦, ùî ïîáóäîâàíî

ç Cls(Γ) i ìà¹ ñòàðòîâèé äèç'þíêò ç îñòàííüî¨ ôîðìóëè â Γ, iñíó¹

çâåäåíå GDT-òàáëî T, òàêå ùî T◦ = Lit(T). ßêùî T◦ çàêðèòå, òî T
çàêðèòå òàêîæ.

Äîâåäåííÿ. Ùîá äîâåñòè ïåðøó ÷àñòèíó òâåðäæåííÿ, ïðîâåäåìî iíäó-

êöiþ ïî ÷èñëó âóçëiâ â T◦. Ïðèïóñòèìî, ùî T◦ îòðèìàíî ç CT-òàáëî T∗

êðîêîì ðîçøèðåííÿ (âèïàäêè ñòàðòîâîãî ÷è òåðìiíàëüíîãî êðîêiâ ðîç-

ãëÿäàþòüñÿ àíàëîãi÷íî) Ïðèïóñòèìî, ùî T∗ ìà¹ ëèñò N âèãëÿäó ¬P (~r)

i iñíó¹ äèç'þíêò (L1 ∨ · · · ∨ Ln) ∈ Cls(Γ), òàêèé ùî Lk = P (~s), i N ìà¹

íàùàäêiâ mL1, . . . , (⊥ · γ), . . . ,mLn â T◦, äå γ ¹ ñêëàäåíèì êîíñòðåéíòîì
m~s = ~r.

Äåðåâî T∗ ¹ ïðàâèëüíî ïîáóäîâàíèì CT-òàáëî, ÿêå ìà¹ ìåíøå âóçëiâ,
íiæ T◦. Òîìó ìè ìîæåìî ñêîðèñòàòèñÿ ãiïîòåçîþ iíäóêöi¨. Íåõàé T′ áóäå
âiäïîâiäíèì GDT-òàáëî. Îñêiëüêè Lit(T′) = T∗, çíàéäåòüñÿ ëèñò N ′ â

T′, ùî ìiñòèòü ëiòåðó P (~r ′), òàêó ùî ~r ′θΓ = ~r. Òàêîæ, iñíó¹ ôîðìóëà

F ∈ Γ òà äèç'þíêò (L′1 ∨ · · · ∨ L′n) ∈ Clsε(mF ), òàêi ùî L′iθΓ = mLi äëÿ

âñiõ i ∈ [1, n]. Íåõàé L′k = P (~s ′).
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Äëÿ çàäàíî¨ ôîðìóëè mF , äèç'þíêòà (L′1 ∨ · · · ∨L′n), òà iíäåêñà k, ëå-
ìà 3.11 äà¹ íàì äåÿêó ïîçèöiþ τ ∈ Π+(mF ), òàêó ùî mF |τ = P (~s ′). Òîäi

ìè ìîæåìî ïðîäîâæèòè âóçîë N ′ â GDT-òàáëî T′ íàùàäêîì (mF [⊥]τ �
τ ·γ′), äå γ′ ¹ ñêëàäåíèì êîíñòðåéíòîì m~s ′ = ~r ′. Çàóâàæèìî, ùî γ′θΓ = γ.

Çà ëåìîþ 3.11, îòðèìàíå äåðåâî ìîæå áóòè ðîçâèíóòî αβγδ-êðîêàìè ïiä

âóçëîì N ′ äî ëèñòiâ L′1, . . . ,⊥, . . . , L′n (ÿêùî F ñàìà ¹ ëiòåðîþ, äîäàòêîâi

êðîêè íå ïîòðiáíi). Ïîçíà÷èìî ÷åðåç T îòðèìàíå GDT-tree. Ëåãêî ïî-

áà÷èòè, ùî Lit(T) ìîæå áóòè îòðèìàíå ç Lit(T′) ðîçøèðåííÿì ëèñòà N

âóçëàìè L′1θΓ, . . . , (⊥ · γ′θΓ), . . . L′nθΓ. Îòæå, Lit(T) = T◦.
Äðóãà ÷àñòèíà òåîðåìè âèïëèâà¹ ç ëåìè 3.9 òà òåîðåìè 3.4.

Çàãàëîì, òåîðåìè 3.10, 3.12, 3.8 äîâîäÿòü êîðåêòíiñòü i ïîâíîòó ÷è-

ñëåííÿ GDT (òåîðåìà 3.5).

3.3. Îáðîáêà ðiâíîñòi

Â öüîìó ðîçäiëi ðîçâèâà¹òüñÿ êîðåêòíå i ïîâíå öiëåêåðîâàíå òàáëè-

÷íå ÷èñëåííÿ äëÿ êëàñè÷íî¨ ëîãiêè ïåðøîãî ïîðÿäêó ç ðiâíiñòþ. Äëÿ

ñïðîùåííÿ âèêëàäåííÿ, ìè ïðàöþâàòèìî ç äèç'þíêòàìè: äîñëiäæóâàíå

÷èñëåííÿ LPCT ¹, íàñïðàâäi, ìîäèôiêàöi¹þ ÷èñëåííÿ CT, ÿêå ðîçøèðå-

íî ïðàâèëàìè âèâåäåííÿ äëÿ îáðîáêi ðiâíîñòi. Ïîïåðåäíié ðîçäië äåìîí-

ñòðó¹, ÿêèì ÷èíîì ïåðåôîðìóëþâàòè çàïðîïîíîâàíå ÷èñëåííÿ â òåðìiíàõ

ôîðìóë ïåðøîãî ïîðÿäêó òà äîïóñòèìèõ ïiäñòàíîâîê.

Ïîçíà÷àòèìåìî ðiâíiñòü ñèìâîëîì ≈. Áóäåìî îòîòîæíþâàòè àòîìè

ðiâíîñòi, ùî ðîçðiçíÿþòüñÿ ëèøå ïîðÿäêîì àðãóìåíòiâ. Íàïðèêëàä, àòîì

f(x) ≈ y óíiôiêóâàòèìåòüñÿ ç 0 ≈ f(1). Ñèìâîë ' ïîçíà÷àòèìå �ïñåâ-

äîðiâíiñòü�, áiíàðíèé ïðåäèêàò, ùî íå ìà¹ ñïåöiàëüíîãî ëîãi÷íîãî çìiñòó.

Öåé ñèìâîë âèêîðèñòîâó¹òüñÿ äëÿ òîãî, ùîá çàìiíèòè ñèìâîë ≈, êîëè ìè
ïåðåõîäèìî âiä ëîãiêè ç ðiâíiñòþ äî ëîãiêè áåç ðiâíîñòi. Íà âiäìiíó âiä

ðiâíîñòi, f(x) ' y íå óíiôiêó¹òüñÿ ç 0 ' f(1).

Â ïîäàëüøîìó ìè ïîçíà÷à¹ìî òåðìè, ÿêi íå ¹ çìiííèìè, ëiòåðàìè p

òà q, à äîâiëüíi òåðìè ëiòåðàìè l, r, s, òà t.
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3.3.1. Ïàðàìîäóëÿöiÿ i öiëåêåðîâàíiñòü

Íà ðèñóíêó 7 âèêëàäåíî ÷èñëåííÿ CT≈, ÿêå ¹ ïðîñòèì ðîçøèðåííÿì

÷èñëåííÿ CT ïðàâèëîì ïàðàìîäóëÿöi¨, ÿêå çàñòîñîâó¹òüñÿ â öiëåêåðîâà-

íié ìàíåði. Íàãàäà¹ìî, ùî çìiííi, ÿêi âõîäÿòü â ïî÷àòêîâi äèç'þíêòè íå

¹ iíäåêñîâàíèìè, à çìiííi, ÿêi âõîäÿòü â ïîðîäæåíi âóçëè òàáëî, îáîâ'ÿç-

êîâî iíäåêñîâàíi.

Íà æàëü, ÷èñëåííÿ CT≈ íåïîâíå. Ðîçãëÿíåìî òàêó íåñóìiñíó ìíîæè-

íó äèç'þíêòiâ:

S = {a ≈ b, c ≈ d, ¬P (f(a), f(b)), ¬Q(g(c), g(d)), P (x, x) ∨Q(y, y)}

Ñïðîáó¹ìî ïîáóäóâàòè ñïðîñòóâàííÿ S â CT≈:

S
a ≈ b

¬P (f(b), f(b)) · (a = a)

⊥ · (1x = f(b)) Q(1y, 1y)

?

(Ex.2)

(EqEx.2)

(St)
S

¬Q(g(c), g(d))

¬Q(g(d), g(d)) · (c = c)

P (1x, 1x)

?

⊥ · (1y = g(d))
(Ex.2)

(EqEx.1)

(St)

Ìè íå ìîæåìî ïðîäîâæèòè ïåðøå âèâåäåííÿ, îñêiëüêè ëiòåðàQ(1y, 1y)

íå ìîæå áóòè óíiôiêîâàíà ç Q(g(c), g(d)); òàê ñàìî i ðiâíiñòü c = d íå ìî-

æå áóòè çàñòîñîâàíà äî íå¨. Äðóãå âèâåäåííÿ îáðèâà¹òüñÿ ñõîæèì ÷èíîì.

Ïðîáëåìà ïîëÿãà¹ â òîìó, ùî ëiôòiíã ç îñíîâíèõ òåðìiâ íà òåðìè çi

çìiííèìè íåìîæëèâèé â âèâåäåííÿõ ç ïàðàìîäóëÿöi¹þ. Íàø êîíòðïðè-

êëàä íå ñïðàöþâàâ áè, ÿêáè çìiííà x (àáî y) áóëà iíñòàíöiéîâàíà. Çâiñíî,

ïîâíîòè ìîæíà áóëî á äîñÿãíóòè, äîäàâøè àêñiîìè ôóíêöiîíàëüíî¨ ðå-

ôëåêñèâíîñòi (f(x) ≈ f(x), g(x) ≈ g(x), i òàê äàëi) i äîçâîëèòè ïàðàìî-

äóëÿöiþ â çìiííi. Âòiì, òàêèé ïiäõiä âèÿâëÿ¹òüñÿ äîñèòü íååôåêòèâíèì

íà ïðàêòèöi, îñêiëüêè ôóíêöiîíàëüíà ðåôëåêñèâíiñòü ìîæå áóòè çàñòî-

ñîâàíà â áóäü-ÿêèé ìîìåíò âèâåäåííÿ.

×èñëåííÿ ðåçîëþöiéíîãî òèïó ñóìiñíi ç ïðàâèëîì ïàðàìîäóëÿöi¨ çàâ-

äÿêè ñâî¨é ãíó÷êîñòi ùîäî ïîðÿäêó êðîêiâ âèâåäåííÿ, ÿêà ¹ íåäîñÿæíîþ

â öiëåêåðîâàíèõ ÷èñëåííÿõ. Îãëÿä iñíóþ÷èõ ïiäõîäiâ äî îáðîáêè ðiâíîñòi

â ÷èñëåííÿõ ñåêâåíöiàëüíîãî òà òàáëè÷íîãî òèïó ïðîâåäåíî â [56].
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Ïðàâèëî ñòàðòó: Ïðàâèëî ðåäóêöi¨:

Γ, (L1 ∨ · · · ∨ Lk), Λ ‖
0L1 · · · 0Lk

Γ ‖∆, s 6≈ t

⊥ · (s = t)

Ïðàâèëà ðîçøèðåííÿ (m ¹ íîâèì iíäåêñîì):

Γ, (L1 ∨ · · · ∨ ¬P (~s) ∨ · · · ∨ Lk), Λ ‖∆, P (~r)
mL1 · · · ⊥ · (ms1 = r1 ∧ · · · ∧ msn = rn) · · · mLk

Γ, (L1 ∨ · · · ∨ P (~s) ∨ · · · ∨ Lk), Λ ‖∆,¬P (~r)
mL1 · · · ⊥ · (ms1 = r1 ∧ · · · ∧ msn = rn) · · · mLk

Ðîçøèðåííÿ ç ðiâíiñòþ (m ¹ íîâèì iíäåêñîì):

Γ, (L1 ∨ · · · ∨ l ≈ r ∨ · · · ∨ Lk), Λ ‖∆, L[p]
mL1 · · · L[mr] · (p = ml) · · · mLk

Γ, (L1 ∨ · · · ∨ L[p] ∨ · · · ∨ Lk), Λ ‖∆, l ≈ r
mL1 · · · mL[r] · (mp = l) · · · mLk

Ïðàâèëà ïàðàìîäóëÿöi¨:

Γ ‖∆, L[p],Λ, l ≈ r

L[r] · (p = l)

Γ ‖∆, l ≈ r,Λ, L[p]

L[r] · (p = l)

Òåðìiíàëüíi ïðàâèëà:

Γ ‖∆,¬P (~s),Λ, P (~r)

⊥ · (s1 = r1 ∧ · · · ∧ sn = rn)

Γ ‖∆, P (~s),Λ,¬P (~r)

⊥ · (s1 = r1 ∧ · · · ∧ sn = rn)

Ðèñ. 7: Öiëåêåðîâàíå ÷èñëåííÿ ç ïàðàìîäóëÿöi¹þ CT≈
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3.3.2. Ïðàâèëî ëiíèâî¨ ïàðàìîäóëÿöi¨

Ìè ñêàçàëè âèùå, ùî ëiòåðà Q(1y, 1y) íå ìîæå áóòè óíiôiêîâàíà ç

ëiòåðîþ Q(g(c), g(d)). Àëå ùî, ÿê ìè âiäêëàäåìî óíiôiêàöiþ äî òîãî, ÿê

ðiâíiñòü c ≈ d áóäå çàñòîñîâàíà äî äðóãî¨ ëiòåðè? Ùî ñòàíåòüñÿ, ÿêùî

çðîáèòè ðiâíiñòü Q(1y, 1y) = Q(g(c), g(d)) íå êîíñòðåéíòîì, ùî ìà¹ áóòè

çàäîâîëåíèé, à ïiäöiëüþ, ÿêà ìà¹ áóòè äîâåäåíà? Ñàìå öå ðîáèòü ïðàâèëî

ëiíèâî¨ ïàðàìîäóëÿöi¨.
Íà ðèñóíêó 8 ìè ðîçãëÿäà¹ìî åñêiçíó âåðñiþ öiëåêåðîâàíîãî òàáëè-

÷íîãî ÷èñëåííÿ ç ïðàâèëîì ëiíèâî¨ ïàðàìîäóëÿöi¨. Ïðèêëàä ç ïîïåðå-
äíüîãî ïiäðîçäiëó ëåãêî ìîæå áóòè ñïðîñòîâàíèé â òàêîìó ÷èñëåííi:

S
a ≈ b

¬P (f(b), f(b))

⊥ 1x 6≈ f(b)

⊥ · (1x = f(b))

Q(1y, 1y)

⊥ g(c) 6≈ 1y

g(d) 6≈ 1y

⊥ · (g(d) = 1y)

c 6≈ c

⊥ · (c = c)

g(d) 6≈ 1y

⊥ · (g(d) = 1y)

(Ex.1)

a 6≈ a

⊥ · (a = a)

Õî÷à îáðàíèé ïiäõiä çäà¹òüñÿ ïðèäàòíèì, çàïðîïîíîâàíå ÷èñëåííÿ íå

áiëüø åôåêòèâíå, íiæ ïðÿìå âèêîðèñòàííÿ ôóíêöiîíàëüíî¨ ðåôëåêñèâíî-

ñòi. Ñïðàâäi, çà íàâåäåíèìè ïðàâèëàìè âèâåäåííÿ, ìè ìîæåìî çàñòîñóâà-

òè áóäü-ÿêó ðiâíiñòü äî áóäü-ÿêîãî òåðìà, ÿêèé íå ¹ çìiííîþ. ×è ìîæíà

âäîñêîíàëèòè ìåòîä? ×è ¹ âií ïðèíàéìíi ïîâíèì?

3.3.3. Åëiìiíàöiÿ ðiâíîñòi ç êîíñòðåéíòàìè

Òåõíiêà CEE (Constrained Equality Elimination) ¹ âàðiàíòîì ìåòîäó

ìîäèôiêàöi¨ Áðàíäà [57]. Âîíà äîçâîëÿ¹ òðàíñôîðìóâàòè ìíîæèíó äè-

ç'þíêòiâ ç ëîãi÷íèì ñèìâîëîì ðiâíîñòi â åêâiñóìiñíó ìíîæèíó áåç òàêîãî

ñèìâîëà, òîáòî ïåðåâåñòè ïðîáëåìó â êëàñè÷íié ëîãiöi ïåðøîãî ïîðÿäêó ç

ðiâíiñòþ â êëàñè÷íó ëîãiêó ïåðøîãî ïîðÿäêó áåç ðiâíîñòi. Öåé ìåòîä çà-

ñòîñîâó¹ ãðóïó ïåðåïèñóþ÷èõ ïðàâèë äî äèç'þíêòiâ â ïî÷àòêîâié ìíîæè-

íi S. Â ðåçóëüòàòi, ìè îòðèìó¹ìî ìíîæèíó CEE(S) ïëàñêèõ äèç'þíêòiâ

ç êîíñòðåéíòàìè, äå çíàê ðiâíîñòi ≈ çàìiíåíî íà çâè÷àéíèé ïðåäèêàòíèé

ñèìâîë '.
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Ïðàâèëî ñòàðòó: Ïðàâèëî ðåäóêöi¨:

Γ, (L1 ∨ · · · ∨ Lk), Λ ‖
0L1 · · · 0Lk

Γ ‖∆, s 6≈ t

⊥ · (s = t)

Ïðàâèëà ðîçøèðåííÿ (m ¹ íîâèì iíäåêñîì):

Γ, (L1 ∨ · · · ∨ ¬P (~s) ∨ · · · ∨ Lk), Λ ‖∆, P (~r)
mL1 · · · ⊥ ms1 6≈ r1 · · · msn 6≈ rn · · · mLk

Γ, (L1 ∨ · · · ∨ P (~s) ∨ · · · ∨ Lk), Λ ‖∆,¬P (~r)
mL1 · · · ⊥ ms1 6≈ r1 · · · msn 6≈ rn · · · mLk

Ðîçøèðåííÿ ç ðiâíiñòþ (m ¹ íîâèì iíäåêñîì):

Γ, (L1 ∨ · · · ∨ l ≈ r ∨ · · · ∨ Lk), Λ ‖∆, L[p]
mL1 · · · L[mr] p 6≈ ml · · · mLk

Γ, (L1 ∨ · · · ∨ L[p] ∨ · · · ∨ Lk), Λ ‖∆, l ≈ r
mL1 · · · mL[r] mp 6≈ l · · · mLk

Ïðàâèëà ïàðàìîäóëÿöi¨:

Γ ‖∆, L[p],Λ, l ≈ r

L[r] p 6≈ l

Γ ‖∆, l ≈ r,Λ, L[p]

L[r] p 6≈ l

Òåðìiíàëüíi ïðàâèëà:

Γ ‖∆,¬P (~s),Λ, P (~r)

⊥ s1 6≈ r1 · · · sn 6≈ rn

Γ ‖∆, P (~s),Λ,¬P (~r)

⊥ s1 6≈ r1 · · · sn 6≈ rn

Ðèñ. 8: Öiëåêåðîâàíå ÷èñëåííÿ ç ëiíèâîþ ïàðàìîäóëÿöi¹þ (åñêiç)
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Â öié ðîáîòi ìè âèêëàäà¹ìî ïðàâèëà CEE â äåùî çìiíåíié ôîðìi,

ïîðiâíÿíî ç îðèãiíàëüíîþ ðîáîòîþ Áàõìàéðà òà ií. [58]. Ïî-ïåðøå, ìè

äîçâîëÿ¹ìî iíøi ïðåäèêàòíi ñèìâîëè, êðiì ðiâíîñòi. Ïî-äðóãå, ìè çà-

ñòîñîâó¹ìî åëiìiíàöiþ ìîíîòîííîñòi ïiñëÿ åëiìiíàöi¨ ñèìåòði¨. Ïî-òðåò¹,

ìè ïðàöþ¹ìî ç òðàäèöiéíèìè äèç'þíêòàìè i ïåðåíîñèìî êîíñòðåéíòè äî

ïðàâèë âèâåäåííÿ. Ïî-÷åòâåðòå, ìè îáðîáëÿ¹ìî âõîäæåííÿ çàïåðå÷åíî¨

ðiâíîñòi çìiííèõ x 6≈ y â äåùî iíøèé ñïîñiá. Âòiì, óñi öi ìîäèôiêàöi¨

íîñÿòü ñóòî òåõíi÷íèé õàðàêòåð i íå âïëèâàþòü íà ãîëîâíèé ðåçóëüòàò

(òåîðåìà 3.13).

×îòèðè ãðóïè ïåðåïèñóþ÷èõ ïðàâèë íà ðèñóíêó 9 çàñòîñîâóþòüñÿ â

ïîðÿäêó âèêëàäåííÿ. Çìiííi ç êðèøå÷êîþ ââàæàþòüñÿ íîâèìè â âiäïî-

âiäíîìó äèç'þíêòi. Íàãàäà¹ìî, ùî ëèòåðè p òà q ïîçíà÷àþòü òåðìè, ÿêi

íå ¹ çìiííèìè, òîäi ÿê ëiòåðè l, r, s, òà t ïîçíà÷àþòü äîâiëüíi òåðìè.

Ïåðøà ãðóïà ïåðåïèñóþ÷èõ ïðàâèë çàìiíþ¹ çíàê ðiâíîñòi ≈ íà ïðå-

äèêàòíèé ñèìâîë ', òà ïîçáàâëÿ¹ íàñ ïîòðåáè â ÿâíèõ àêñiîìàõ ñèìå-

òðè÷íîñòi äëÿ ñèìâîëó '. Äðóãà ãðóïà ñïëîùó¹ òåðìè i, òàêèì ÷èíîì,

âiäêèäà¹ íåîáõiäíiñòü â ÿâíèõ àêñiîìàõ ìîíîòîííîñòi äëÿ '. Òðåòÿ ãðó-
ïà ðîçáèâà¹ ëiòåðè ðiâíîñòi, ïîçáàâëÿþ÷è íàñ ïîòðåáè â ÿâíèõ àêñèîìàõ

òðàíçèòèâíîñòi. Îñòàíí¹ ïðàâèëî ÿâíî äîäà¹ àêñiîìó ðåôëåêñèâíîñòi äî

ìíîæèíè äèç'þíêòiâ.

Â îòðèìàíié ìíîæèíi äèç'þíêòiâ CEE(S), ðåçîëþöi¨ âiäïîâiäàþòü ïà-

ðàìîäóëÿöiÿì â ïî÷àòêîâié ìíîæèíi. Äîäàòêîâi çìiííi ¹, â ÿêîìóñü ñåíñi,

�çíà÷åííÿìè� òåðìiâ â ëiâié ÷àñòèíi íîâèõ íåðiâíîñòåé. Ïiä �çíà÷åííÿì�

ìè ðîçóìi¹ìî òóò ðåçóëüòàò âñiõ ïàðàìîäóëÿöié, çðîáëåíèõ â òåðì i âñå-

ðåäèíó òåðìó.

Çàôiêñó¹ìî äåÿêå ïîâíå ôóíäîâàíå âïîðÿäêóâàííÿ ≺ íà îñíîâíèõ

òåðìàõ. Áóäåìî íàçèâàòè îñíîâíèì êîíñòðåéíòíèì ïðèêëàäîì àêñiîìè

ðåôëåêñèâíîñòi z ' z äîâiëüíèé îñíîâíèé äèç'þíêò âèäó p ' p. Áó-

äåìî íàçèâàòè îñíîâíèì êîíñòðåéíòíèì ïðèêëàäîì áóäü-ÿêîãî iíøîãî

äèç'þíêòà C äîâiëüíèé îñíîâíèé äèç'þíêò Cσ, òàêèé, ùî äëÿ êîæíî¨

ïîçèòèâíî¨ ëiòåðè s ' t â C, sσ � tσ, äëÿ êîæíî¨ íåãàòèâíî¨ ëiòåðè s 6' t

â C, sσ � tσ, i äëÿ êîæíî¨ íåãàòèâíî¨ ëiòåðè x 6' y â C, xσ = yσ. Íàçâå-
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1. Åëiìiíàöiÿ ñèìåòði¨:

L1 ∨ · · · ∨ s ≈ t ∨ · · · ∨ Ln
L1 ∨ · · · ∨ s ' t ∨ · · · ∨ Ln L1 ∨ · · · ∨ t ' s ∨ · · · ∨ Ln

L1 ∨ · · · ∨ p 6≈ s ∨ · · · ∨ Ln
L1 ∨ · · · ∨ p 6' s ∨ · · · ∨ Ln

L1 ∨ · · · ∨ x 6≈ q ∨ · · · ∨ Ln
L1 ∨ · · · ∨ q 6' x ∨ · · · ∨ Ln

2. Åëiìiíàöiÿ ìîíîòîííîñòi:

L1 ∨ · · · ∨ P (s1, . . . , p, . . . , sn) ∨ · · · ∨ Ln
L1 ∨ · · · ∨ P (s1, . . . , û, . . . , sn) ∨ p 6' û ∨ · · · ∨ Ln

L1 ∨ · · · ∨ ¬P (s1, . . . , p, . . . , sn) ∨ · · · ∨ Ln
L1 ∨ · · · ∨ ¬P (s1, . . . , û, . . . , sn) ∨ p 6' û ∨ · · · ∨ Ln

L1 ∨ · · · ∨ f(s1, . . . , p, . . . , sn) ' t ∨ · · · ∨ Ln
L1 ∨ · · · ∨ f(s1, . . . , û, . . . , sn) ' t ∨ p 6' û ∨ · · · ∨ Ln

L1 ∨ · · · ∨ f(s1, . . . , p, . . . , sn) 6' t ∨ · · · ∨ Ln
L1 ∨ · · · ∨ f(s1, . . . , û, . . . , sn) 6' t ∨ p 6' û ∨ · · · ∨ Ln

L1 ∨ · · · ∨ t ' f(s1, . . . , p, . . . , sn) ∨ · · · ∨ Ln
L1 ∨ · · · ∨ t ' f(s1, . . . , û, . . . , sn) ∨ p 6' û ∨ · · · ∨ Ln

L1 ∨ · · · ∨ t 6' f(s1, . . . , p, . . . , sn) ∨ · · · ∨ Ln
L1 ∨ · · · ∨ t 6' f(s1, . . . , û, . . . , sn) ∨ p 6' û ∨ · · · ∨ Ln

3. Åëiìiíàöiÿ òðàíçèòèâíîñòi:

L1 ∨ · · · ∨ t ' q ∨ · · · ∨ Ln
L1 ∨ · · · ∨ t ' û ∨ q 6' û ∨ · · · ∨ Ln

L1 ∨ · · · ∨ p 6' q ∨ · · · ∨ Ln
L1 ∨ · · · ∨ p 6' û ∨ q 6' û ∨ · · · ∨ Ln

4. Ââåäåííÿ ðåôëåêñèâíîñòi:

z ' z

Ðèñ. 9: Åëiìiíàöiÿ ðiâíîñòi ç êîíñòðåéíòàìè
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ìî ìíîæèíó äèç'þíêòiâ CEE-ñóìiñíîþ, ÿêùî ìíîæèíà âñiõ ¨¨ îñíîâíèõ

êîíñòðåéíòíèõ ïðèêëàäiâ ¹ ñóìiñíîþ.

Íàñòóïíå òâåðäæåííÿ ¹ ïðÿìèì íàñëiäêîì òåîðåìè 4.1 ç [58].

Ôàêò 3.13. Ìíîæèíà äèç'þíêòiâ S ¹ ñóìiñíîþ â êëàñè÷íié ëîãiöi ïåð-

øîãî ïîðÿäêó ç ðiâíiñòþ òîäi i òiëüêè òîäi, êîëè ìíîæèíà CEE(S) ¹

CEE-ñóìiñíîþ â êëàñè÷íié ëîãiöi ïåðøîãî ïîðÿäêó áåç ðiâíîñòi.

×èñëåííÿ CT' íà ðèñóíêó 10 ¹ ÷èñëåííÿì CT, äî ÿêîãî äîäàíî êîí-

ñòðåéíòè âïîðÿäêóâàííÿ äëÿ ëiòåð ðiâíîñòi. Öi êîíñòðåéíòè iíòåðïðåòó-

þòüñÿ âiäíîñíî âïîðÿäêóâàííÿ ≺.

Òåîðåìà 3.14. Ìíîæèíà äèç'þíêòiâ S ¹ ñóïåðå÷ëèâîþ â êëàñè÷íié

ëîãiöi ïåðøîãî ïîðÿäêó ç ðiâíiñòþ òîäi i ëèøå òîäi, êîëè ìíîæèíà

CEE(S) ìîæå áóòè ñïðîñòîâàíà â ÷èñëåííi CT'.

Äîâåäåííÿ. Äàìî ëèøå çàãàëüíèé íàðèñ äîâåäåííÿ, îñêiëüêè äåòàëi äî-

ñèòü î÷åâèäíi. Ïî-ïåðøå, ïîêàæåìî êîðåêòíiñòü CT' ïî âiäíîøåííþ äî

CEE-ïåðåòâîðåíèõ ìíîæèí äèç'þíêòiâ. Ðîçãëÿíåìî çàêðèòå CT'-äåðåâî

T, ùî ñïðîñòîâó¹ ìíîæèíó CEE(S).

Ïiäñòàíîâêà, ÿêà çàäîâîëüíèòü ñóêóïíó ìíîæèíó êîíñòðåéíòiâ T, ìî-
æå áóòè äîïîâíåíà äî îñíîâíî¨ ïiäñòàíîâêè. Òàêèì ÷èíîì, ìè îòðèìà¹ìî

ìíîæèíó îñíîâíèõ ïðèêëàäiâ äèç'þíêòiâ ç CEE(S). Î÷åâèäíî, öÿ ìíî-

æèíà ¹ ñóïåðå÷ëèâîþ â êëàñè÷íié ëîãiöi ïåðøîãî ïîðÿäêó áåç ðiâíîñòi,

îñêiëüêè ìè ìîæåìî ïåðåòâîðèòè T íà çàêðèòå CT-ñïðîñòóâàííÿ, ïðîñòî

âèêðåñëèâøè êîíñòðåéíòè.

Ëåãêî ïîáà÷èòè, ùî öi îñíîâíi ïðèêëàäè ¹ êîðåêòíèìè îñíîâíèìè

êîíñòðåéíòíèìè ïðèêëàäàìè, ïðî ÿêi éäåòüñÿ â òåîðåìi 3.13. Ñïðàâäi,

êîæíà ïîçèòèâíà ëiòåðà (l ' r) (îêðiì àêñiîìè ðåôëåêñèâíîñòi), ùî áåðå

ó÷àñòü â âèâåäåííi, îòðèìó¹ âiäïîâiäíèé êîíñòðåéíò ñòðîãî¨ íåðiâíîñòi

(l > r) ïiä ÷àñ êðîêó ðîçøèðåííÿ àáî òåðìiíàëüíîãî êðîêó. Äàëi, êîæíà

íåãàòèâíà ëiòåðà (s 6' t) àáî çàêðèâà¹òüñÿ êðîêîì ðåäóêöi¨ (ðåçîëþöiÿ

ç àêñiîìîþ ðåôëåêñèâíîñòi), àáî ïiäïàäà¹ ïiä ðåçîëþöiþ ç äåÿêîþ ïîçè-

òèâíîþ ëiòåðîþ ðiâíîñòi. Â îáîõ âèïàäêàõ êîíñòðåéíò (s > t) áóäå çàäî-
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Â ïðàâèëàõ ñòàðòó òà ðîçøèðåííÿ îáðàíèé äèç'þíêò íå ¹ (z ' z)

Ïðàâèëî ñòàðòó: Ïðàâèëî ðåäóêöi¨:

Γ, (L1 ∨ · · · ∨ Lk), Λ ‖
0L1 · · · 0Lk

Γ, (z ' z), Λ ‖∆, s 6' t

⊥ · (s = t)

Ïðàâèëà ðîçøèðåííÿ (m ¹ íîâèì iíäåêñîì):

Γ, (L1 ∨ · · · ∨ ¬P (~s) ∨ · · · ∨ Lk), Λ ‖∆, P (~r)
mL1 · · · ⊥ · (ms1 = r1 ∧ · · · ∧ msn = rn) · · · mLk

Γ, (L1 ∨ · · · ∨ P (~s) ∨ · · · ∨ Lk), Λ ‖∆,¬P (~r)
mL1 · · · ⊥ · (ms1 = r1 ∧ · · · ∧ msn = rn) · · · mLk

Γ, (L1 ∨ · · · ∨ p 6' t ∨ · · · ∨ Lk), Λ ‖∆, l ' r
mL1 · · · ⊥ · (mp = l ∧ l > r ∧ r = mt) · · · mLk

Γ, (L1 ∨ · · · ∨ l ' r ∨ · · · ∨ Lk), Λ ‖∆, p 6' t
mL1 · · · ⊥ · (p = ml ∧ ml > mr ∧ mr = t) · · · mLk

Òåðìiíàëüíi ïðàâèëà:

Γ ‖∆,¬P (~s),Λ, P (~r)

⊥ · (s1 = r1 ∧ · · · ∧ sn = rn)

Γ ‖∆, P (~s),Λ,¬P (~r)

⊥ · (s1 = r1 ∧ · · · ∧ sn = rn)

Γ ‖∆, p 6' t,Λ, l ' r

⊥ · (p = l ∧ l > r ∧ r = t)

Γ ‖∆, l ' r,Λ, p 6' t

⊥ · (p = l ∧ l > r ∧ r = t)

Ðèñ. 10: Äèç'þíêòíå öiëåêåðîâàíå ÷èñëåííÿ ç êîíñòðåéíòàìè CT'
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âiëüíåíî. Íàðåøòi, íåðiâíiñòü (x 6' y) ìîæå áóòè ëèøå çàêðèòà êðîêîì

ðåäóêöi¨, îòæå êîíñòðåéíò (x = y) áóäå òàêîæ âèêîíàíî.

Òåïåð äîâåäåìî ïîâíîòó CT' ïî âiäíîøåííþ äî CEE-ïåðåòâîðåíèõ

ìíîæèí äèç'þíêòiâ. Ðîçãëÿíåìî ìíîæèíó S îñíîâíèõ êîíñòðåéíòíèõ ïðè-

êëàäiâ äèç'þíêòiâ ç CEE(S). Çà òåîðåìîþ 3.13, S ¹ ñóïåðå÷ëèâîþ â êëà-

ñè÷íié ëîãiöi ïåðøîãî ïîðÿäêó áåç ðiâíîñòi. Îòæå, ìè ìîæåìî ïîáóäóâàòè

çàêðèòå CT-òàáëî, ùî ñïðîñòîâó¹ S, i òàêå, ùî àêñiîìà ðåôëåêñèâíîñòi

(z ' z) íå ¹ â íüîìó ñòàðòîâèì äèç'þíêòîì (òåîðåìà 3.7). Ïiñëÿ öüî-

ãî ìè ëèøå ïiäíiìà¹ìî âèâåäåííÿ äî ïåðøîãî ïîðÿäêó i ïåðåòâîðþ¹ìî

CT-òàáëî íà çàêðèòå CT'-ñïðîñòóâàííÿ CEE(S).

3.3.4. Öiëåêåðîâàíå ÷èñëåííÿ ç ëiíèâîþ ïàðàìîäóëÿöi¹þ

Òåïåð ìè ìîæåìî çàïðîïîíóâàòè âäîñêîíàëåíó âåðñiþ ÷èñëåííÿ, ùî

áóëî íàìi÷åíå â ïiäðîçäiëi 3.3.2. Ïðàâèëà âèâåäåííÿ ÷èñëåííÿ LPCT

(Lazy Paramodulation Connection Tableau) âèêëàäåíi íà ðèñóíêó 11. Çìií-

íi ç íàäêðåñëåííÿì ââàæàþòüñÿ íîâèìè ïî âiäíîøåííþ äî âñüîãî äåðåâà

âèâåäåííÿ i íå iíäåêñóþòüñÿ. Êîíñòðåéíò âèäó (a = b > c) ¹ ñêîðî÷åíèì

çàïèñîì êîíñòðåéíòó (a = b ∧ b > c).

Çàïðîïîíîâàíå ÷èñëåííÿ ¹ áiëüø ñêëàäíèì, àëå òàêîæ áiëüø åôå-

êòèâíèì, íiæ ïîïåðåäíÿ âåðñiÿ. Ïåðø çà âñå, ìè çàñòîñîâó¹ìî ëiíèâó

ïàðàìîäóëÿöiþ ëèøå ó êðîêàõ ðîçøèðåííÿ. Ïðàâèëà ïàðàìîäóëÿöi¨ òà

òåðìiíàëüíi ïðàâèëà íå âiäêëàäàþòü óíiôiêàöiþ. Ïî-äðóãå, ñàìà �ëiíèâi-

ñòü� òåïåð áiëüø îáìåæåíà: áóäü-ÿêi äâà òåðìà, ùî ¨õíþ óíiôiêàöiþ ìè

âiäêëàäà¹ìî, ïîâèííi ìàòè çàãàëüíèé ãîëîâíèé ñèìâîë (âòiì, öÿ ôîðìà

óíiôiêàöi¨ âñå ùå ¹ äîñèòü ñëàáêîþ, íàâiòü ïîðiâíÿíî ç iíøèì ñïîñîáîì

ëiíèâî¨ óíiôiêàöi¨, çàïðîïîíîâàíèì Ëií÷åì òà Ñíàéäåðîì [59]). Ïî-òðåò¹,

ìè äîäà¹ìî êîíñòðåéíòè âïîðÿäêóâàííÿ.

Êîðåêòíiñòü LPCT ìîæå áóòè ïîêàçàíà áåçïîñåðåäíüî, ïåðåâiðêîþ

òîãî, ùî êîæíå ïðàâèëî âèâåäåííÿ ïîðîäæó¹ ëèøå ëîãi÷íi íàñëiäêè ïî-

÷àòêîâî¨ ìíîæèíè äèç'þíêòiâ i ïîòî÷íî¨ ãiëêè.

Äîâåäåìî ïîâíîòó LPCT ïåðåòâîðåííÿì CT'-ñïðîñòóâàííÿ ìíîæè-

íè CEE-ïåðåòâîðåíèõ äèç'þíêòiâ ó LPCT-ñïðîñòóâàííÿ ïî÷àòêîâî¨ ìíî-
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Ïðàâèëî ñòàðòó: Ïðàâèëî ðåäóêöi¨:

Γ, (L1 ∨ · · · ∨ Lk), Λ ‖
0L1 · · · 0Lk

Γ ‖∆, s 6≈ t

⊥ · (s = t)

Ïðàâèëà ðîçøèðåííÿ (m ¹ íîâèì iíäåêñîì):

Γ, (L1 ∨ · · · ∨ ¬P (~s) ∨ · · · ∨ Lk), Λ ‖∆, P (~r)
mL1 · · · ⊥ · (v̄1 = r1 ∧ · · · ∧ v̄n = rn) ms1 6≈ v̄1 · · · msn 6≈ v̄n · · · mLk

Γ, (L1 ∨ · · · ∨ P (~s) ∨ · · · ∨ Lk), Λ ‖∆,¬P (~r)
mL1 · · · ⊥ · (v̄1 = r1 ∧ · · · ∧ v̄n = rn) ms1 6≈ v̄1 · · · msn 6≈ v̄n · · · mLk

Ðîçøèðåííÿ ç ðiâíiñòþ (m ¹ íîâèì iíäåêñîì):

Γ, (L1 ∨ · · · ∨ z ≈ r ∨ · · · ∨ Lk), Λ ‖∆, L[p]
mL1 · · · L[w̄] · (p = mz > w̄) mr 6≈ w̄ · · · mLk

Γ, (L1 ∨ · · · ∨ f(~s) ≈ r ∨ · · · ∨ Lk), Λ ‖∆, L[p]

mL1 · · · L[w̄] · (p = f(~̄v) > w̄) mr 6≈ w̄ ms1 6≈ v̄1 · · · msn 6≈ v̄n · · · mLk

Γ, (L1 ∨ · · · ∨ L[f(~s)] ∨ · · · ∨ Lk), Λ ‖∆, l ≈ r

mL1 · · · mL[w̄] · (f(~̄v) = l > r = w̄) ms1 6≈ v̄1 · · · msn 6≈ v̄n · · · mLk

Ïðàâèëà ïàðàìîäóëÿöi¨:

Γ ‖∆, L[p],Λ, l ≈ r

L[w̄] · (p = l > r = w̄)

Γ ‖∆, l ≈ r,Λ, L[p]

L[w̄] · (p = l > r = w̄)

Òåðìiíàëüíi ïðàâèëà:

Γ ‖∆,¬P (~s),Λ, P (~r)

⊥ · (s1 = r1 ∧ · · · ∧ sn = rn)

Γ ‖∆, P (~s),Λ,¬P (~r)

⊥ · (s1 = r1 ∧ · · · ∧ sn = rn)

Ðèñ. 11: Öiëåêåðîâàíå ÷èñëåííÿ ç ëiíèâîþ ïàðàìîäóëÿöi¹þ LPCT
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æèíè äèç'þíêòiâ.

Òåîðåìà 3.15. Íåõàé ìíîæèíà äèç'þíêòiâ S ¹ ñóïåðå÷ëèâîþ â êëàñè-

÷íié ëîãiöi ïåðøîãî ïîðÿäêó ç ðiâíiñòþ. Òîäi iñíó¹ ñïðîñòóâàííÿ S â

LPCT.

Äîâåäåííÿ. Çà òåîðåìîþ 3.14, ìîæåìî ïîáóäóâàòè çàêðèòå CT'-äåðåâî

T, ùî ñïðîñòîâó¹ ìíîæèíó CEE(S). Ââåäåìî ïðîìiæíå ÷èñëåííÿ LPCT',

÷è¨ ïðàâèëà âèâåäåííÿ ¹ ïðàâèëàìè LPCT, äå çíàêè ≈ òà 6≈ çàìiíåíi,

âiäïîâiäíî, íà ' òà 6'.
Íà ïåðøîìó åòàïi, ìè ïåðåòâîðèìî T íà çàêðèòå LPCT'-òàáëî T(0),

ïîáóäîâàíå ç ïî÷àòêîâî¨ ìíîæèíè CEE(S). Íà ðèñóíêó 12 ïîêàçàíî ÿê

òåðìiíàëüíi ïðàâèëà òà ïðàâèëà ðîçøèðåííÿ CT' ìîæóòü áóòè iìiòîâàíi

â LPCT', òàê, ùî ïîðîäæåíi ëèñòè â âiäêðèòèõ ãiëêàõ i ñóêóïíà ìíîæè-

íà êîíñòðåéíòiâ çàëèøàþòüñÿ òèìè ñàìèìè. Ïðàâèëà ñòàðòó òà ðåäóêöi¨

íå âiäðiçíÿþòüñÿ â öèõ äâîõ ÷èñëåííÿõ. Âiäìiòèìî, ùî çà âèçíà÷åííÿì

CEE, íàñòóïíå ìà¹ ìiñöå äëÿ âñiõ äèç'þíêòiâ ç CEE(S):

• Â óñiõ àòîìàõ, ùî íå ¹ ðiâíîñòÿìè, àðãóìåíòè ¹ çìiííèìè.

• Â óñiõ òåðìàõ, ùî íå ¹ çìiííèìè, àðãóìåíòè ¹ çìiííèìè.

• Âñi àòîìè ðiâíîñòi â CEE(S) ìàþòü çìiííó ñïðàâà âiä çíàêà ðiâíîñòi.

Íà äðóãîìó åòàïi ìè âiäíîâëþ¹ìî àðãóìåíòè â òåðìàõ. Íåõàé û ¹

çìiííà, ùî áóëà ââåäåíà ïðîòÿãîì CEE-ïåðåòâîðåííÿ i âõîäèòü â T(0).

Çàóâàæèìî, ùî êîæíà çìiííà ç êðèøå÷êîþ âõîäèòü äâi÷i â ëiòåðè ñâîãî

äèç'þíêòà i íiêîëè íå îïèíÿ¹òüñÿ çëiâà âiä çíàêà ðiâíîñòi. Î÷åâèäíî, û

ïîòðàïèëà äî T(0) âñåðåäèíi äåÿêîãî äèç'þíêòà âèãëÿäó (· · ·∨L[û]∨· · ·∨
p 6' û ∨ · · · ). Âòiì, íåîáîâ'ÿçêîâî, ùî îáèäâi öi ëiòåðè ïðèñóòíi â T(0),

îñêiëüêè îäíà ç íèõ ìîãëà áóòè ãîëîâíîþ ëiòåðîþ íà êðîöi ðîçøèðåííÿ

àáî ðîçøèðåííÿ ç ðiâíiñòþ. Òèì íå ìåíøå, ìè ìîæåìî ñòâåðäæóâàòè,

ùî T(0) ìiñòèòü äâà íåïåðåòèíàþ÷èõñÿ ïiääåðåâà, T◦ òà T•, òàêèõ, ùî
ìà¹ ìiñöå íàñòóïíå:

• Îáèäâà ïiääåðåâà T◦ òà T• ââåäåíi íà îäíîìó êðîöi: ñòàðòó àáî ðîç-
øèðåííÿ.
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CT'-òåðìiíàëüíi =⇒ LPCT'-ïàðàìîäóëÿöiÿ:

Γ ‖∆, f(~x) 6' y,Λ, l ' u

⊥ · (f(~x) = l > u = y)

=⇒ Γ ‖∆, f(~x) 6' y,Λ, l ' u

w̄ 6' y · (f(~x) = l > u = w̄)

⊥ · (w̄ = y)

CT'-ðîçøèðåííÿ =⇒ LPCT'-ðîçøèðåííÿ:

Γ, (L1 ∨ · · · ∨ ¬P (~x) ∨ · · · ∨ Lk), Λ ‖∆, P (~y)
mL1 · · · ⊥ · (mx1 = y1 ∧ · · · ∧ mxn = yn) · · · mLk

=⇒

Γ, (L1 ∨ · · · ∨ ¬P (~x) ∨ · · · ∨ Lk), Λ ‖∆, P (~y)
mL1 · · · ⊥ · (v̄1 = y1 ∧ · · · ∧ v̄n = yn) mx1 6' v̄1

⊥ · (mx1 = v̄1)

· · · mxn 6' v̄n

⊥ · (mxn = v̄n)

· · · mLk

CT'-ðîçøèðåííÿ =⇒ LPCT'-ðîçøèðåííÿ-ç-ðiâíiñòþ:

Γ, (L1 ∨ · · · ∨ f(~x) 6' y ∨ · · · ∨ Lk), Λ ‖∆, l ' u
mL1 · · · ⊥ · (mf(~x) = l > u = my) · · · mLk

=⇒

Γ, (L1 ∨ · · · ∨ f(~x) 6' y ∨ · · · ∨ Lk), Λ ‖∆, l ' u

mL1 · · · w̄ 6' my · (f(~̄v) = l > u = w̄)

⊥ · (w̄ = my)

mx1 6' v̄1

⊥ · (mx1 = v̄1)

· · · mxn 6' v̄n

⊥ · (mxn = v̄n)

· · · mLk

Γ, (L1 ∨ · · · ∨ z ' u ∨ · · · ∨ Lk), Λ ‖∆, f(~x) 6' y
mL1 · · · ⊥ · (f(~x) = mz > mu = y) · · · mLk

=⇒

Γ, (L1 ∨ · · · ∨ z ' u ∨ · · · ∨ Lk), Λ ‖∆, f(~x) 6' y
mL1 · · · w̄ 6' y · (f(~x) = mz > w̄)

⊥ · (w̄ = y)

mu 6' w̄

⊥ · (mu = w̄)

· · · mLk

Γ, (L1 ∨ · · · ∨ f(~z) ' u ∨ · · · ∨ Lk), Λ ‖∆, f(~x) 6' y
mL1 · · · ⊥ · (f(~x) = mf(~z) > mu = y) · · · mLk

=⇒

Γ, (L1 ∨ · · · ∨ f(~z) ' u ∨ · · · ∨ Lk), Λ ‖∆, f(~x) 6' y

mL1 · · · w̄ 6' y · (f(~x) = f(~̄v) > w̄)

⊥ · (w̄ = y)

mu 6' w̄

⊥ ·
(mu = w̄)

mz1 6' v̄1

⊥ ·
(mz1 = v̄1)

· · · mzn 6' v̄n

⊥ ·
(mzn = v̄n)

· · · mLk

Ðèñ. 12: Ïåðåòâîðåííÿ CT' ó LPCT'
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• Çìiííà û íå âõîäèòü â T(0) ïîçà ìåæàìè T◦ òà T•.

• Ëiòåðà â êîðåíi T• ìà¹ âèãëÿä (s 6' û), i û íå âõîäèòü â s.

• Âçàãàëi, û çóñòði÷à¹òüñÿ â T• ëèøå â íåðiâíîñòÿõ âèäó (t 6' û) òà â

êîíñòðåéíòàõ (t = û), ââåäåíèõ êðîêîì ðåäóêöi¨, ïðè÷îìó û íå âõî-

äèòü â öi òåðìè t (âñå, ùî ìè ìîæåìî ðîáèòè ç íåðiâíiñòþ (t 6' û), öå

ïàðàìîäóëþâàòè â t àáî çàêðèòè ¨¨ êðîêîì ðåäóêöi¨).

• Çìiííà û çóñòði÷à¹òüñÿ ëèøå îäèí ðàç â ëiòåði â êîðåíi T◦.

• Çìiííà û íå ç'ÿâëÿ¹òüñÿ â êîíñòðåéíòi êîðåíÿ T◦.

Íåõàé T◦ ìà¹ âèãëÿä:
M [û] · δ

T1 · · · Tn

Äàëi, Ti[û ← t] ïîçíà÷àòèìå òàáëî Ti, äå âñi âõîäæåííÿ û (ÿê â ëiòåðè,

òàê i â êîíñòðåéíòè) çàìiíåíi íà òåðì t. Ëåãêî ïåðåêîíàòèñÿ, ùî òàêà ïiä-

ñòàíîâêà íå ñïîòâîðþ¹ äåðåâà Ti, çà óìîâè, ùî û òà t ¹ ðiâíèìè âiäíîñíî

êîíñòðåéíòiâ â T(0). Ïåðåòâîðåííÿ äåðåâà [T ]T
◦
âèçíà÷à¹òüñÿ íàñòóïíèì

÷èíîì: [
t 6' û · γ
⊥ · (t = û)

]T◦

=⇒ M [t] · γ
T1[û← t] · · · Tn[û← t][

t 6' û · γ
T1 · · · Tn

]T◦

=⇒ M [t] · γ
[T1]T

◦ · · · [Tn]T
◦[

L · γ
T1 · · · Tn

]T◦

=⇒ L · γ
[T1]T

◦ · · · [Tn]T
◦

Ðîçãëÿíåìî òàáëî [T•]T◦. Ìè ìîæåìî ñòâåðäæóâàòè, ùî:

• ßêùî (s 6' û) ¹ ëiòåðîþ â êîðåíi T•, òîM [s] ¹ ëiòåðîþ â êîðåíi [T•]T◦.

• Âñi ïàðàìîäóëÿöi¨ â ëiòåðè (t 6' û), ùî áóëè çðîáëåíi â T•, çàëèøàþ-
òüñÿ êîðåêòíèìè â [T•]T◦. Ñïðàâäi, âñi âîíè áóëè çðîáëåíi â òåðì t, à

çìiíiëîñÿ ëèøå îòî÷åííÿ öüîãî òåðìó.
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• Êîæíà ëiòåðà (t 6' û), çàêðèòà ðåäóêöi¹þ â T• ñòà¹ ëiòåðîþ M [t]

i ïðîäîâæó¹òüñÿ ïiääåðåâàìè Ti[û ← t]. Îñêiëüêè û i t ¹ ðiâíèìè

âiäíîñíî êîíñòðåéíòiâ ç T(0), äåðåâî [T•]T◦ ¹ çàêðèòèì.

Òåïåð ìè âèäàëÿ¹ìî äåðåâî T◦ ç T(0) i çàìiíþ¹ìî T• íà [T•]T◦ + δ

(òîáòî, δ äîäà¹òüñÿ äî êîíñòðåéíòó â êîðåíåâîìó âóçëi). Ìè îòðèìà-

ëè ïðàâèëüíî ïîáóäîâàíå çàêðèòå òàáëî T(1), äå çìiííà û íå çóñòði÷à-

¹òüñÿ. Íåôîðìàëüíî, T(1) ¹ äåðåâîì, ÿêå áóëî ðîçøèðåíå íå äèç'þíêòîì

(· · · ∨ L[û] ∨ · · · ∨ p 6' û ∨ · · · ), à äèç'þíêòîì (· · · ∨ L[p] ∨ · · · ). Ïiñëÿ
ðîçøèðåííÿ, ìè ðîáèìî â òåðì p âñi òi ïàðàìîäóëÿöi¨, ùî áóëè çðîáëåíi

â T•, i ïðîäîâæó¹ìî ç L[û] òèìè êðîêàìè âèâåäåííÿ, ùî çðîáëåíi â T◦.
Çàóâàæèìî, ùî â äåðåâi [T•]T◦ ìîæå ç'ÿâèòèñÿ áiëüø íiæ îäíå ïiääåðå-

âî âèãëÿäó T◦[û ← q]. Âiäïîâiäíî, çìiííi ç êðèøå÷êîþ, ùî áóëè ââåäåíi

âñåðåäèíi T◦ ìîæóòü ç'ÿâèòèñü êiëüêà ðàçiâ â ïiääåðåâàõ T(1). Öå íå ¹

ïðîáëåìîþ, îñêiëüêè ìè ìîæåìî åëiìiíóâàòè òàêi çìiííi, ðóõàþ÷èñü âiä

êîðåíÿ äî ëèñòiâ.

Ïîâòîðþþ÷è öþ ïðîöåäóðó, ìè îòðèìà¹ìî òàáëî T(n), äå çìiííi ç êðè-

øå÷êîþ íå ç'ÿâëÿþòüñÿ âçàãàëi. Òàáëî T(n) ¹ ïðàâèëüíî ïîáóäîâàíèì çà-

êðèòèì LPCT'-òàáëî, ùî ïîáóäîâàíå ç äèç'þíêòiâ ç S ïiñëÿ êðîêó åëiìi-
íàöi¨ ñèìåòði¨ â CEE. Ìíîæèíà êîíñòðåéíòiâ â T(n) âèïëèâà¹ ç ñóêóïíîãî

êîíñòðåéíòó â T, i îòæå ¹ âèêîíóâàíîþ.
Çàëèøà¹òüñÿ ëèøå ñêàñóâàòè êðîê åëiìiíàöi¨ ñèìåòði¨. Ìè çàìiíþ¹ìî

ñèìâîëè' òà 6' íà, âiäïîâiäíî,≈ òà 6≈, i ïåðåîði¹íòîâó¹ìî àòîìè ðiâíîñòi,
äå ïîòðiáíî, äî ¨õíüî¨ ïî÷àòêîâî¨ ôîðìè â S.

Ìè îòðèìàëè çàêðèòå LPCT-òàáëî, ùî ñïðîñòîâó¹ S.

Íåçâàæàþ÷è íà ñïîñiá äîâåäåííÿ ïîâíîñòè, ÷èñëåííÿ LPCT íå ¹ ïðî-

ñòèì ïåðåôîðìóëþâàííÿ ìåòîäó CEE. Íàñïðàâäi, ¹ iñòîòíÿ ðiçíèöÿ ìiæ

ñïëîùåííÿì òåðìiâ i ëiíèâîþ ïàðàìîäóëÿöi¹þ. Çìiííi ç êðèøå÷êîþ, ââå-

äåíi â CEE-äèç'þíêòàõ, ìîæóòü ðîçãëÿäàòèñÿ ÿê �çíà÷åííÿ� òåðìiâ, ÿêi

âîíè çàìiùàþòü. Iíàêøå êàæó÷è, òåðì, ÿêèé áóäå ïiäñòàâëåíèé â çìií-

íó û, ¹, ôàêòè÷íî, ðåçóëüòàòîì âñiõ ïàðàìîäóëÿöié, çðîáëåíèõ â òåðì t,

ùî éîãî çàìiñòèëà çìiííà û ïiä ÷àñ CEE-ïåðåòâîðåííÿ. Òàêèì ÷èíîì, â



� 121 �

äàíîìó CEE-äèç'þíêòi, êîæåí òåðì ìà¹ â òî÷íîñòi îäíå �çíà÷åííÿ�. Äëÿ

÷èñëåííÿ LPCT öå íå òàê.

Íåõàé S áóäå ìíîæèíîþ {x ≈ 0 ∨ x ≈ s(y), f(0) ≈ e, f(s(z)) ≈
e, f(a) 6≈ e}. Íàñòóïíå òàáëî, ïîáóäîâàíå â ÷èñëåííi ç ïiäðîçäiëó 3.3.2

(ìè áåðåìî éîãî äëÿ ïðîñòîòè, âèâåäåííÿ â LPCT öiëêîì àíàëîãi÷íå)

íåìîæëèâî îòðèìàòè ç áóäü-ÿêîãî CT'-ñïðîñòóâàííÿ CEE(S).

>
f(a) 6≈ e

x ≈ 0
f(0) 6≈ e

f(0) ≈ e

e 6≈ e

⊥
f(0) 6≈ f(0)

⊥

x 6≈ a

⊥

x ≈ s(y)

f(s(y)) 6≈ e

f(s(z)) ≈ e

e 6≈ e

⊥
f(s(z)) 6≈ f(s(y))

⊥

x 6≈ a

⊥

Â öüîìó âèâåäåííi ìè çàìiùà¹ìî êîíñòàíòó a ç ïî÷àòêîâîãî äèç'þíêòó

äâîìà ðiçíèìè òåðìàìè, 0 òà s(y). Ïðàöþþ÷è ç CEE-äèç'þíêòàìè, ìè

ïîâèííi âçÿòè äâà îêðåìèõ åêçåìïëÿðà ïî÷àòêîâîãî äèç'þíêòó. Íà îñíîâi

öüîãî ïðèêëàäó íåñêëàäíî ïîêàçàòè, ùî LPCT ìîæå äàòè åêñïîíåíöiéíå

ñêîðî÷åííÿ ìiíiìàëüíîãî âèâåäåííÿ, ïîðiâíÿíî ç CT'.
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ÂÈÑÍÎÂÊÈ

Â äèñåðòàöi¨ àâòîðîì çàïðîïîíîâàíî ñóêóïíiñòü çàñîáiâ ôîðìàëüíîãî

ïîäàííÿ ìàòåìàòè÷íèõ çíàíü òà ¨õíüî¨ àâòîìàòè÷íî¨ îáðîáêè ç âèêîðè-

ñòàííÿì ìåòîäiâ ïðèðîäíîãî ìàòåìàòè÷íîãî âèêëàäåííÿ òà ìiðêóâàííÿ.

Öi çàñîáè âòiëåíî â ïðîãðàìíié ñèñòåìi îáðîáêè òà âåðèôiêàöi¨ ôîðìàëü-

íèõ ìàòåìàòè÷íèõ òåêñòiâ.

Ïðè âèêîíàííi ðîáîòè áóëè îäåðæàíi òàêi ðåçóëüòàòè:

1. Ðîçðîáëåíî ôîðìàëüíó ìîâó ForTheL äëÿ çàïèñó ìàòåìàòè÷íèõ òåêñ-

òiâ, áëèçüêó äî ïðèðîäíî¨ àíãëiéñüêî¨ ìîâè. Ðå÷åííÿ òà ðîçäiëè ìîâè

ForTheL ìîæóòü áóòè ïåðåâåäåíi â ôîðìóëè ìîâè ïåðøîãî ïîðÿä-

êó. Ñåìàíòèêà òåêñòó â öiëîìó âèçíà÷à¹òüñÿ ïîñòàâëåíèì çàâäàííÿì

(íàïðèêëàä, ïåðåâiðèòè êîðåêòíiñòü) i  ðóíòó¹òüñÿ íà âiäíîøåííi ëî-

ãi÷íîãî ïåðåäóâàííÿ òà ïðîöåäóði íîðìàëiçàöi¨ òåêñòó, ÿêà çâîäèòü

äîâåäåííÿ, ïðîâåäåíi çà ðiçíèìè ñõåìàìè, äî ¹äèíîãî óíiôiêîâàíîãî

âèãëÿäó. Âèçíà÷åíî ðiçíi ðiâíi êîðåêòíîñòi ForTheL-òåêñòó.

2. Ñôîðìóëüîâàíî ïîíÿòòÿ ëîêàëüíî¨ iñòèííîñòi òâåðäæåííÿ â çàäàíié

ïîçèöi¨ âñåðåäèíi ôîðìóëè ïåðøîãî ïîðÿäêó. Ðîçãëÿíóòî âëàñòèâî-

ñòi öüîãî ïîíÿòòÿ, çîêðåìà, ïîêàçàíî, ùî ïðàâèëî modus ponens ìî-

æå çàñòîñîâóâàòèñü ëîêàëüíèì ÷èíîì. Äîâåäåíà îñíîâíà âëàñòèâiñòü

ëîêàëüíî¨ iñòèííîñòi: ÿêùî åêâiâàëåíòíiñòü äâîõ ôîðìóë ¹ ëîêàëüíî

iñòèííîþ â çàäàíié ïîçèöi¨, öi äâi ôîðìóëè ¹ âçà¹ìîçàìiíþâàíèìè â

öié ïîçèöi¨. Ïîíÿòòÿ ëîêàëüíî¨ iñòèííîñòi âèêîðèñòîâó¹òüñÿ ó âèçíà-

÷åííi îíòîëîãi÷íî¨ êîðåêòíîñòi ForTheL-òåêñòó, à òàêîæ äëÿ òåîðåòè-

÷íîãî îá ðóíòóâàííÿ êîðåêòíîñòi ìåòîäiâ äîâåäåííÿ, ùî çàñòîñîâó-

þòü ïåðåòâîðåííÿ âñåðåäèíi ôîðìóë.

3. Âèêëàäåíî òàáëè÷íå ÷èñëåííÿ GDT, ùî âèêîðèñòîâó¹ ïîíÿòòÿ äîïó-

ñòèìî¨ ïiäñòàíîâêè òà ñòðàòåãiþ öiëåêåðîâàíîñòi â ñòèëi ïðîãðàìè

�Àëãîðèòì Î÷åâèäíîñòi�. Äîâåäåíî êîðåêòíiñòü i ïîâíîòó öüîãî ÷èñëå-

ííÿ âiäíîñíî êëàñè÷íîãî òàáëè÷íîãî äèç'þíêòíîãî ÷èñëåííÿ Model

Elimination.
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4. Çàïðîïîíîâàíî îðèãiíàëüíå öiëåêåðîâàíå òàáëè÷íå ÷èñëåííÿ ç ïðàâè-

ëîì ëiíèâî¨ ïàðàìîäóëÿöi¨ LPCT, äîâåäåíî éîãî ïîâíîòó.

5. Ðåàëiçîâàíî ïðîãðàìíó ñèñòåìó îáðîáêè òà âåðèôiêàöi¨ ôîðìàëüíèõ

ìàòåìàòè÷íèõ òåêñòiâ, çàïèñàíèõ ó ìîâi ForTheL. Öÿ ñèñòåìà âêëþ-

÷à¹ â ñåáå ïðîöåäóðè ñèíòàêñè÷íîãî àíàëiçó ForTheL-òåêñòó, òðàíñëÿ-

öi¨ ó âíóòðiøí¹ íîðìàëiçîâàíå ïîäàííÿ, ïåðåâiðêè îíòîëîãi÷íî¨ òà çà-

ãàëüíî¨ êîðåêòíîñòi, ãåíåðàöi¨ âiäîìîñòåé ïðî îêðåìi âõîäæåííÿ òåð-

ìiâ, ðîçêðèòòÿ âèçíà÷åíü òà ñïðîùåííÿ ñêëàäíèõ öiëåé, à òàêîæ êîì-

áiíàòîðíèé ïðóâåð â êëàñè÷íié ëîãiöi ïåðøîãî ïîðÿäêó ç ðiâíiñòþ, çà-

ñíîâàíèé íà îïèñàíîìó ó ðîáîòi öiëåêåðîâàíîìó òàáëè÷íîìó ÷èñëåííi

GDT.

Â ïðîöåñi äîñëiäæåíü àâòîðîì áóëî ïðîâåäåíî ñåðiþ åêñïåðèìåíòiâ ç

ôîðìàëiçàöi¨ íåòðèâiàëüíèõ ìàòåìàòè÷íèõ òåêñòiâ òà ¨õíüî¨ âåðèôiêàöi¨

â ñèñòåìi ÑÀÄ. Çîêðåìà, áóëî ôîðìàëiçîâàíî íàñòóïíi òåêñòè:

1. äîâåäåííÿ íåñêií÷åíîãî òà ñêií÷åíîãî âàðiàíòiâ òåîðåìè Ðàìñåÿ, à òà-

êîæ ïðèíöèïó êîìïàêòíîñòi [60];

2. äîâåäåííÿ ñòàáiëüíîñòi âiäíîøåííÿ óòî÷íåííÿ (re�nement) íàä êëà-

ñîì ñïåöèôiêàöèé ïðîãðàì âiäíîñíî äåÿêèõ îïåðàöié íàä ñïåöiôiêà-

öiÿìè [61];

3. äîâåäåííÿ äåÿêèõ âëàñòèâîñòåé ñêií÷åíèõ ãðóï [62];

4. äîâåäåííÿ çáiæíîñòi ðÿäó çi çíàêîçìiííèì çàãàëüíèì ÷ëåíîì, ùî ìî-

íîòîííî ñïàäà¹ çà àáñîëþòíèì çíà÷åííÿì;

5. äîâåäåííÿ iððàöiîíàëüíîñòi êâàäðàòíîãî êîðåíÿ ç ïðîñòîãî ÷èñëà;

6. äîâåäåííÿ íåðiâíîñòi Êîøè-Áóíÿêîâñüêîãî äëÿ âåêòîðiâ íàä R.

Êîæåí ç öèõ òåêñòiâ áóëî çàïèñàíî â ìîâi ForTheL òà ïåðåâiðåíî íà

êîðåêòíiñòü ñèñòåìîþ ÑÀÄ. Ìiðêóâàííÿ, ùî ïðîâîäÿòüñÿ â öèõ òåêñòàõ,

ìiñòÿòü äîâåäåííÿ çà iíäóêöi¹þ, ìàòåìàòè÷íi êîíñòðóêöi¨ äðóãîãî ïîðÿä-

êó (ãðàíèöi òà ñóìè ïîñëiäîâíîñòåé, îá'¹äíàííÿ ñóêóïíîñòåé ìíîæèí),
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àëãåáðà¨÷íi òà òåîðåòèêî-ìíîæèííi ïåðåòâîðåííÿ. Â åêñïåðèìåíòàõ âè-

êîðèñòîâóâàâñÿ âëàñíèé ïðóâåð ñèñòåìè ÑÀÄ, çàñíîâàíèé íà ÷èñëåííi

GDT, à òàêîæ ðåçîëþöiéíèé ïðóâåð SPASS [38], ðîçðîáëåíèé â Ñààð-

áðþêåíñüêîìó óíiâåðñèòåòi (Íiìå÷÷èíà).
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ÏÐÅÄÌÅÒÍÈÉ ÏÎÊÀÆ×ÈÊ
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≪ (ïåðåäóâàííÿ ïîçèöié), 68

CΓ,CCσΓ (ñïiââiäíîøåííÿ çìiííèõ),
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ÄÎÄÀÒÎÊ A

ÔÎÐÌÀËIÇÀÖIß ÌÀÒÅÌÀÒÈ×ÍÎÃÎ ÒÅÊÑÒÓ

Íàïðèêiíöi ðîçãëÿíåìî ôîðìàëiçàöiþ â ìîâi ForTheL ìàòåìàòè÷íî-

ãî ðåçóëüòàòó, ÿêèé ñòàâ êëàñè÷íèì ïðèêëàäîì â ãàëóçi àâòîìàòè÷íîãî

äîâåäåííÿ òåîðåì [63].

Ôàêò A.1. Êâàäðàòíèé êîðåíü ïðîñòîãî ÷èñëà ¹ iððàöiîíàëüíèì.

Íèæ÷å íàâåäåíî ïîâíèé òåêñò ForTheL-ôîðìàëiçàöi¨ öi¹¨ òåîðåìè. Îêðå-

ìi ïîÿñíåííÿ ìè äà¹ìî â ForTheL-êîìåíòàði, ÿêi âèäiëÿþòüñÿ çíàêîì '#'.

Ëîãi÷íà êîðåêòíiñòü öüîãî òåêñòó (àëå íå îíòîëîãi÷íà êîðåêòíiñòü) àâòî-

ìàòè÷íî ïåðåâiðåíà ñèñòåìîþ ÑÀÄ ç âèêîðèñòàííÿì ïðóâåðó SPASS.

#

# ×ÀÑÒÈÍÀ I: ÁÀÇÎÂI ÂIÄÎÌÎÑÒI ÏÐÎ ÍÀÒÓÐÀËÜÍI ×ÈÑËÀ

#

[a number/numbers] [x is natural] [the zero] [0 @ the zero]

[x is nonzero @ x is not equal to 0] [the one] [1 @ the one]

[x is nontrivial @ x != 0 /\ x != 1]

Axiom ZONat. 0 and 1 are natural numbers and 0 != 1.

[the sum of n and m] [n + m @ the sum of n and m]

[the product of n and m] [n * m @ the product of n and m]

Axiom AddNum. For all numbers m,n (m + n) is a number.

Axiom AddNat. For all natural numbers m,n (m + n) is natural.

Axiom _AddZero. For all numbers n (0 + n = n and n + 0 = n).

Axiom MulNum. For all numbers m,n (m * n) is a number.

Axiom MulNat. For all natural numbers m,n (m * n) is natural.

Axiom _MulZero. For all numbers n (0 * n = 0 and n * 0 = 0).

Axiom _MulUnit. For all numbers n (1 * n = n and n * 1 = n).

Axiom AddComm. For all numbers m,n (m + n = n + m).

Axiom AddAsso. For all numbers l,m,n (l + (m + n) = (l + m) + n).

Axiom MulComm. For all numbers m,n (m * n = n * m).
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Axiom MulAsso. For all numbers l,m,n (l * (m * n) = (l * m) * n).

Axiom AddCanc. Let n,m,l be numbers.

If (l + n = l + m \/ n + l = m + l) then n = m.

Axiom MulCanc. Let n,m,l be numbers.

If (l * n = l * m \/ n * l = m * l) and l is nonzero then n = m.

Axiom AMDistr. For all numbers l,m,n

l * (m + n) = (l * m) + (l * n) and

(m + n) * l = (m * l) + (n * l).

Axiom ZeroAdd. For all numbers m,n if m + n = 0 then m = 0 and n = 0.

Lemma ZeroMul. For all numbers m,n if m * n = 0 then m = 0 or n = 0.

[n is lesseq than m] [n <= m @ n is lesseq than m]

[the diff of m and n] [m - n @ the diff of m and n]

[n < m @ n <= m /\ n != m] [n > m @ m < n]

Definition DefLE. Let n,m be numbers.

n <= m iff for some number l (n + l = m).

Definition DefDiff. Let m,n be numbers and m <= n.

n - m is a number such that m + (n - m) = n.

Axiom NatDiff. Let m,n be natural numbers and m <= n.

Then (n - m) is natural.

Lemma LERefl. For every number n (n <= n).

Lemma LEAsym. For all numbers n,m (n <= m /\ m <= n => n = m).

Proof.

Let n,m be numbers such that (n <= m /\ m <= n).

We have n + ((m - n) + (n - m)) = n + 0.

Hence (m - n) = 0 and (n - m) = 0.

qed.

Lemma LETran. For all numbers n,m,l (n <= m /\ m <= l => n <= l).



� 137 �

Axiom LETotal. For all numbers n,m (n <= m \/ m < n).

Lemma MonAdd. Let n,l,m be numbers and l < m.

Then n + l < n + m and l + n < m + n.

Proof.

(n + l) + (m - l) = n + m.

qed.

Lemma MonMul. Let n,l,m be numbers.

Assume that n is nonzero and l < m.

Then n * l < n * m and l * n < m * n.

Proof.

(n * l) + (n * (m - l)) = n * m (by AddComm, AMDistr).

qed.

Axiom LENTr. For every natural number n (n = 0 \/ n = 1 \/ n > 1).

Lemma MonMul2. Let n,l be natural numbers.

If l is nonzero then n <= n * l.

### Öi¹¨ àêñèîìè äîñòàòíüî äëÿ ïðîâåäåííÿ äîâåäåíü ïî iíäóêöi¨ ###

Axiom IH. For all natural numbers n,m (n < m => n -<- m).

#

# ×ÀÑÒÈÍÀ II: ÂËÀÑÒÈÂÎÑÒI ÂIÄÍÎØÅÍÍß ÄIËÈÌÎÑÒI

#

[n divides/divide m] [n | m @ n divides m] [n is dividing m @ n | m]

[a divisor/divisors of n @ a natural number dividing n]

[the quotient of n to m] [n / m @ the quotient of n to m]

Definition DefDiv. Let n,m be natural numbers.

n divides m iff for some natural number p (m = n * p).

Definition DefQuot. Let n,m be natural numbers and m != 0 and m | n.

n / m is a natural number such that

(n / m) * m = n and m * (n / m) = n.

Lemma DivTrans. Let l,m,n be natural numbers.

If l | m and m | n then l | n (by DefDiv,MulAsso).
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Lemma DivSum. Let l,m,n be natural numbers.

If l | m and l | n then l | m + n.

Proof.

Suppose that l | m and l | n.

Take a natural number p such that m = l * p.

Take a natural number q such that n = l * q.

Then m + n = l * (p + q) (by AMDistr).

Hence the thesis.

qed.

Lemma DivMin. Let l,m,n be natural numbers.

If l | m and l | m + n then l | n.

Proof.

Suppose that l | m and l | m + n.

Take a natural number p such that m = l * p.

Take a natural number q such that m + n = l * q.

Case q < p.

Take a natural number r equal to p - q (by NatDiff).

We have (l * q) = ((l * q) + (l * r)) + n (by AMDistr).

Then (l * r) + n = 0 (by AddAsso, AddCanc). Hence n = 0.

end.

Case p <= q.

Take a natural number r equal to q - p (by NatDiff).

We have (l * p) + (l * r) = (l * p) + n (by AMDistr).

Hence the thesis (by AddCanc).

end.

qed.

Lemma DivLE. Let m,n be natural numbers.

Assume that m | n and n is nonzero. Then m <= n.

Proof.

Take a natural number q such that n = m * q.

q is nonzero.

qed.

[x is prime] [x is compound @ x is not prime]

Definition DefPrime. Let n be a natural number.
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n is prime iff n is nontrivial and

for every divisor m of n (m = 1 \/ m = n).

Lemma PrimNTR. Every natural prime number is nontrivial.

Lemma PrimDiv. Every nontrivial natural number k has a prime divisor.

Proof by induction.

Let k be a nontrivial natural number.

Case k is prime. Obvious.

Case k is compound.

Take a divisor q of k such that q != 1 and q != k.

q is nontrivial and q < k.

Take a prime divisor r of q.

Then r divides k (by MulAsso).

end.

qed.

#

# ×ÀÑÒÈÍÀ III: ÎÑÍÎÂÍI ÐÅÇÓËÜÒÀÒÈ

#

Lemma PDP. For all natural numbers n,m,p

if p is prime and p | n * m then p | n or p | m.

Proof by induction on ((n + m) + p).

Let n,m,p be natural numbers.

Assume that p is prime and p divides n * m.

Case p <= n.

Let us show that p divides (n - p) * m and n - p < n.

n = p + (n - p) and n * m = p * ((n * m) / p).

n * m = (p * m) + ((n - p) * m) (by AMDistr).

p divides (n - p) * m (by DefDiv, DivMin).

end.

Then p divides n - p or p divides m (by IH).

Indeed ((n - p) + m) + p < (n + m) + p (by MonAdd). end.

If p divides n - p then p divides n (by DefDiv,DivSum).

end.

Case p <= m.

Let us show that p divides n * (m - p) and m - p < m.
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m = p + (m - p) and n * m = p * ((n * m) / p).

n * m = (p * n) + (n * (m - p)) (by MulComm,AMDistr).

p divides n * (m - p) (by DefDiv, DivMin).

end.

Then p divides n or p divides m - p (by IH).

Indeed (n + (m - p)) + p < (n + m) + p (by MonAdd). end.

If p divides m - p then p divides m (by DefDiv,DivSum).

end.

Case n < p and m < p.

Take a natural number k such that n * m = p * k.

Case k = 0 \/ k = 1.

If k = 1 then n = p or m = p (by MulComm).

end.

Case k != 0 /\ k != 1.

Take a prime divisor r of k.

Let us show that r divides n * m and r <= k and k < p.

k = (k / r) * r and n * m = (p * (k / r)) * r.

Assume that p <= k. Then we have k > m.

p * k > p * m and p * m > n * m (by MonMul).

Then p * k > n * m. We have a contradiction.

end.

Then r divides n or r divides m (by IH).

Indeed (n + m) + r < (n + m) + p. end.

Case r divides n.

Let us prove that p divides (n / r) * m and (n / r) < n.

k = (k / r) * r and n * m = (p * (k / r)) * r.

n = (n / r) * r and n * m = ((n / r) * m) * r.

Then p * (k / r) = (n / r) * m (by MulCanc).

Hence p divides (n / r) * m (by DefDiv).

end.

Then p divides (n / r) or p divides m (by IH).

Indeed ((n / r) + m) + p < (n + m) + p (by MonAdd). end.

If p divides (n / r) then p divides n.

Indeed (n / r) divides n (by DefDiv). end.

end.
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Case r divides m.

Let us prove that p divides n * (m / r) and (m / r) < m.

k = (k / r) * r and n * m = (p * (k / r)) * r.

m = (m / r) * r and n * m = (n * (m / r)) * r.

Then p * (k / r) = n * (m / r) (by MulCanc).

Hence p divides n * (m / r) (by DefDiv).

end.

Then p divides n or p divides (m / r) (by IH).

Indeed (n + (m / r)) + p < (n + m) + p (by MonAdd). end.

If p divides (m / r) then p divides m.

Indeed (m / r) divides m (by DefDiv). end.

end.

end.

end.

qed.

[x is relatively prime to y]

[x is rational] [the square of n @ n * n]

Definition DefRelPr. Let n,m be natural numbers.

n,m are relatively prime iff n,m have no common nontrivial divisor.

Definition DefRat. Let q be a number.

q is rational iff there exist natural relatively prime numbers n,m

such that m is nonzero and q * m = n.

Theorem Main. Let p be a natural prime number.

For no rational number q the square of q is p.

Proof by contradiction.

Let q be a rational number such that q * q = p.

Take natural relatively prime numbers n,m such that q * m = n.

Then p * (m * m) = (n * n) (by MulAsso,MulComm).

Hence p divides n * n and p divides n.

Choose a natural number k such that n = p * k.

Then we have p * (m * m) = p * (k * n) (by MulAsso).

The square of m is equal to (p * k) * k (by MulComm,MulCanc).

Hence p divides m * m and p divides m (by MulAsso,DefDiv,PDP).

We have a contradiction (by DefRelPr).

qed.


